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ABSTRACT
An intelligent agent interacting with the real world will encounter individual people, courses,
test results, drugs prescriptions, chairs, boxes, etc., and needs to reason about properties of these
individuals and relations among them as well as cope with uncertainty.

Uncertainty has been studied in probability theory and graphical models, and relations have
been studied in logic, in particular in the predicate calculus and its extensions. is book examines
the foundations of combining logic and probability into what are called relational probabilistic
models. It introduces representations, inference, and learning techniques for probability, logic,
and their combinations.

e book focuses on two representations in detail: Markov logic networks, a relational
extension of undirected graphical models and weighted first-order predicate calculus formula, and
Problog, a probabilistic extension of logic programs that can also be viewed as a Turing-complete
relational extension of Bayesian networks.

KEYWORDS
probabilistic logic models, relational probabilistic models, lifted inference, statistical
relational learning, probabilistic programming, inductive logic programming, logic
programming, machine learning, Prolog, Problog, Markov logic networks
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Preface
is book aims to provide an introduction that can help newcomers to the field to get started,
to understand the state-of-the-art and the current challenges and be ready for future advances.
It reviews the foundations of StarAI, motivates the issues, justifies some choices that have been
made, and provides some open problems. Laying bare the foundations will hopefully inspire others
to join us in exploring the frontiers and the yet unexplored areas.

e target audience for this book consists of advanced undergraduate and graduate students
and also researchers and practitioners who want to get an overview of the basics and the state-of-
the-art in StarAI. To this aim, Part I starts with providing the necessary background in probability
and logic. We then discuss the representations of relational probability models and the underlying
issues. Afterward, we focus first on inference, in Part II, and then on learning, in Part III. Finally,
we touch upon relational tasks that go beyond the basic probabilistic inference and learning tasks
as well as some open issues.

Researchers who are already working on StarAI—we apologize to anyone whose work we
are accidentally not citing—may enjoy reading about parts of StarAI they are less familiar with.

We are grateful to all the people who contributed to the development of statistical relational
learning and statistical relational AI. is book is made possible by you.

We also thank the reviewers for their valuable feedback and our co-authors, who accompa-
nied us on our StarAI adventures, such as Laura Antanas, Udi Apsel, Babak Ahmadi, Hendrik
Blockeel, Wolfram Burgard, Maurice Bruynooghe, David Buchman, Hung H. Bui, Peter Car-
bonetto, Alexandru Cocora, Fabrizio Costa, Michael Chiang, Walter Daelemans, Jesse Davis,
Nando de Freitas, Kurt De Grave, Tinne De Laet, Bart Demoen, Kurt Driessens, Saso Dze-
roski, omas G. Dietterich, Adam Edwards, Alan Fern, Daan Fierens, Paolo Frasconi, Roman
Garnett, Amir Globerson, Bernd Gutmann, Martin Grohe, Fabian Hadiji, McElory Hoffmann,
Manfred Jaeger, Gerda Janssens, orsten Joachims, Saket Joshi, Leslie Kaelbling, Andreas Kar-
wath, Arzoo Katiyar, Seyed M. Kazemi, Angelika Kimmig, Jacek Kisynski, Tushar Khot, Stefan
Kramer, Gautam Kunapuli, Chia-Li Kuo, Tobias Lang, Niels Landwehr, Daniel Lowd, Cather-
ine A. McCarty, eofrastos Mantadelis, Wannes Meert, Brian Milch, Martin Mladenov, Bog-
dan Moldovan, Roser Morante, Plinio Moreno, Marion Neumann, Davide Nitti, Phillip Odom,
Jose Oramas, David Page, Andrea Passerini, Rui Pimentel de Figueiredo, Christian Plagemann,
Tapani Raiko, Christopher Re, Kate Revoredo, Achim Rettinger, Ricardo Rocha, Scott Sanner,
Vitor Santos Costa, Jose Santos-Victor, Erkal Selman, Rita Sharma, Jude W. Shavlik, Prasad
Tadepalli, Nima Taghipour, Ingo on, Hannu Toivonen, Pavel Tokmakov, Sunna Torge, Marc
Toussaint, Volker Tresp, Tinne Tuytelaars, Vincent Van Asch, Guy Van den Broeck, Martijn
van Otterlo, Joost Vennekens, Jonas Vlasselaer, Zhao Xu, Shuo Yang, and Luke Zettlemoyer.
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C H A P T E R 1

Motivation
ere are good arguments that an intelligent agent that makes decisions about how to act in a
complex world needs to model its uncertainty; it cannot just act pretending that it knows what is
true. An agent also needs to reason about individuals (objects, entities, things) and about relations
among the individuals.

ese aspects have often been studied separately, with models for uncertainty often defined
in terms of features and random variables, ignoring relational structure, and with rich (logical)
languages for reasoning about relations that ignore uncertainty. is book studies the integration
of the approaches to reasoning about uncertainty and reasoning about individuals and relations.

1.1 UNCERTAINTY IN COMPLEX WORLDS
Over the last 30 years, Artificial Intelligence (AI) has evolved from being skeptical, even hostile,
to the use of probability to embracing probability. Initially, many researchers were skeptical about
statistical AI because probability seemed to rely on too many numbers and did not deal with the
complexities of a world of individuals and things. But the use of probabilistic graphical models,
exploiting probabilistic independencies, has revolutionized AI. e independencies specified in
such models are natural, provide structure that enables efficient reasoning and learning, and allow
one to model complex domains. Many AI problems arising in a wide variety of fields such as
machine learning, diagnosis, network communication, computer vision, and robotics have been
elegantly encoded and solved using probabilistic graphical models.

Meanwhile, there have also been considerable advances in logical AI, where agents reason
about the structure of complex worlds. One aspect of this is in the semantic web and the use of
ontologies to represent meaning in diverse fields from medicine to geology to the products in
a catalogue. Generally, there is an explosive growth in the amount of heterogeneous data that
is being collected in the business and scientific world. Example domains include biology and
chemistry, transportation systems, communication networks, social networks, and robotics. Like
people, intelligent agents should be able to deal with many different types of knowledge, requiring
structured representations that give a more informative view of the AI task at hand.

Moreover, reasoning about individuals and relations is all about reasoning with regularities
and symmetries. We lump individuals into categories or classes (such as “person” or “course”)
because the individuals in a category share common properties—e.g., there are statements that
are true about all living people such as they breath, they have skin and two biological parents.
Similarly for relations, there is something in common between Sam being advised by Professor
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Figure 1.1: Statistical Relational Artificial Intelligence (StarAI) combines probability, logic, and
learning and covers major parts of the AI spectrum.

Smith and Chris being advised by Professor Johnson; there are statements about publishing pa-
pers, working on a thesis and projects that are common among the “advised by” relationships.
We would like to make predictions about two people about whom all we know may be only their
advisory relationships. It is these commonalities and regularities that enable language to describe
the world. Reasoning about regularities and symmetries is the foundation of logics built on the
predicate calculus, which allows statements about all individuals.

us, to deal with the real world we actually need to exploit uncertainty, independen-
cies, and symmetries and tackle a long standing goal of AI, namely unifying first-order logic—
capturing regularities and symmetries—and probability—capturing uncertainty and indepen-
dence. Predicate logic and probability theory are not in conflict with each other, they are synergis-
tic. Both extend propositional logic, one by adding relations, individuals, and quantified variables,
the other by allowing for measures over possible worlds and conditional queries. is may explain
why there has been a considerable body of research in combining both of them over the last
25 years, evolving into what has come to be called Statistical Relational Artificial Intelligence
(StarAI); see also Fig. 1.1:

the study and design of intelligent agents that act inworlds composed of individuals (objects,
things), where there can be complex relations among the individuals, where the agents can
be uncertain about what properties individuals have, what relations are true, what indi-
viduals exist, whether different terms denote the same individual, and the dynamics of the
world.

e basic building block of StarAI are relational probabilistic models—we use this term in the
broad sense, meaning any models that combine relations and probabilities. ey can be seen
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as combinations of probability and predicate calculus that allow for individuals and relations as
well as probabilities. In building on top of relational models, StarAI goes far beyond reasoning,
optimization, learning, and acting optimally in terms of a fixed number of features or variables,
as it is typically studied in machine learning, constraint satisfaction, probabilistic reasoning, and
other areas of AI. In doing so, StarAI has the potential to make AI more robust and efficient.

is book aims to provide an introduction that can help newcomers to the field get started,
understand the state-of-the-art and the current challenges, and be ready for future advances.
It reviews the foundations of StarAI, motivates the issues, justifies some choices that have been
made, and provides some open problems. Laying bare the foundations will hopefully inspire others
to join us in exploring the frontiers and the yet unexplored areas.

e target audience for this book consists of advanced undergraduate and graduate student
as well as researchers and practitioners who want to get an overview of the basics and the state-of-
the-art in StarAI. To this aim, Part I starts with providing the necessary background in probability
and logic. We then discuss the representations of relational probability models and the underlying
issues. Afterward, we focus first on inference, in Part II, and then on learning, in Part III. Finally,
we touch upon relational tasks that go beyond the basic probabilistic inference and learning tasks
as well as some open issues.

Researchers who are already working on StarAI—we apologize to anyone whose work we
are accidentally not citing—may enjoy reading about parts of StarAI with which they are less
familiar.

1.2 CHALLENGES OF UNDERSTANDING STARAI
Since StarAI draws upon ideas developed within many different fields, it can be quite challenging
for newcomers to get started.

One of the challenges of building on top of multiple traditions is that they often use the
same vocabulary to mean different things. Common terms such as “variable,” “domain,” “object,”
“relation,” and “parameter” have come to have accepted meanings in mathematics, computing,
statistics, logic, and probability, but their meanings in each of these areas is different enough to
cause confusion. We will be clear about the meaning of these when using them. For instance, we
follow the logic tradition and use the term “individuals” for things. ey are also called “objects,”
but that terminology is often confusing to people who have been brought up with object-oriented
programming, where objects are data structures and associated methods. For example, a person
individual is a real person and not a data structure that encapsulates information about a person.
A computer is not uncertain about its own data structures, but can be uncertain about what exists
and what is true in the world.

Another confusion stems from the term “relational.” Most existing datasets are, or can be,
stored in relational databases. Existing machine learning techniques typically learn from datasets
stored in relational datasets where the values are Boolean, discrete, ordinal, or continuous. How-
ever, in many datasets the values are the names of individuals, as in the following example.
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student course grade
s1 c1 a
s2 c1 c
s1 c2 b
s2 c3 b
s3 c2 b
s4 c3 b
s3 c4 ‹

s4 c4 ‹

Figure 1.2: An example dataset that is not amenable to traditional classification.

Example 1.1 Consider learning from the dataset in Fig. 1.2. e values of the Student and the
Course attributes are the names of the students (s1, s2, s3 and s4) and the courses (c1, c2, c3 and
c4). e value of the grade here is an ordinal (a is better than b which is better than c). Assume
that the task is to predict the grade of students on courses, for example predicting the grade of
students s3 and s4 on course c4. ere is no information about course c4, and students s3 and s4
have the same average (they both have one “b”); however, it is still possible to predict that one
will do better than the other in course c4. is can be done by learning how difficult each course
is, and how smart each student is, given the data about students, the courses they take, and the
grades they obtain. For example, we may learn that s1 is intelligent, s2 is not as intelligent, course
c2 is difficult and course c3 is not difficult, etc. is model then allows for the prediction that s3
will do better than s4 in course c4.

Standard textbook supervised learning algorithms that learn, e.g., a decision tree, a neural
network, or a support vector machine (SVM) to predict grade are not appropriate; they can han-
dle ordinals, but cannot handle the names of students and courses. It is the relationship among
the individuals that provides the generalizations from which to learn. Traditional classifiers are
unable to take into account such relations. is also holds for learning standard graphical models,
such as Bayesian networks. ese approaches make what can be seen as a single-table single-row
assumption, which requires that each instance is described in a single row by a fixed set of features
and all instances are independent of one another (given the model). is clearly does not hold
in this dataset as the information about student s1 is spread over multiple rows, and that about
course c1 as well. Furthermore, tests on student D s1 or course D c3 would be meaningless if we
want to learn a model that generalizes to new students.

StarAI approaches take into account the relationships among the individuals as well as deal
with uncertainty.
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1.3 THE BENEFITS OF MASTERING STARAI
e benefits of combining logical abstraction and relations with probability and statistics are man-
ifold.

• When learning a model from data, relational and logical abstraction allows one to reuse
experience in that learning about one entity improves the prediction for other entities. is can
generalize to objects that have never been observed before.

• Logical variables, which are placeholders for individuals, allow one to make abstractions
that apply to all individuals that have some common properties.

• By using logical variables and unification, one can specify and reason about regularities
across different situations using rules and templates rather than having to specify them for
each single entity separately.

• e employed and/or learned knowledge is often declarative and compact, which potentially
makes it easier for people to understand and validate.

• In many applications, background knowledge about the domain can be represented in terms
of probability and/or logic. Background knowledge may improve the quality of learning:
the logical aspects may focus the search on the relevant patterns, thus restricting the search
space, while the probabilistic components may provide prior knowledge that can help avoid
overfitting.

Relational and logical abstraction have the potential to make statistical AI more robust and ef-
ficient. Incorporating uncertainty makes relational models more suitable for reasoning about the
complexity of the real world. is has been witnessed by a number of real-world applications.

1.4 APPLICATIONS OF STARAI
StarAI has been successfully applied to problems in citation analysis, web mining, natural lan-
guage processing, robotics, medicine bio- and chemo-informatics, electronic games, and activity
recognition, among others. Let us illustrate using a few examples.

Example 1.2 Mining Electronic Health Records (EHRs) As of today, EHRs hold over
50 years of recorded patient information and, with increased adoption and high levels of pop-
ulation coverage, are becoming the focus of public health analyses. Mining EHR data can lead to
improved predictions and better disease characterization. For instance, Coronary Heart Disease
(CHD) is a major cause of death worldwide. In the U.S., CHD is responsible for approximated 1
in every 6 deaths with a coronary event occurring every 25 s and about 1 death every minute based
on data current to 2007. Although a multitude of cardiovascular risks factors have been identi-
fied, CHD actually reflects complex interactions of these factors over time. us, early detection
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PatientID Gender Birthdate PatientID Date Physician Symptoms Diagnosis

PatientID Date Lab Test Result PatientID SNP1 SNP2 … SNP500K

PatientID Date Prescribed Date Filled Physician Medication Dose Duration

P1
P1 2/1/03

P1 1/1/01

Jones

Smith

fever, aches

palpitations

in!uenza

hypoglycemicM 3/22/63

P1

P1

P1

P2

AA

AB

AB

BB

BB

AA

1/1/01

1/9/01

blood glucose

blood glucose

42

??

P1 5/17/98 5/18/98 Jones prilosec 10mg 3 months

Figure 1.3: Electronic Health Records (EHRs) are relational databases capturing noisy and missing
information with probabilistic dependencies (the black arrows) within and across tables.

of risks will help in designing effective treatments targeted at youth in order to prevent cardio-
vascular events in adulthood and to dramatically reduce the costs associated with cardiovascaular
dieases.

Doing so, however, calls for StarAI. As illustrated in Fig. 1.3, EHR data consists of sev-
eral diverse features (e.g., demographics, psychosocial, family history, dietary habits) that inter-
act with each other in many complex ways making it relational. Moreover, like most data sets
from biomedical applications, EHR data contains missing values, i.e., all data are not collected
for all individuals. And, EHR data is often collected as part of a longitudinal study, i.e., over
many different time periods such as 0, 5, 10 years, etc., making it temporal. Natarajan et al.
[2013] demonstrated that StarAI can uncover complex interactions of risk factors from EHRs.
e learned probabilistic relational model performed significantly better than traditional non-
relational approaches and conforms to some known or hypothesized medical facts. For instance,
it is believed that females are less prone to cardiovascular issues than males. e relational model
identifies sex as the most important feature. Similarly, in men, it is believed that the low- and
high-density lipoprotein cholesterol levels are very predictive, and the relational model confirms
this. For instance, the risk interacts with a (low-density lipoprotein) cholesterol level in year 0 (of
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Extracting value from dark data

0.98 : location (barnett, texas)
0.98 : location (husky,pie_river)
0.98 : location (atoka,alberta)
                           …

Figure 1.4: Populating a knowledge base with probabilistic facts (or assertions) extracted from dark
data (e.g., text, audio, video, tables, diagrams, etc.) and background knowledge.

the study) for a middle-aged male in year 7, which can result in a relational conditional probability

0:79 D P.risk.Person/ j sex.Person;male/^�
35 � age.Person; year 7/ < 45

�
^

:
�
0 � ldl.Person; year 0/ < 100

�
/ :

e model also identifies complex interaction between risk factors at different years of the longi-
tudinal study. For instance, smoking in year 5 interacts with cholesterol level in later years in the
case of females, and the triglyceride level in year 5 interacts with the cholesterol level in year 7 for
males. Finally, using data such as the age of the children, whether the patients owns or rents a
home, their employment status, salary range, their food habits, their smoking and alcohol history,
etc., revealed striking socio-economic impacts on the health state of the population.

Example 1.3 Extracting value fromdark data Many companies’ databases include natural lan-
guage comments buried in tables and spreadsheets. Similarly, there are often tables and figures
embedded in documents and web pages. Like dark matter, dark data is this great mass of data
buried in text, tables, figures, and images, which lacks structure and so is essentially unprocessable
by traditional methods. StarAI helps bring dark data to light (see, e.g., [Niu et al., 2012, Venu-
gopal et al., 2014]), making the knowledge base construction, as illustrated in Fig. 1.4 feasible.
e resulting relational probabilistic models are richly structured with many different entity types
with complex interactions.

To carry out such a task, one starts with transforming the dark data such as text documents
into relational data. For example, one may employ standard NLP tools such as logistic regression,
conditional random fields and dependency parsers to decode the structure (e.g., part-of-speech
tags and parse trees) of the text or run some pattern matching techniques to identify candidate
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entity mentions and then store them in a database. en, every tuple in the database or result
of an database query is a random variable in a relational probabilistic model. e next step is to
determine which of the individuals (entities) are the same as each other and same as the entities
that are already known about. For instance, a mention of an entity may correspond to multiple
candidate entities known from some other database such as Freebase. To determine which entity
is correct, one may use the heuristic that “if the string of a mention is identical to the canonical
name of an entity, then this mention is likely to refer to this entity.” In the relational probabilistic
model, this may read as the quantified conditional probability statement:

8Entity;8MentionP.entityMentioned.Entity;Mention/
j 9 String mentionText.Mention; String/ ^ entityName.Entity; String// D 0:8 :

Given such conditional probabilities, the marginal probability of every tuple in the database as
well as all derived tuples such as entityMentioned can be inferred.

We can also model the relationship between learned features using rich linguistic features
for trigger and argument detection and type labeling using weighted logical formulae (defined in
Chapter 3) such as:

0:73 W word.Sentence;PosInSentence;Word/ ^
triggerType.Sentence;PosInSentence;Type/ ^
DependencyType.Sentence;PosInDependencyTree;PosInSentence;DepType/ ^
ArgumentRole.Sentence;PosInDependencyTree;PosInSentence;ArgRole/ :

For each sentence, this assigns probability to the join of a word at some position in a sentence and
the dependency type label that connects the word token to the argument token in the dependency
parse tree with the trigger types and argument types of the two tokens. Here, triggerType denotes
the prediction from a pre-trained support vector machine for triggering some information ex-
tracted from the text. is way, high-dimensional, sophisticated features become available to the
relational probabilistic model. Moreover, as with Google’s Knowledge Vault [Dong et al., 2014],
the parameters of the relational probabilistic model or even (parts) of its structure can be learned
from data.

Example 1.4 Language modeling e aim of language modeling is to estimate a distribution
over words that best represents the text of a corpus. is is central to speech recognition, ma-
chine translation, and text generation, among others, and the parameters of language models are
commonly used as features or as initialization for other natural language processing approaches.
Examples include the word distributions learned by probabilistic topic models, or the word em-
beddings learned through neural language models. In practice, however, the size of the vocabulary
traditionally limited the distributions applicable for this task: specifically, one has to either resort
to local optimization methods, such as those used in neural language models, or work with heavily
constrained distributions. Jernite et al. [2015] overcame these limitations. ey model the entire
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<S> <S>

�e

the

cats

ran

away

scared

All

loud

dog

.

.

barked

<S>

<S>

Figure 1.5: Instance of the cyclic language model [Jernite et al., 2015] with added start and end< S >
tokens based on two sentences. Each word of a sentence is a random variable and probabilistically
depends on the words being at most two steps away. e model exhibits symmetries that are exploitable
during parameter estimation using lifted probabilistic inference.

a

b d d

c e b a e
1. move a to table
2. move b to tablec

initial state goalstate

Figure 1.6: A Blocks World planning problem and a plan to solve the goal to have c clear.

corpus as an undirected graphical model, whose structure is illustrated in Fig. 1.5. Because of pa-
rameter sharing in the model, each of the random variables is indistinguishable and by exploiting
this symmetry, Jernite et al. derived an efficient approximation of the partition function using
lifted variational inference with complexity independent of the length of the corpus.

Example 1.5 Planningunder uncertainty e Blocks World, see Fig. 1.6, consists of a number
of blocks stacked into towers on a table large enough to hold them all. e positioning of the
towers on the table is irrelevant. e planning problem is to turn an initial state of the blocks
into a goal state, by moving one block at a time from the top of a tower onto another tower or to
the table. However, the effects of moving a block may not be perfectly predictable. For example,
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the gripper of a robot may be slippery so moving a block may not succeed. is uncertainty
compounds the already complex problem of planning a course of action to achieve the goal.

e classical representation and algorithms for planing under uncertainty require the enu-
meration of the state space. us, although arguably a simple planning problem, we get already a
rather large representation. For instance, if there are just 10 blocks, there are more than 50 million
states. More importantly, we lose the structure implicit in the problem description. Decision-
theoretic planning [Boutilier et al., 1999] generalized state-based planning under uncertainty to
include features. But features are not enough to exploit all of the structure of the world. Each
Blocks World planning instance is composed of these same basic individuals relations, but the
instances differ in the arrangements of the blocks. We would like the agent to make use of this
structure in terms of computing plans that apply across multiple scenarios. is can be achieved
using relational models. For instance, the following parameterized plan, which says that we do
nothing if block c is clear. If c is not clear than we move a clear block B that is above c to the floor,
achieves the goal to have the block c clear

doNothing if clear.c/
move.B; floor/ if 9 B above.B; c/ ^ clear.B/ ^ : clear.c/ ;

no matter how many blocks there are.

Example1.6 Robotics As robots start to perform everydaymanipulation tasks, such as cleaning
up, setting a table or preparing simple meals, they must become much more knowledgeable than
they are today. Typically, everyday tasks are specified vaguely and the robot must therefore infer
what are the appropriate actions to take and which are the appropriate individuals involved in
order to accomplish these tasks. ese inferences can only be done if the robot has access to a
compact and general knowledge base [Beetz et al., 2010, Tenorth et al., 2011]. StarAI provides
the means for action-centered representation, for the automated acquisition of concepts through
observation and experience, for reasoning about and managing uncertainty, and for fast inference.

ese are only few examples for the many StarAI applications. It is clear that they all fit the
definition of StarAI given above, that is, there are individuals that are connected to one another
through relations and there is uncertainty that needs to be taken into account.

ere are many more applications of StartAI. For instance, Getoor et al. [2001c] used
statistical relational models to estimate the result size of complex database queries. Segal et al.
[2001] employed probabilistic relational models for clustering gene expression data and to dis-
cover cellular processes from gene expression data [Segal et al., 2003]. Getoor et al. [2004] used
probabilistic relational models to understand tuberculosis epidemiology. McGovern et al. [2003]
estimated probabilistic relational trees to discover publication patterns in high-energy physics.
Neville et al. [2005] used probabilistic relational trees to learn to rank brokers with respect to the
probability that they would commit a serious violation of securities regulations in the near future.
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0.98 : graspable(Obj) IF glass(Obj)
0.87 : kitchen(p1)
0.05 : diningRoom(p1)
                           …

0.98 : grasp(Obj) IF atLoc(p1)
0.08 : grasp(Obj) IF atLoc(p3)
                           …

...

Figure 1.7: e robot’s relational probabilistic model is populated with the data produced by its per-
ception and experience (robot log data, human motion tracking, environment information, etc.) as
well as with facts (or assertions) extracted from other dark data.

Anguelov et al. [2005] used relational Markov networks for segmentation of 3D scan data. Rela-
tional Markov networks have also been used to compactly represent object maps and to estimate
trajectories of people by Limketkai et al. [2005]. Kersting et al. [2006] employed relational hidden
Markov models for protein fold recognition. Singla and Domingos [2006] proposed a Markov
logic model for entity resolution (ER), the problem of finding records corresponding to the same
real-world entity. Markov logic has also been used for joint inference for event extraction [Poon
and Domingos, 2007, Riedel and McCallum, 2011]. Poon and Domingos [2008] showned how
to use Markov logic to perform joint unsupervised coreference resolution. Nonparametric rela-
tional models have been used for analyzing social networks [Xu et al., 2009a]. Kersting and Xu
[2009] and Xu et al. [2010] used relational Gaussian processes for learning to rank search re-
sults. Poon and Domingos [2009] showned how to perform unsupervised semantic parsing using
Markov logic networks, and Davis and Domingos [2009] used MLNs to successfully transfer
learned knowledge among molecular biology, social network and Web domains. Yoshikawa et al.
[2009] usedMarkov logic for identifying temporal relations in text,Meza-Ruíz and Riedel [2009]
for semantic role labeling, and Kiddon and Domingos [2011] for biomolecular event prediction
tasks. Niepert et al. [2010] used Markov logic for ontology matching. Tenenbaum et al. [2011]
demonstrated that relational models can address some of the deepest questions about the nature
and origins of human thought. Verbeke et al. [2012] used statistical relational learning for iden-
tifying evidence based medicine categories. Schiegg et al. [2012] segmented motion capture data
using Markov logic mixture of Gaussian processes making use of both continuous and declarative
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observations. Song et al. [2013] presented a Markov logic framework for recognizing complex
events from multimodal data. Statistical relational learning has also been employed for learning
to predict heart attacks [Weiss et al., 2012], onset of Alzheimer’s [Natarajan et al., 2012a], for
analyzing pathways and omics experiments [De Maeyer et al., 2013], and extracting adverse drug
events from text [Odom et al., 2015]. Lang et al. [2012] applied statistical relational learning to
robot manipulations tasks, Nitti et al. [2014] to robot tracking tasks, and Moldovan and De Raedt
[2014] to affordance learning. Generally, statistical relational methods are essential for enabling
autonomous robots to do the right thing to the right object in the right way [Tenorth and Beetz,
2013]. Hadiji et al. [2015] used relational label propagation to track migration among computer
scientists. Kersting et al. [2015] used relational linear programs for topic classification in bibli-
ographic networks, and Toussaint [2015] used relational mathematical programs for combined
robot task and motion planning. Foulds et al. [2015] showcased the benefit of relational prob-
abilistic languages for general-purpose topic modeling. Khot et al. [2015b] used Markov logic
to answer elementary-level science questions using knowledge extracted automatically from text-
books, and Mallory et al. [2016] used DeepDive to extract both protein–protein and transcription
factor interactions from over 100,000 full-text PLOS articles.

It is our belief that there will be many more exciting techniques and applications of StarAI
in the future.

1.5 BRIEF HISTORICAL OVERVIEW
Before starting the technical introduction to StarAI, we briefly sketch some key streams of re-
search that have led to the field of StarAI. Note that a full historical overview of this rich research
field is out of the scope of this book.

StarAI and SRL (Statistical Relational Learning) basically integrate three key technical
ingredients of AI: logic, probability, and learning. While each of these constituents has a rich
tradition in AI, there has been a strong interest in pairwise combinations of these techniques
since the early 1990s.

- Indeed, various techniques for probabilistic learning such as gradient-based methods, the
family of EM algorithms or Markov Chain Monte Carlo methods have been developed
and exhaustively investigated in different communities, such as in the Uncertainty in AI
community for Bayesian networks and in the Computational Linguistics community for
Hidden Markov Models. ese techniques are not only theoretically sound, they have also
resulted in entirely new technologies for, and revolutionary novel products in computer
vision, speech recognition, medical diagnostics, troubleshooting systems, etc. Overviews of
probabilistic learning can be found in Koller and Friedman [2009], Bishop [2006], Murphy
[2012].

- Inductive logic programming and relational learning techniques studied logic learning, i.e.,
learning using first order logical or relational representations. Inductive Logic Programming
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has significantly broadened the application domain of data mining especially in bio- and
chemo-informatics and now represent some of the best-known examples of scientific dis-
covery by AI systems in the literature. Overviews of inductive logic learning and relational
learning can be found in this volume and in Muggleton and De Raedt [1994], Lavrac and
Dzeroski [1994], De Raedt [2008].

- Probabilistic logics have been also studied from a knowledge representational perspec-
tive [Nilsson, 1986, Halpern, 1990, Poole, 1993b]. e aim of this research was initially
more a probabilistic characterization of logic than suitable representations for learning.
In the late 1990s and early 2000s, researchers working on these pairwise combinations

started to realize that they also need the third component. Influential approaches of this period
include the Probabilistic Relational Models [Friedman et al., 1999], which extended the proba-
bilistic graphical model approach toward relations, the probabilistic logic programming approach
of Sato [1995], which extended the knowledge representation approach of Poole [1993b] with a
learning mechanism, and approaches such as Bayesian and stochastic logic programs [Kersting
and De Raedt, 2001, Cussens, 2001] working within an inductive logic programming tradition.
Around 2000, Lise Getoor and David Jensen organized the first workshop on “Statistical Rela-
tional Learning” at AAAI which gathered researchers active in the area for this time. is was
the start of a successful series of events that continues till today (since 2010 under the header
“StarAI”).

In the early days, many additional formalisms were contributed such as RBNs [Jäger, 1997],
MMMNs [Taskar et al., 2004], SRMs [Getoor et al., 2001c],MLNs [Richardson andDomingos,
2006], BLOG [Milch et al., 2005], RDNs [Neville and Jensen, 2004], and IBAL [Pfeffer, 2001],
many of which are described in the book edited by Getoor and Taskar [2007]. Especially influ-
ential was the Markov Logic approach of Richardson and Domingos [2006], as it was an elegant
combination of undirected graphical models with relational logic. In this early period, research
focused a lot on representational and expressivity issues, often referring to the “alphabet-soup” of
systems, reflecting the fact that many systems have names that use three or four letters from the
alphabet. Around 2005, it was realized that the commonalities between the different systems are
more important than their (often syntactic) differences, and research started to focus on key open
issues surrounding learning and inference. One central question is that of lifted inference [Poole,
2003], that is, whether one can perform probabilistic inference without grounding out the prob-
abilistic relational model first. Other questions concern the relationship to existing probabilistic
and logical solvers and the continuing quest for efficient inference techniques. Finally, research
on SRL and StarAI has also inspired the addition of probabilistic primitives to programming
languages, leading to what is now called probabilistic programming. Although some of the early
formalisms [Poole, 1993b, Sato, 1995, Pfeffer, 2001] already extend an existing programming
language with probabilities, and hence, possess the power of a universal Turing machine, this
stream of research became popular since BLOG [Milch et al., 2005] and Church [Goodman
et al., 2008].
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C H A P T E R 2

Statistical and Relational AI
Representations

Artificial intelligence (AI) is the study of computational agents that act intelligently [Russell
and Norvig, 2010, Poole and Mackworth, 2010] and, although it has drawn on many research
methodologies, AI research arguably builds on two formal foundations: probability and logic.

e basic argument for probability as a foundation of AI is that agents that act under
uncertainty are gambling, and probability is the calculus of gambling in that agents who do not
use probability will lose to those that do use it (see [Talbott, 2008], for an overview). While
there are a number of interpretations of probability, the most suitable for the present book is a
Bayesian or subjective view of probability: our agents do not encounter generic events, but have to
make decisions in particular circumstances, and only have access to their percepts (observations)
and their beliefs. Probability is the calculus of how beliefs are updated based on observations
(evidence).

e basic argument for first-order logic is that an agent needs to reason about individuals,
properties of individuals, and relations among these individuals, and at least be able to repre-
sent conjunctions, implications, and quantification. ese requirements arise from designing lan-
guages that allow one to easily and compactly represent the necessary knowledge for a non-trivial
task. First-order logic has become widely used in the theory of knowledge representation. It as-
sumes that the world consists of individuals, among which various relations hold or do not hold.
Logic provides a semantics, a specification of meaning, which agent designers can then choose to
implement in various ways.

Both probability and predicate calculus can be seen as extending propositional logic, one
by adding measures over the worlds, and the other by extending the propositional calculus to
include individuals and relations. Since, statistical relational AI (StarAI) aims to seamlessly com-
bine these two strands of research, we will first introduce each of these separately before moving
on to presenting their possible integrations.

2.1 PROBABILISTIC GRAPHICAL MODELS
e semantics of probability [Halpern, 1990, 2003] can be defined in terms of possible worlds
and random variables (although they are neither random nor variable). We can either define
random variables in terms of possible worlds (a random variable is a function on possible worlds)
or define possible worlds in terms of random variables (a possible world is an assignment of a value
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to every random variable). Either way, a random variable has a value in every world. A random
variable having a particular value is a proposition. Probability is defined in terms of a non-negative
measure over sets of possible worlds that follow some intuitive axioms (see, e.g., [Halpern, 2003]).
is means that a probabilistic graphical model defines a probability distribution over its possible
worlds, or equivalently a joint probability distribution over the propositions, or the assignments
of values to the random variables.

In Bayesian probability, we make explicit assumptions and the conclusions are conse-
quences of the specified knowledge and assumptions. e assumptions are about the space of
possible hypotheses and the prior probabilities. One particular explicit assumption is the assump-
tion of conditional independence. graphical models [Pearl, 1988, Lauritzen, 1996, Koller and
Friedman, 2009] provide representations of such conditional independence of random variables
in terms of graphs. A Bayesian network [Pearl, 1988, Darwiche, 2009] is an acyclic directed
graphical model of probabilistic dependence where the nodes are random variables. A Bayesian
network encapsulates a directed form of independence between the random variables in the graph:
a variable is conditionally independent of its non-descendants given its parents. is has turned
out to be a very useful assumption in practice. A Bayesian network requires a representation of
the conditional probability of each variable given its parents.

Undirected graphical models, or Markov networks, [Pearl, 1988] are defined in terms of
factors (or potentials) among random variables. A factor represents a function of a set of ran-
dom variables; for example, a factor on variables fX;Y;Zg is a function that given a value for
each variable, returns a non-negative number. e nodes in a Markov network correspond to
random variables, and the variables in a factor are neighbors of each other in the graph. ese
models encapsulate the assumption that a variable is independent of other variables given all of
its neighbors. e next two sections give more details.

2.1.1 BAYESIAN NETWORKS
Formally, aBayesiannetwork (or beliefnetwork) is an augmented, acyclic directed graph (DAG),
where each node corresponds to a random variable Xi and each edge indicates a direct influence
among the random variables. e influence for each variable Xi is quantified with a conditional
probability distribution (CPD) P .Xi j Pa.Xi//, where Pa.Xi/ are the parents of Xi in the graph.
e Bayesian network represents a set of independence assumptions: a variable is independent of
the other variables that are not its descendents given its parents.

Example 2.1 As an example of a Bayesian network, consider Judea Pearl’s famous burglary alarm
network. e Bayesian network in Fig. 2.1 contains the random variables burglary, earthquake,
mary_calls, john_calls, and alarm. e network specifies that burglary and earthquake are inde-
pendent, and that john_calls is independent of the other variables given alarm. Assume that the
random variables are all Boolean, i.e., they can have the range ftrue; falseg, then the Bayesian net-
work defines a probability distribution over truth-assignments to falarm; earthquake; mary_calls;
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alarm

burglary

john_calls mary_calls

earthquake

Figure 2.1: A Bayesian network for burglary alarms (adapted from Judea Pearl). Nodes denote ran-
dom variables and edges denote direct influences among the random variables.

Table 2.1: Conditional probability distributions associated with the nodes in the burglary alarm net-
work, cf. Fig. 2.1

P .burglary/
.0:001; 0:999/

P .earthquake/
.0:002; 0:998/

burglary earthquake P .alarm j burglary; earthquake/
true true .0:95; 0:05/

true false .0:95; 0:05/

false true .0:29; 0:71/

false false .0:001; 0:999/

alarm P .john_calls j alarm/
true .0:90; 0:10/

false .0:05; 0:95/

alarm P .mary_calls j alarm/
true .0:70; 0:30/

false .0:01; 0:99/

john_calls; burglaryg. To do so, it makes use of CPDs associated to each of the nodes are specified
in Table 2.1. ey include the CPDs P .alarm j burglary; earthquake/, P .earthquake/, etc.

e Bayesian network thus has two components: a qualitative one—the directed acyclic
graph—and a quantitative one—the conditional probability distributions. Together they specify
the joint probability distribution.

Because of the conditional independence assumption, we can write down the joint proba-
bility density as

P .X1; : : : ;Xn/ D

nY
iD1

P .Xi j Pa.Xi// : (2.1)

e independence assumption, which states that each variable is independent of its
non-descendents given its parents, implies other independencies. ese are axiomatized by d-
separation [Pearl, 1988], which allows to infer all independencies that are implied from the in-
dependence assumptions of Bayesian networks.
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2.1.2 MARKOV NETWORKS AND FACTOR GRAPHS
Conceptually, a Markov random field [Pearl, 1988] is an undirected analogue of a Bayesian
network. A Markov network is defined in terms of a set of discrete-valued random variables,
X D fX1;X2; : : : ;Xng and a set of factors ff1; : : : ; fmg, where a factor is a non-negative function
of a subset of the variables.

A Markov network represents the joint distribution over X as proportional to the product
of the factors, i.e.,

P.X D x/ D
1

Z
Y
k
fk.Xk D xk/

Z D
X

x

Y
k
fk.Xk D xk/ ;

where fk.Xk/ is a factor on Xk � X, and xk is x projected onto Xk. Z is a normalization constant
known as the partition function.

As long as the factors are all non-zero (they always return a positive number), the distribu-
tion can be represented as a log-linear model:

P.X D x/ D
1

Z exp
"X

k
wk � gk.x/

#
; (2.2)

where the factors gk.�/ are functions of (a subset of ) the configuration x, and wi are real-valued
weights.

A Markovnetwork is a graphical representation of a Markov random field where the nodes
are the random variables and there is an arc between any two variables that are in a factor together.

As for Bayesian networks, the structure of a Markov network encodes conditional indepen-
dencies. Basically, two nodes X and Y in a network are conditionally independent given variables
Z1; ldots;Zn (i.e., P.X j Y;Z1; : : : ;Zn/ D P.X j Z1; : : : ;Zn/) if and only if all paths from X to
Y contain one of the variables Zi. e Markov network for the alarm example is illustrated in
Fig. 2.2.

A Bayesian network can be seen as a Markov random field, where each conditional proba-
bility is a factor. us any inference algorithm developed for Markov networks can be applied to
Bayesian networks. Many of the inference algorithms are designed for Markov networks for this
reason. However, Bayesian networks allow for specialized algorithms, such as recursively pruning
variables that are not observed, not queried, and have no children. Any Markov network can also
be represented as a Bayesian network by scaling each factor to be in the range Œ0; 1� (by multiplying
by a constant), creating a new variable tk for each factor fk and defining P.tk D true j xk/ D fk.xk/,
and conditioning on tk D true.

An alternative way to depict a Markov random field is in terms of a factor graph. A factor
graph is a bipartite graph, which contains a variable node for each random variable xi and a factor
node for each factor fi. ere is an edge between a variable node and a factor node if and only if the
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alarm

burglary

john_calls mary_calls

earthquake

Figure 2.2: e Markov network for the burglary alarm Network.

alarm

burglary

john_calls mary_calls

earthquake

Figure 2.3: e factor graph representing the burglary alarm Bayesian network.

variable appears in the factor. is is often the preferred representation to describe probabilistic
inference methods sending messages between variables and factors. e factor graph for the alarm
Bayesian network is shown in Fig. 2.3.

A Markov network can be obtained from a factor graph, by adding arcs between all of the
neighbors of each factor node, and dropping the factor nodes. A factor graph can be obtained
from a Markov network by creating a factor for each clique in the Markov network. However,
mapping to a Markov network loses information. For example, the Markov random field with a
single factor f0.X;Y;Z/ has the same Markov network as the Markov random field with factors
ff1.X;Y/; f2.Y;Z/; f3.X;Z/g, but they have different factor graphs. e network with a single fac-
tor can represent more distributions than the one with only pairwise factors, e.g., the distribution
where the variables are independent of each other except that they have even parity.
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parent.jef; paul/:
parent.paul; ann/:
grandparent.X;Y/ W� parent.X;Z/; parent.Z;Y/:

Figure 2.4: A logic program defining grandparent.

nat.0/:
nat.s.X// W� nat.X/:

Figure 2.5: A logic program defining nat.

2.2 FIRST-ORDER LOGIC AND LOGIC PROGRAMMING
e probabilistic models introduced in the previous section have a fixed finite number of random
variables. Boolean random variables correspond to propositions in logic, and propositions can also
represent more complex random variables. First-order logic allows for an unbounded number of
propositions by including logical variables, constants, and functions. e same ideas can be used
for random variables. In order to understand this we now introduce first-order logic, and the
directed variant, which are logic programs.

To introduce logic and logic programs, consider Figs. 2.4 and 2.5, which contain two pro-
grams, grandparent and nat. In these programs grandparent=2, parent=2, and nat=1 are predicates
(with their arity, the number of arguments, listed explicitly). e strings jef, paul, ann, and 0 are
constants, whereas X, Y, and Z are logical variables, which we will just call variables when there
is no confusion with random variables. All constants and variables are also terms. In addition,
there exist structured terms such as s.X/, which contains the functor s=1 of arity 1 and the term
X. Constants are often considered as functors of arity 0. A first-order alphabet ˙ is a set of
predicate symbols, constant symbols and functor symbols.

Atoms are predicate symbols followed by the necessary number of terms, e.g.,
parent.jef; paul/, nat.s.X//, parent.X;Z/, etc. A literal is an atom, e.g., nat.s.X//, (called a positive
literal) or the negation of an atom, e.g., :nat.s.X// (called a negative literal).

First-order logical formulas are recursively constructed from atoms using logical connec-
tives (:, _ and ^) and quantifiers (8 and 9). If f1 and f2 are formulas then the following are
formulas, too:

• :f1 (negation), which is true iff f1 is not true;

• f1 ^ f2 (conjunction), which is true iff both f1 and f2 are true;

• f1 _ f2 (disjunction), which is true iff either f1 or f2 is true;
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• f1 ! f2, or f2  f1 (implication), which is true if f1 is false or f2 is true;
• f1 $ f2 (equivalence), which is shorthand for .f1 ! f2/ ^ .f2 ! f1/;
• 8Xf1 (universal quantification), which is true if f1 is true for every individual that X could

refer to; and
• 9Xf1 (existential quantification), which is true if f1 is true for at least one individual.

An important subset of first-order logic is that of clausal logic. A clausal theory consists
of a set of clauses. A clause is a formula of the form

A1 _ : : : _ An„ ƒ‚ …
conclusion

 „ƒ‚…
if

B1 ^ : : : ^ Bm„ ƒ‚ …
body

; (2.3)

where the Aj and the Bi are atoms. All variables in clauses are understood to be universally quan-
tified. Clause (2.3) is logically equivalent to

A1 _ : : : _ An _ :B1 _ � � � _ :Bm :

Example 2.2 Two example clauses are:

female.X/ _male.X/ human.X/
false female.X/ ^male.X/ :

e first clause states that for all X if X is human, X is either male or female. e second clause
states that for all X, X cannot be both male and female, that is, no-one is both male and female.
Here, false is an atom that is always false or is the empty disjunction n D 0.

A practical subset of clausal logic is that of logic programs, which are a subset that contains
no uncertainty; what is given up is the ability to state that a _ b is true, without saying which
one of a or b is true. Logic programs are of interest because they have an intuitive declarative and
procedural interpretation [Kowalski, 2014].

A definite clause is a clause with exactly one atom in the conclusion part of the clauses (that
is, n D 1). Following the Prolog tradition, definite clauses are usually written with the conjunction
represented by a comma, and “if ” represented by “: -”

A : -B1; : : : ;Bm :

A is the head of the clause, and B1; : : : ;Bm is the body of the clause. If m D 0 the implication
“: -” can be omitted and the clause is called a fact. A logic program is a set of definite clauses.

Example 2.3 e definite clause

grandparent.X;Y/ : - parent.X;Z/; parent.Z;Y/
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can be read as: for all X, for all Y and for all Z: X is a grandparent of Y if X is a parent of Z and Z
is a parent of Y. grandparent.X;Y/ in the head of the clause, and parent.X;Z/, parent.Z;Y/ is the
body of the clause.

Example 2.4 Figure 2.4 shows a logic program defining grandparent=2 with two parent=2 facts
and Fig. 2.5 a program defining nat=1.

Reasoning with logic involves manipulating the formula as data structures. An expression
is a term, atom, conjunction, or clause. e set of logical variables in expression E is denoted as
Var.E/. For example, in the clause c defined in Example 2.3, Var.c/ D fX;Y;Zg. An expression
E is ground when there is no variable occurring in E, i.e., Var.E/ D ;. To connect variables and
(structure) ground terms, we make use of substitutions.

A substitution is of the form � D fV1=t1; : : : ;Vn=tng, e.g., fY=anng, where the Vi are dis-
tinct logical variables, and ti are terms. Applying a substitution � to an expression e yields the
expression e� where all occurrences of the variables Vi are simultaneously replaced by the term ti,
e.g., if c is the definite clause (2.3) above, cfY=anng is

grandparent.X; ann/ W�parent.X;Z/; parent.Z; ann/ :

A substitution � is called a unifier for two expressions e1 and e2 if e1� D e2� , that is, if
the expressions become identical after applying the substitution. For instance, the substitution
fX=jef;Y=anng is a unifier for parent.X; ann/ and parent.jef;Y/.

It may seem that it is impossible to reason about clauses where variables can represent
anything, e.g., numbers, people, or symbols. It turns out that if a set of clauses has a model where
the variables can represent anything, it has a model where the variables denote symbolic objects
in the Herbrand base. e Herbrand base of a set of clauses P, denoted as hb.P/, is the set of all
ground atoms constructed with the predicate, constant and function symbols in the alphabet of
P (and inventing a new constant if P doesn’t contain any constants).

Example 2.5 e Herbrand bases of the grandparent and nat logic programs in Figs. 2.4 and 2.5
are

hb.grandparent/ D fparent.ann; ann/; parent.jef; jef/;
parent.paul; paul/; parent.ann; jef/; parent.jef; ann/; : : : ;
grandparent.ann; ann/; grandparent.jef; jef/; : : :g;

hb.nat/ D fnat.0/; nat.s.0//; nat.s.s.0///; : : :g :

hb.grandparent/ has 18 elements and hb.nat/ is infinite.
When considering the constants a and b, the clausal theory for Example 2.2 has the fol-

lowing Herbrand base:

hb.human/ D fhuman.a/; human.b/; female.a/; female.b/;male.a/;male.b/g :
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A Herbrand interpretation for a set of clauses P is a subset of hb.P/. Herbrand interpre-
tation I represents the possible world where all of the elements in I are true and the elements
of hb.P/ n I are false. A Herbrand interpretation I is a model of clause c, if and only if, for all
substitutions, � that grounds all variables in c such that body.c/� � I holds, it also holds that
head.c/� 2 I. Interpretation I is a model of a set of clauses P if I is a model of all clauses in P. A
clausal theory P entails a clausal theory P0, denoted as P ˆ P0, if and only if, each model of P is
also a model of P0.

Example 2.6 e following two interpretations are models for Example 2.2, which shows that
a set of clauses can have more than one model:

fhuman.an/; female.an/; human.paul/;male.paul/g
fhuman.an/;male.an/; human.paul/; female.paul/g :

ese models are also minimal w.r.t. set inclusion.
While clausal theoriesmay have no, one, ormoreminimalmodels, a definite clause program

has a unique least Herbrand model. e least Herbrand model LH.P/, consists of all ground
atoms f 2 hb.P/ such that P logically entails f, i.e., P ˆ f. It is also a minimal model. All ground
atoms in the least Herbrand model are provable.

Example 2.7 e least Herbrand models of our programs from Example 2.5 are

LH.grandparent/ Dfparent.jef; paul/; parent.paul; ann/; grandparent.jef; ann/g
LH.nat/ D hb.nat/ :

at is, nat.a/ is provable for all atoms a in the Herbrand base of nat.
In Part II on inference, we will discuss how to use clausal logic for inference and for reason-

ing. is will also include the computation of the least Herbrand model of a logic program. For
a detailed introduction to logic programming, see Lloyd [1989], for a more gentle introduction,
see Flach [1994], and for a detailed discussion of Prolog, see Sterling and Shapiro [1986].
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C H A P T E R 3

Relational Probabilistic
Representations

Probability theory can be seen as extending the propositional calculus to include uncertainty; we
can ask for the probability of a proposition conditioned on a proposition. Likewise, the (first-
order) predicate calculus can be seen as extending propositional calculus to include relations (rep-
resented by predicate symbols), individuals, and logical variables that can be universally or exis-
tentially quantified. Relational probabilistic representations can be seen as extending the predicate
calculus to include probabilities, or extending probabilistic models to include relations, individu-
als, and variables.

Probability has seen a resurgence in AI due mainly to exploiting the independency inher-
ent in graphical models, and most relational probabilistic models are built from these graphical
models. In relational probabilistic models, the random variables are built from individuals and
relationships among individuals. Just as the first-order predicate calculus extends the proposi-
tional calculus to reason about individuals and relations, relational probabilistic models extend
probabilistic models, such as Bayesian networks and Markov networks, to allow reasoning about
individuals and relations.

With such models, a reasoning agent observes individuals, their properties, and relations
among them, and conditioning on these allows probabilistic predictions about individuals, prop-
erties and relationships. We often want to build the models before we know which individuals
exist in a population so that the models can be applied to diverse populations. When we condi-
tion on observations of particular individuals and relations among particular individuals, we can
learn something about those individuals, which can then be used for subsequent reasoning and
learning. In the open-universe case, we can be unsure about whether two descriptions or names
refer to the same individual, whether an individual that fits a description actually exists or how
many individuals there are.

ese are key properties of StarAI domains that we have encountered already in the exam-
ples used in the introduction.

Example 3.1 Education modeling In an educational domain (see, e.g., Fig. 1.2), the individ-
uals may be students, courses, tests, or particular questions on tests. We want to condition on the
observations of what tests the students took, what answers they provided, and any other pertinent
information to predict what they understand.
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Example 3.2 Medical diagnosis In a medical diagnosis system (see, e.g., Fig. 1.3), the individ-
uals may be patients, treatments, drugs, tests, particular lumps on a person’s body, etc. A system
can condition on a patient’s electronic health record to predict the outcome of some treatment.
Having a relational model is sensible since electronic health records are not summaries, but con-
tain a history of physical observations, treatments, tests, etc. ey differ greatly in the amount of
detail they contain per person.

In both of these examples the models are not about a particular patient or student, but are
models that can be applied to any patient or student. e set of observations is not fixed, as for
instance an electronic health record may contain an unbounded number of observations and test
results about multiple lumps that may have appeared (and disappeared) on a patient.

e main property relational models exploited is that of exchangeability: those individ-
uals about which we have the same information should be treated identically. is is the idea
behind (universally quantified) variables; some statements are true for all individuals. In terms of
probabilistic models, this means we can exchange the constants in any grounding, and still get
the same probabilities for any proposition. is implies that before we know anything particular
about any of the individuals, they all should share their probabilistic parameters. It also provides
a form of symmetry that can be exploited for representations, inference and learning. De Finetti
[1974] shows how distributions on exchangeable random variables can be represented in terms
of directed models with latent variables. Note that exchangeability of individuals corresponds to
exchangeability of random variables only for properties (relations on single individuals), but not
for properties of multiple individuals (but see [Kallenberg, 2005] for results in such situations).

Over the years, a multitude of different languages and formalisms for probabilistic relational
modeling have been devised. However, there are also some general design principles underlying
this “alphabet soup,” which we will discuss first.

3.1 A GENERAL VIEW: PARAMETERIZED PROBABILISTIC
MODELS

Relational probabilistic models are typically defined in terms of parameterized random vari-
ables [Poole, 2003], which are often drawn in terms of plates [Buntine, 1994, Jordan, 2010]. A
parameterized random variable corresponds to a predicate or a function symbol in logic.

We use a first-order alphabet consisting of logical variables, constants, function symbols,
and predicate symbols. We assume that the logical variables are typed, where the domain of the
type (i.e., the set of individuals of the type), is called the population. Recall from Section 2.2
that a term is either a logical variable, a constant or of the form f.t1; : : : ; tk/, where f is a function
symbol and each ti is a term. We treat constants as function symbols with no arguments (and so
are not treated specially). Each function has a range, which is a set of values. In the following we
treat relations as Boolean functions (with range ftrue; falseg).

A parameterized randomvariable (PRV) is of the form f.t1; : : : ; tk/where each ti is a term
and f is a function (or predicate) symbol. A random variable is a parameterized random variable
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which does not contain a logical variable. An atom is of the form f.t1; : : : ; tk/ D v where v is
in the range of f. When the range of f is fTrue;Falseg, (i.e., when f is a predicate symbol), we
write f.t1; : : : ; tk/ D True as f.t1; : : : ; tk/, and f.t1; : : : ; tk/ D False as :f.t1; : : : ; tk/. We can build
a formula from relations using the standard logical connectives. e grounding of a PRV is the
set of random variables obtained by uniformly replacing each logical variable by each individual
in the population corresponding to the type of the logical variable.

A lifted graphical model, also-called a template-based model [Koller and Friedman,
2009], is a graphical model with parameterized random variables as nodes, and a set of factors
among the parameterized random variables, called parameterized factor. A liftedmodel, together
with an assignment of a population to each logical variable means its grounding: the graphical
model where the set of random variables is the set of groundings of the PRVs in the model, and
the factor in the ground model is the grounding of the corresponding factor of the lifted model.
e details differ in the various representation languages, because what is allowed as factors varies,
but the issues can be highlighted by a few examples.

Example 3.3 Consider a model of the performance of students in courses. With such a model,
we could, for example, condition on the data of Fig. 1.2 to predict how students s3 and s4 will
perform in course c4. Suppose we have the types: student and course. e population of student
is the set of all students, and the population of course is the set of all courses. e parameterized
random variable grade.S;C/ could denote the grade of student S in course C. For a particular
student sam, and course cs101, the instance grade.sam; cs101/ is a random variable denoting the
grade of Sam in the course cs101. e range of grade could be the set of possible grades, say
fa; b; c; d; fg. Similarly, int.S/ could be a parameterized random variable denoting the intelligence
of student S. e PRV diff.C/ could represent the difficulty of course c.

If there are n students and m courses, the grounding contains nm random variables that are
instances of grade.S;C/, n instances of int.S/ andm instance of diff.C/. us, there are nmC nC
m random variables in the grounding.

Figure 3.1 gives a plate representation of a directed model to predict the grades of students
in courses. In this figure, s is a logical variable that denotes a student and c is a logical variable
that denotes a course. Note that this figure redundantly includes the logical variables in the plates
as well as arguments to the parameterized random variables. Such parameterized models repre-
sent their grounding, where there is an instance of each random variable for each assignment of
an individual to a logical variable. e factors of the ground network are the groundings of the
corresponding factors of the relational model. Figure 3.2 shows such a grounding where there are
three students Sam, Chris, and Kim and two courses (c1 and c2).

Note the conditional independence assumptions in this example (derived from the in-
dependence inherent in the underlying Bayesian network): the intelligence of the students are
independent of each other given no observations. e difficulty of the courses are independent
of each other, given no observations. e grades are independent given the intelligence and the
difficulty. Given no observations, a pair of grades that share a student or a course are dependent
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S

C

int(S)

grades(S,C)

di (C)

Figure 3.1: Plate representation of the grades model.

int(sam)

grade(sam, c1) grade(sam, c2)

grade(chris, c1) grade(chris, c2)

grade(kim, c1) grade(kim, c2)

int(kim)

int(chris)

di!(c1) di!(c2)

Figure 3.2: Grounding of the grades model for 3 people (Sam, Chris, and Kim) and 2 courses (c1 and
c2).

on each other, as they have a common parent, but a pair of grades about different students and
courses are independent. Given observations on grades, the intelligence variables and the difficulty
variables can become interdependent.

e basic principle used by these models is that of parameter sharing: the instances of
the parameterized factors created by substituting constants for logical variables share the same
probabilistic parameters. is is a consequence of exchangeability: the variables can denote any
individual, and so need to be the same for each instance (before we have observed anything to
distinguish the individuals). e various languages differ in how to specify the conditional proba-
bilities of the parameterized random variables given their parents, or the other parameters of the
probabilistic model.

Often in plate models [Buntine, 1994, Jordan, 2010] the numerical parameters are made
explicit, to emphasize that the probabilistic parameters do not depend on the individuals.
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int(S)

S

C

grade(S, C)

di!(C)θi

θg

θd

Figure 3.3: Plate representation of the grades model, with shared parameters explicit.

Example 3.4 Figure 3.3 shows the plate model of Fig. 3.1 with the numerical parameters made
explicit. Parameter �i specifies the prior probability of int.S/ that is shared among the students,
parameter �d specifies the prior probability of diff.C/, and �g specifies the numerical parameters
of the conditional probability P.grade.S;C/ j int.S/; diff.C//. e figure makes explicit that these
parameters do not depend on the individuals.

ere are some issues that relational models must face, beyond the non-relational case. We
highlight one such issue now.

Suppose there is a directed model where for some parameterized random variable X, the
parents of X include a logical variable that does not appear in X. In the grounding, X has an
unbounded number of parents, and we need some way to represent the conditional probability of a
variable given an unbounded number of parents; such methods are called aggregation functions.
While aggregation does occur in the non-relational case, it cannot be avoided in the directed
relational case.

Example 3.5 Consider the problem of determining guilt in a shooting. Figure 3.4 depicts an
example where someone shot person Y if there exists a person X who shot Y. In this model,
someone_shot.Y/ has the number of parents equal to the population size. In this case, the appro-
priate aggregator is a logical “or.” e PRV someone_shot.Y/ has the meaning 9X shot.X;Y/, and it
may be appropriate to write it in this way. Whether X shot Y depends on whether X had motive,
opportunity and a gun.

e instances of shot.X;Y/ for eachX are dependent because they share a common ancestor,
has_gun.X/. e instances of shot.X;Y/ are dependent for some Y if someone_shot.Y/ is observed.
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X

Y

has_motive(X, Y)

shot(X, Y)

someone_shot(Y)

has_gun(X)

has_opportunitY(X, Y)

Figure 3.4: Plate representation of determining guilt from Example 3.5.

Often there is much more structure about how the instances interact than can be repre-
sented in a model that assumes that the instances are only dependent given shared ancestors or
observed shared descendants, as in the following two examples.

Example 3.6 Consider the case of diagnosing students’ performance in addingmulti-digit num-
bers of the form

x1 x0
C y1 y0

z2 z1 z0 :

A student, given values for the digits xi and yi, provides values for the zi digits. e aim is to
determine whether the students have mastered addition from observations of their performance.

Whether a student gets the correct carry depends on the previous x, y and carry, andwhether
the student knows how to carry. is dependency can be seen in Fig. 3.5. Here x.D;P/ is a
parameterized random variable representing digit D of the first summand for problem P. ere
is a random variable in the grounding for each digit D and each problem P. A ground instance,
such as x.3; problem57/, is a random variable that may represent the third digit from the right
of the topmost number of problem 57. Similarly, there is a z-variable for each digit D, problem
P, student S, and time T. e plate notation can be read as duplicating the random variable for
each tuple of individual the plate is parameterized by. Whether the student knows how to carry
or knows how to add depends on the student and the time, but not on the digit or the problem.

For each problem, student and time, the carry for digit D, namely c.D;P; S;T/, depends,
in part, on c.D � 1;P; S;T/, that is, on the carry from the previous digit. ere is a special case
for the first digit. Similarly, whether a student knows how to add or carry at any time depends
on whether they knew how to add or carry at the previous time. is is depicted by cycles in the
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S, T

D, P

knows_add(S,T)knows_carry(S,T)

z(D,P,S,T)

c(D,P,S,T)
x(D,P)

y(D,P)

Figure 3.5: Belief network with plates for multidigit addition.

plate notation, but it results in an acyclic grounding. e plate notation does not convey all of the
information about the dependencies.

Example 3.7 Consider determining the probability that two authors are collaborators, which
may depend on whether they have written papers in common, or even whether they have written
papers apart from each other. at is, collaborates.A1;A2/ may depend on the existence of, and
properties of any paper P such that author.A1;P/ ^ author.A2;P/ is true. A representation has to
be able to specify what happens when there is more than one paper that they are co-authors of.
e existential quantification used in Example 3.5 does not seem to be appropriate here. It may
also depend on other co-authors who may have collaborated with each of them. Any such rules
are only applicable if A1 ¤ A2, that is if A1 and A2 are different people. Examples such as these
require more sophisticated languages than the plate models specified above.

e first such languages either had explicit languages for constructing the ground net-
work [Breese, 1992, Goldman andCharniak, 1990] or defined templates for prior and conditional
probabilities [Horsch and Poole, 1990] directly in terms of tables, and required a combination
function (such as noisy-and or noisy-or) when the number of parents depends on the number of
individuals. ese template models turn out not to be very flexible as they cannot represent the
subtleties involved in how one random variable can depend on others.

To represent such examples, it is useful to be able to specify how the logical variables in-
teract, as is done in logic programs. e independent choice logic (ICL) [Poole, 1997, 2008]
(originally called probabilistic Horn abduction (PHA) [Poole, 1991, 1993b]) allows for arbitrary
(acyclic) logic programs (including negation as failure) to be used to represent the dependency.
e conditional probability parameters are represented as independent probabilistic inputs to the
logic program. A logic program that represents Example 3.6 is given in Chapter 14 of [Poole
and Mackworth, 2010]. is mix of probabilities and logic programs also forms the founda-
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tions for PRISM [Sato and Kameya, 1997, 2008], which has concentrated on learning, and for
Problog [De Raedt et al., 2007], a project to build an efficient and flexible language.

Other languages are based on entity-relationship models [Friedman et al., 1999, Heck-
erman et al., 2004], fragments of first-order logic [Muggleton, 1996, Kersting and De Raedt,
2007, Laskey, 2008], or even in terms of programming languages such as in IBAL [Pfeffer, 2007]
or Church [Goodman et al., 2008]. Undirected models, exemplified by Markov logic networks
(MLNs) [Richardson and Domingos, 2006], have a similar notion of parameterized random vari-
ables, but the probabilities are represented as weights of first-order clauses. e meaning of these
relational models is represented by their grounding, but for MLNs the grounding is a Markov
network rather than a Bayesian network (see Pearl [1988] for a discussion of the relationship
between Bayesian and Markov networks). Yet other languages are extensions of the maximum
entropy principle to the relational setting [Kern-Isberner and imm, 2010, Beierle et al., 2015]
or incorporate probabilistic reasoning about similarities and relational structures [Bröcheler et al.,
2010, Bach et al., 2013].

All of the representations are required to be finite (for otherwise they cannot be written
down), but the grounding does not need to be finite. e logic-programming based languages
such as ICL and Problog allow function symbols which means the grounding is infinite. MLNs
have been extended to infinite domains [Singla and Domingos, 2007]. So-called nonparametric
Bayesian approaches such as NP-BLOG [Carbonetto et al., 2005], infinite (hidden) relational
models [Kemp et al., 2006, Xu et al., 2006], and relational Gaussian processes [Chu et al., 2006,
Yu et al., 2006, Yu and Chu, 2007, Silva et al., 2007, Xu et al., 2009b] also allow for an unbounded
number of individuals. ese models use stochastic processes to specify how the random variables
and their associated parameters are generated.

3.2 TWO EXAMPLE REPRESENTATIONS: MARKOV LOGIC
AND PROBLOG

We now review two relational probabilistic model formalisms, which are probably most
representative of the two main streams in StarAI: Markov logic and ProbLog. Markov
logic [Richardson and Domingos, 2006] upgrades Markov network toward first-order logic,
whereas ProbLog [De Raedt et al., 2007] is a probabilistic Prolog based on what has been called
the distribution semantics [Poole, 1993b, Sato, 1995]. While Markov logic is a typical exam-
ple of an undirected knowledge-based model construction, ProbLog is a directed model that
can be seen as a relational probabilistic programming language. Furthermore, while Markov
Logic is an example of an approach that extended a probabilistic graphical model with logic,
ProbLog extends a logic programming language with probabilistic primitives. For implemen-
tations of Markov Logic and Problog as well as further materials on how to use them, see
http://alchemy.cs.washington.edu/ and https://dtai.cs.kuleuven.be/problog/.

http://alchemy.cs.washington.edu/
https://dtai.cs.kuleuven.be/problog/
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Both representations induce a probability distribution over possible worlds, where a world
corresponds to a Herbrand model. e probability of a formula is the sum of the measures of the
possible worlds in which it is true.

3.2.1 UNDIRECTED RELATIONAL MODEL: MARKOV LOGIC
Markov logic combines first-order logic with Markov networks. A Markov logic network con-
sists of set of weighted first-order formulae. e probability of a world is proportional to the
exponential of the sum of the formulae that are true in the world.

e idea is to view logical formulae as soft constraints on the set of possible worlds. A
positive weight on a formula increases the probability of the worlds that satisfy the formula, and
a negative weight on a formula decreases the probability of the worlds that satisfy the formula.

Example 3.8 Consider the following example (adopted from [Richardson and Domingos,
2006]). Friends & Smokers is a small Markov logic network that computes the probability of
a person having lung cancer on the basis of her friends smoking. is can be encoded using the
following weighted formulas:

1:5 W cancer.P/ smoking.P/
1:1 W smoking.X/ friends.X;Y/ ^ smoking.Y/
1:1 W smoking.Y/ friends.X;Y/ ^ smoking.X/ :

e first formula states the soft constraint that smoking implies cancer. So, interpretations in
which people that smoke have cancer are more likely than those where they do not (under the
assumptions that other properties remain constant). e second and third formulas state that
friends of smokers are typically also smokers. e higher the weight of a formula, the stronger the
constraint imposed by the formula is, and the more likely possible worlds satisfying the formula
become.

A Markov logic network together with a set of constants fd1; : : : ; dkg representing k indi-
viduals induces a grounded Markov network.

e random variables in the grounded network are the atoms in the Herbrand base of the
form p.d0

1; � � � ; d0
n/ where p is a predicate and the d0

i are constants. For every ground instance ci�
of a formula ci in H, there is an edge between any pair of atoms a�; b� that occur in ci� .

e Markov network obtained by grounding the weighted formulae of Example 3.8 with
the constants anna and bob is shown in Fig. 3.6.

e probability distribution over interpretations I is

P .I/ D 1

Z
Y
wWf

ew�nf.I/ D
1

Ze
P

wWf w�nf.I/ ;

nf.I/ denotes the number of grounding substitutions � for which f� is satisfied by I, and Z is a
normalization constant. Z is called the partition function.
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fr(a,b)

fr(a,a) fr(b,b)

can(a) can(b)

fr(b,a)

smok(a) smok(b)

Figure 3.6: e Markov network induced by the Markov logic for the constants a and b (adapted
from [Richardson and Domingos, 2006]).

ere is also a product formulation of MLNs where the weights are all nonnegative and
the probability of the world is the product of the formulae that are true in the world. e product
formulation is more general as it allows zero-probability worlds. Zero-probability worlds can be
handled in the log-formulation by having negative infinite weights (but positive infinite weights
are problematic). e formulation in terms of the exponential function of a weighted sum is more
common because it is easier to differentiate, which enables gradient-descent algorithms to be used
for learning.

Note that for different (Herbrand) domains, different Markov networks will be produced.
erefore, one can view Markov logic networks as a template for generating Markov networks,
and, hence, Markov logic is a knowledge-based model construction method.

It is often difficult to understand what the weights really mean, except in a few cases. For
instance, if there is a single weighted formula, w W f, where all of the atoms in f share the same
logical formula, the weight w is the log-odds of f, namely logP.f/=P.:f/. When there are more
complicated formulae, understanding the weights is more complicated because the weights are
not local to the formula, but interact to give the appropriate probabilities.

Example 3.9 In Example 3.8, the formulae represent material implication. e weighted for-
mulas of that example are equivalent to

1:5 W cancer.P/ _ :smoking.P/
1:1 W smoking.X/ _ :friends.X;Y/ _ :smoking.Y/
1:1 W smoking.Y/ _ :smoking.X/ _ :friends.X;Y/ :
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e last formula adds the weight 1.1 to any model for every pair of individuals that are not friends
or where one is smoking and one is not. Note that for any (ordered) pair of individuals, one of
the last two formulae will be true. ey are both true unless one of the individuals smokes, the
other doesn’t smoke and they are both friends. Note that when X D Y, both of the last formulae
are true.

To illustrate how Markov logic generalizes logic we use an example due to [Richardson and
Domingos, 2006]. Consider an MLN containing the single formula r.X/! s.X/ with weight
w, and a single constant a. is leads to four possible worlds/interpretations: f:r.a/;:s.a/g,
f:r.a/; s.a/g, fr.a/;:s.a/g, and fr.a/; s.a/g. With this, we obtain that P.fr.a/;:s.a/g/ D
1=.3ew C 1/ and the probability of each of the other three worlds is ew=.3ew C 1/. us, ifw > 0,
the effect of the MLN is to make the world that is inconsistent with r.X/! s.X/ less likely than
the other three. From the probabilities above we obtain that P.s.a/jr.a// D ew=.1C ew/. When
w!1, P.s.a/jr.a//! 1, recovering logical entailment. Furthermore, with changing domains,
(e.g., by adding constants), the probabilities change as a result, and to keep the probabilities con-
stant, the weights may need to change.

In summary, Markov logic and related formalisms have a number of important features.

• ey are simple: an MLN is obtained by attaching weights to the formulae (or clauses) in a
first-order knowledge base.

• ey are intuitive in that the magnitude of the weight corresponds to the relative strength
of its formula.

• In the infinite-weight limit, formulas reduce to first-order logic (over finite domains).

• ey can be generalized to handle functions and in turn infinite domains [Singla and
Domingos, 2007].

• ey can naturally represent cyclic dependencies among variables.

• ey can be viewed as log-linear models that use first-order formulae as feature templates.
is allows them to compactly represent most graphical models (e.g., hidden Markov net-
works, probabilistic context-free grammars).

• In turn, many standard approaches for inference and learning log-linear models are easy to
adapt to the MLN case.

3.2.2 DIRECTED RELATIONAL MODELS: PROBLOG
Here we describe a directed relational model in the spirit of probabilistic Horn abduction [Poole,
1991, 1993b], the independent choice logic (ICL) [Poole, 1997, 2008], Prism [Sato and Kameya,
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1997, 2008], ProbLog [De Raedt et al., 2007], and CP-logic [Vennekens et al., 2009]. Here we
will use the syntax of ProbLog.

Example 3.10 Consider a variant of the burglary alarm Bayesian network in Fig. 2.1 with multi-
ple neighbors. e alarm depends on a burglary and whether there is an earthquake. Each neigh-
bor can call independently given whether there is an alarm. To specify the conditional probability
of alarm given burglary and earthquake, Problog uses rules and probabilistic facts:

alarm burglary ^ aifb:
alarm :burglary ^ earthquake ^ aifnbe:
alarm :burglary ^ :earthquake ^ aifnbne:

0:95 WW aifb
0:29 WW aifnbe
0:001 WW aifnbne :

e first three rules have their normal meaning as they would in a logic program, with:meaning
negation as failure. Under negation as failure, an atom:a is true when proving a fails in a possible
world, cf. also Section 5.2.3. e first rule says that when burglary is true, alarm is true whenever
aifb is true (aifb corresponds to the parameter of Bayesian network denoting the probability of
alarm if burglary is true). e fourth line says that P.aifb/ D 0:95. Together they specify P.alarm j
burglary/ D 0:95.

e probabilistic facts, such as the atom aifb, act as switches for the rules. When aifb is true,
the alarm depends on the burglary if it is true. When aifb is false, it is the same as not having the
rule.

For simple uses of probabilistic facts like above, these rules and probabilistic facts can be
written more concisely as the following probabilistic rules:

0:95 WW alarm burglary
0:29 WW alarm :burglary ^ earthquake:
0:001 WW alarm :burglary ^ :earthquake :

is set of probabilistic rules is just an abbreviation for the earlier rules and probabilistic facts, but
leaves the atoms that act as switches as implicit. For more complicated cases, such as where the
switches are used in more than one rule, or when they are not parameterized by all of the logical
variables, they can be made explicit.

is can be augmented to the relational case, where neighbors call as a function of whether
there is an alarm:

0:8 WW calls.X/ alarm ^ neighbor.X/:
0:1 WW calls.X/ :alarm ^ neighbor.X/:

neighbor.john/:
neighbor.mary/ :
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is specifies that each neighbor calls as a function of whether there is an alarm. e sort of query
we may want is

P.burglary j calls.john/; calls.mary//:

e syntax of Problog is defined in terms of:

• a rule is of the form h b, where h is an atom (the head of the rule) and b is a body, so a
rule is a definite clause;

• a probabilistic fact is of the form p WW a, where p is a real number, 0 � p � 1, and a is an
atom, called an atomic hypothesis. No atomic hypothesis can unify with the head of a rule;
and

• a probabilistic rule p WW h b is an abbreviation for the rule h b ^ a and the probabilistic
fact p WW a for a new atom a that is parameterized by the logical variables in the rule.

When there is only a finite population, the semantics is defined by the following.

• ere is a possible world for each selection of a subset of the ground instances of the atomic
hypotheses. Let A.w/ be the set of atomic hypotheses selected by world w.

• e atomic hypotheses are independent. Let F be the set of ground instances of the prob-
abilistic facts. e probability of a world w in terms of the ground instances of the proba-
bilistic facts is defined as follows:

P.w/ D
Y

p W a 2 F
a 2 A.w/

p
Y

p W a 2 F
a … A.w/

.1 � p/ :

• e logic program together with the selected atoms A.w/ specifies what is true in possible
world w.

• e probability of a formula is defined in the standard way: the probability of a formula is
the sum of the measures of the worlds in which the formula is true.

Example 3.11 Consider the following meaningless example:

0:1 WW a
0:2 WW b
0:3 WW c
d a ^ c;
e b ^ d;
e :a;
f :d ^ :b :
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e possible worlds are then:

selection‚ …„ ƒ logic program‚ …„ ƒ
w0 ˆ a b c d e :f P.w1/ D 0:006
w1 ˆ a b :d :e :f P.w1/ D 0:014
w2 ˆ a c d :e :f P.w1/ D 0:024
w3 ˆ a :d :e f P.w1/ D 0:056
w4 ˆ b c :d e :f P.w1/ D 0:054
w5 ˆ b :d e :f P.w1/ D 0:126
w6 ˆ c :d e f P.w1/ D 0:216
w7 ˆ :d e f P.w1/ D 0:504 :

P.f/ D 0:056C 0:216C 0:504 D 0:776.
When there is arithmetic or function symbols, there can be infinitely many atomic hy-

potheses and the above semantics does not work; there are infinitely many worlds, each with
probability 0. Just like with real-valued variables, we need a measure over sets of possible worlds
(in what is called a sigma-algebra). e sets of possible worlds will be those that are described
by logical formulae made up of atomic hypotheses. If S is a set of possible worlds described by a
such a formula ˛, we define �.S/ as follows. e formula ˛ can be put into the form c1 _ : : : _ ck
where each ci is a consistent conjunction of atomic hypotheses or their negation, and ci [ cj is in-
consistent for i ¤ j. en �.C/ D

P
i
Q

a2ci P.a/
Q

:a2ci.1 � P.a//, where we treat a conjunction
as a set of literals. We then define P.h/ D �.fw ˆ hg/, where here ˆ means follows from the
logic program. is semantics thus uses the set of atomic hypotheses that imply h. Finding the set
of such hypotheses is called abduction. is explains why probabilistic Horn abduction [Poole,
1991, 1993b] was called that.

Example 3.12 To show how Problog works, even with cyclic programs,¹ consider the following
representation of the friends and smokers example (where comments start with “%”):

smokes.X/ sm_ind.X/:
smokes.X/ susceptible.X/ ^ friends.X;Y/ ^ smokes.Y/ ^ sm_fr.X;Y/

0:3 WWsm_ind.X/: %X smokes independently of friends
0:2 WWsm_fr.X;Y/: %X smokes because of friendship with Y
0:6 WWsusceptible.X/: %X is susceptible to influence

friends.X;Y/ friends.Y;X/ ^ fr_symm.X;Y/
0:9 WWfr_symm.X;Y/: %symmetry makes X and Y friends

friends.chris; sam/ :

is says that a person X either smokes independently of their friends (when sm_ind.X/) or
smokes when influenced by friends smoking. e atom susceptible.X/means that X is susceptible
¹A program is cyclic if there can be atoms that depend on themselves. Problog does not allow negation in the cycle.



3.2. TWO EXAMPLE REPRESENTATIONS: MARKOV LOGIC AND PROBLOG 41

to be influenced by X’s friends. For each smoking friend Y, the atom sm_fr.X;Y/ means that X
influences Y to smoke. e use of fr_symm.X;Y/ allows us to model the fact that friendship is
probably symmetric.

e fact that sm_fr.X;Y/ is parameterized by Y means that each friend of X influences
X independently, if X is susceptible. is implies that, in all the worlds where sm_ind.X/ and
susceptible.X/ are false, X does not smoke. Furthermore, the probability that X smokes is be-
tween 0.3 and .0:3C .1 � 0:3/ � 0:6/ D 0:72; the first when there are no friends, and the lat-
ter is approached as the number of friends increases. e latter probability corresponds to
the formula ˛ D sm_ind.X/ _ susceptible.X/, which needs to be rewritten as C D sm_ind.X/ _
.:sm_ind.X/ ^ susceptible.X// in order to make the conjunctions pairwise inconsistent.

Using probabilistic rules, the rules can be written as:

0:3 WW smokes.X/:
0:2 WW smokes.X/ susceptible.X/ ^ friends.X;Y/ ^ smokes.Y/:
0:6 WW susceptible.X/:
0:9 WW friends.X;Y/ friends.Y;X/

friends.chris; sam/ :

is is an abbreviation for the above. [Note that when smokes.X/ is a probabilistic fact that unifies
with the head of another rule, it must be interpreted as a probabilistic rule, not as a probabilistic
fact.]

With 2 individuals, chris and sam, there are 12 probabilistic atoms in the grounding (two
instances each of susceptible.X/ and sm_ind.X/, and four each of sm_fr.X;Y/ and fr_symm.X;Y/).
us, there are 212 possible worlds. Using the abductive characterization, we can partition the
worlds into disjoint equivalence classes, so that each world in the same class has the same predic-
tions for smokes, as in Fig. 3.7.

So P.smokes.sam// D 0:09C 0:0252C 0:1848C 0:02268 D 0:32268. One way to think
about this is that smokes.sam/ is true iff

sm_ind.sam/ _ .susceptible.sam/ ^ fr_symm.sam; chris/ ^ sm_fr.sam; chris/ ^ sm_ind.chris// :

at is, Sam smokes independently or is influenced by friend Chris.
If the propositions separated with an “or” are mutually exclusive in the formula ˛, their

probabilities can be added. e above formula is equivalent to the conjunction C

sm_ind.sam/_.:sm_ind.sam/ ^ susceptible.sam/
^ fr_symm.sam; chris/ ^ sm_fr.sam; chris/ ^ sm_ind.chris//

which has disjunction of exclusive propositions, and so the probabilities can be added. So
P.smokes.sam// D �.C/ D 0:3C .1 � 0:3/ � 0:6 � 0:9 � 0:2 � 0:3 D 0:32268.

As already illustrated, probabilistic facts (or binary switches) are expressive enough to rep-
resent a wide range of models, including Bayesian networks, Markov chains, and hidden Markov
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Worlds that select Smoking prediction Probability
Chris Sam

sm_ind.chris/ ^ sm_ind.sam/ true true 0.09
:sm_ind.chris/ ^ :sm_ind.sam/ false false 0.49
:sm_ind.chris/ ^ sm_ind.sam/ ^

susceptible.chris/ ^ sm_fr.chris; sam/
true true 0.0252

:sm_ind.chris/ ^ sm_ind.sam/ ^

(:susceptible.chris/ _ :sm_fr.chris; sam/)
false true 0.1848

sm_ind.chris/^:sm_ind.sam/^ susceptible.sam/
^ fr_symm.sam; chris/ ^ sm_fr.sam; chris/

true true 0.02268

sm_ind.chris/ ^ :sm_ind.sam/ ^

(:susceptible.sam/ _ :fr_symm.sam; chris/
_ :sm_fr.sam; chris//

true false 0.18732

Figure 3.7: Partitioning of possible worlds for Example 3.12.

models. However, for ease of modeling, it is often more convenient to use multi-valued random
variables instead of binary ones. is is incorporated in languages such as the independent choice
logic (ICL) [Poole, 1997, 2008], Prism [Sato and Kameya, 1997, 2008], ProbLog [De Raedt
et al., 2007], and CP-logic [Vennekens et al., 2009] in different ways. Here we will use the an-
notated disjunctions concept of Vennekens et al. [2004], which essentially extends the concept of
a probabilistic rule, and the exposition in [De Raedt and Kimmig, 2015].

An annotated disjunction (AD) is an expression of the form

p1 WW h1I : : : I pN WW hN  b1; : : : ; bM: ;

where b1; : : : ; bM is a possibly empty conjunction of literals, the pi are probabilities and
PN

iD1 pi �
1. Considered in isolation, an annotated disjunction states that if the body b1; : : : ; bM is true, hi
is true with probability pi. is rules makes at most one of the hi true. If the pi in an annotated
disjunction do not sum to 1, there is also the case that nothing is chosen. e probability of this
event is 1 �

Pn
iD1 pi.

A probabilistic fact is thus a special case of an AD with a single head atom and empty body.
A probabilistic rule is then a special case of an AD with a single head atom.

For instance, consider the following AD:

1

3
WW color.B; green/I 1

3
WW color.B; red/I 1

3
WW color.B; blue/ ball.B/ :

It defines an independent probabilistic choice of color for each ball B, and basically states
that the color of each ball B is uniformly distributed over the values green; red, and blue. As for



3.2. TWO EXAMPLE REPRESENTATIONS: MARKOV LOGIC AND PROBLOG 43

probabilistic facts, a non-ground AD denotes the set of all its groundings, and for each such
grounding, choosing one of its head atoms to be true is seen as an independent random event.

e probabilistic choice over head atoms in an annotated disjunction can equivalently be
expressed using a set of logical clauses, one for each head, and a probabilistic choice over facts
added to the bodies of these clauses, e.g.,

color.B; green/ ball.B/; choice.B; green/:
color.B; red/ ball.B/; choice.B; red/:
color.B; blue/ ball.B/; choice.B; blue/:
1

3
WW choice.B; green/I 1

3
WW choice.B; red/I 1

3
WW choice.B; blue/ :

is example illustrates that annotated disjunctions define a distribution over basic facts as before,
but can simplify modeling by directly expressing probabilistic consequences. It is only that the
probabilistic choices are now mutually exclusive. Furthermore, it can be shown that ADs can be
mapped onto an equivalent Problog program without ADs.

In summary, Problog and related formalisms have a number of important features.

• ey can represent any Bayesian network with a local translation, where the number of
atomic hypotheses is equal to the number of parameters (or CPT entries) that need to be
specified.

• e rules can be interpreted as in ordinary logic programs, with the normal meaning. Rules
with probabilities can be interpreted as ordinary logical rules with an additional atom in the
body.

• ey are naturally relational in the sense that Prolog or Datalog is relational.

• ey can represent context-specific independence, as in Example 3.10. e “or” combina-
tion of logic programs together with the probabilistic facts gives the standard “noisy-or”
combination rule [Pearl, 1988].

• ey can represent cyclic networks with an intuitive semantics; see Example 3.12. Note that
while Problog can also use negation as failure in the rules, negation as failure and cyclicality
cannot be mixed arbitrarily. We cannot have a :b and b a; see Section 5.2.3 for more
details.

• Using annotated disjunction extensions, it is convenient to reason about multi-valued ran-
dom variables and switches.
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Representational Issues
When dealing with complex domains, there are many diverse pieces of information that should be
taken into account for an informed decision, and there are diverse needs for data.is explains why
there are so many different probabilistic relational modeling approaches, of which we reviewed
MLNs and ProbLog. Rather than listing and describing more of the various proposals, we here
describe some issues that arise in designing a representation language.

4.1 KNOWLEDGE REPRESENTATION FORMALISMS
Knowledge representation [Sowa, 2000, Brachman and Levesque, 2004] is the study of how
knowledge can be expressed, reasoned with, and learned. ere are a number of different ex-
pectations of the role of knowledge representation that are often at odds when combining logic
and probability.

• KR as semantics: we want to devise formalisms in which one can state whatever one wants,
specify what a theory in this formalism means or entails, and then derive its logical con-
sequences. For example, the logics of Bacchus [1990] and Halpern [1990] combined logic
and probabilistic reasoning. e problem with such logics is that we have to state much
information and the answers are often very weak, either saying “I do not know” or giving
only weak probability bounds.

• KR as common-sense reasoning: we want a system where one can throw in any knowledge
and get out “reasonable” answers. is was the motivation behind nonmonotonic reason-
ing [McCarthy and Hayes, 1969], maximum entropy approaches [Jaynes, 2003], and undi-
rected models such as Markov networks [Pearl, 1988]. e problem with such approaches is
that the knowledge is not modular; it is often difficult to predict the consequences of adding
a single piece of knowledge.

• KR as modeling: we want a symbolic modeling language for “natural” generative modeling
of domains. Some examples include logic programming [Kowalski, 2014] and Bayesian
networks [Pearl, 1988]. In both of these representations, for everything modeled we need to
specify what it depends on (either in terms of rules or conditional probabilities).e problem
with such representations is that we cannot just add arbitrary pieces of knowledge, but need
to systematically state our knowledge. Missing information has a particular meaning, which
is not just that the knowledge is unknown.
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Many of the different proposals can be seen as fitting into one of these frameworks.

Example 4.1 To see how these expectations clash, consider a probabilistic model with two log-
ical variables A and B, where a means A D true, and b means B D true. Suppose we are given
P.a/ D 0:5 and P.b/ D 0:5, and and that is all the information we have. We would like to know
P.a j a _ b/. In the KR as commonsense reasoning view, one might assume a maximum entropy
solution, and so answer P.a/ D 2=3. (e maximum entropy solution does not even require us to
specify P.a/ D 0:5 and P.b/ D 0:5.) In the KR as semantics, the answer might be P.a/ is in the
range Œ0:5; 1:0� on the grounds that if A and B are perfectly correlated, the answer is 1, and if they
are perfectly negatively correlated, the answer is 0.5. As the dependence has not been specified,
we need to give the range. In the KR as modeling formulation view, just specifying P.a/ and
P.b/ is not a legal model; we also need to specify the interdependence between A and B. All of
the above cases, with A and B explicitly independent, or with any value in the range Œ0:5; 1:0� by
varying how A and B are dependent, can be modeled. e model makes the dependence explicit.

4.2 OBJECTIVES FOR REPRESENTATION LANGUAGE
Often a good representation is a compromise between many competing objectives. Some of the
objectives of a representation language include the following.

Expressivity: e representation language should be rich enough to represent the knowledge
required to solve the problems at hand. A generally useful representation (as opposed to a
special-purpose representation) should deal with discrete and continuous random variables,
with domains evolving over time. Ultimately, it should be able to represent an unbounded
or infinite set of individuals.

Efficient inference: It should be able to represent structure that enables a reasoner to solve prob-
lems efficiently, in the worst case or on average for some distribution of problems.

Understandability or explainability: It should be easy to understand models in the language.
For a system to be relied on for critical life-or-death decisions or ones that involve large
economic risks, the system needs to be able to explain or at least justify its recommendations
to the people who are legally responsible.

Learnability: It should facilitate the learning of models from examples. e learned models
should generalize well beyond the training set. is is desired for all of machine learning,
but it is compounded in relational models because we may have one big data set, for exam-
ple, all of the student records in a university, and we want to make predictions about those
students in existing courses, as well as new students in existing courses, existing students in
new courses or about other students in other courses.
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Compactness: e representation of knowledge should be succinct. is is not only related to the
ease of modeling but also related to prediction accuracy, as it is conjectured that compact
representations generalize better, and to explainability as a compact models can easier be
explained.

Modularity: Parts of the representation/model should be understood and/or learned separately.
is has two aspects.

• e ability to conjoin models that are developed independently. If different parts of
a model are developed separately, can these parts easily be combined? is should
be possible even when the people developing the component models do not know
their work will be combined and even if some parts are directed and some parts are
undirected.

• e ability to decompose a model into smaller parts for specific applications. If there
is a big model, can someone take a subset of the model and use it? Can someone take
advantage of a hierarchical decomposition leading to weakly interacting parts [Simon,
1996]?

Ability to incorporate prior knowledge: If there is domain knowledge, it should be easy to be
incorporated into the model. Here, the prior should be refutable, in the sense that if there is
enough evidence against it, the evidence will eventually dominate. At the other extreme, if
there is very little data, the prior should dominate, and there should be a smooth transition
between these.

In the big data case, as the amount of data grows, so does the complexity of each individual.
For example, even if we were to have the electronic health records of every person on earth,
there will be very few pairs of people with identical descriptions, and only then when there
is very little information about the individuals. Even in this case, we cannot assume that the
data overwhelms the prior.

Interoperability with heterogenous data: e representation should be learnable from multiple
heterogeneous data sets. Heterogeneous can mean having different overlapping concepts,
derived from different contexts, at different levels of abstraction (in terms of generality and
specificity) or different levels of detail (in terms of parts and subparts). e levels of abstrac-
tion and detail can even vary among individuals in the same data set. It should also be able
to incorporate causal data that has arisen from interventions [Pearl, 2009] and observational
data that only involves passively observing the world. For example, in medicine there is data
from randomized clinical trials and large amounts of observational data from health records
that need to be combined. Some patients have huge amounts of information available about
them, such as the results of multiple observations and tests at multiple times, and some have
virtually none.
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Latent variables: e representation should be able to learn the relationship between
parametrized random variables if the relationship is a function of observed and unobserved
(latent) variables. Latent variables typically make models simpler and facilitate compact-
ness but may sacrifice understandability. In relational models, latent variables can include
the hypothesis of new or previously unobserved individuals.

Of course, not all of the existing representations have attempted to achieve all of these
desiderata. In the following we will examine some issues that have arisen in the various represen-
tations and how they have been addressed. Whether these issues turn out to be unimportant or
whether one choice will ultimately prevail is an open question.

4.3 DIRECTED VS. UNDIRECTED MODELS
In a manner similar to the difference between Bayesian networks and Markov networks [Pearl,
1988], there are directed relational models (e.g., [Poole, 1997, 2008, Heckerman et al., 2004,
Laskey, 2008]) and undirected relationalmodels (e.g., [Richardson and Domingos, 2006]). e
main differences between these are as follows.

• e probabilities of the directed models can be directly interpreted as conditional probabil-
ities. is means that they can be explained to users, and can be locally learned if all of the
relevant properties are observed. e weights of the undirected models cannot be locally
interpreted; all of the weights act together to produce a probability.

• Because the probabilities can be interpreted locally, the directed representations aremodular.
e probabilities can be acquired modularly, and need not change if the model is expanded
or combined with another model.

• For inference in directed models, typically only a very small part of the grounded network
needs to be used for inference. In particular, only the ancestors of the observed and query
relations need to be considered. is has been characterized as abduction [Poole, 1993a],
a logical inference method that involves finding consistent sets of assumable atoms that
logically imply some observations. On models where there are probabilities over atoms (see
Section 4.6), abduction can be used to extract the relevant probabilities from proofs of the
observations and queries.

• e directed models typically require the structure of the conditional probabilities to be
acyclic. For relational models, this is problematic if we have conditional probabilities of the
form:

P.foo.X/ j foo.Y/ : : :/ :

To make this acyclic, we could totally order the individuals, and enforce a “less than” oper-
ation. However, this means that the individuals are no longer exchangeable, because swap-
ping the individuals will affect the ordering. One example where this arises is if we wanted
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to specify the probability that friendship is transitive:

P.friends.X;Y/ j #Z s.t. friends.X;Z/; friends.Z;Y// ;

which specifies the probability that X and Y are friends as a function of the number of
friends they have in common.
Naive ways to incorporate such rules into directed models often do not work as expected
because the grounding of the statements are typically not consistent, but are sometimes in-
terpreted in terms of the equilibrium of a Markov chain [Neville and Jensen, 2007]. But
ProbLog allows for cyclic statements as it is based on a logic programming semantics, see
Section 5.2.3 for a detailed explanation. Using the least Herbrand Model semantics, the cy-
cle a b and b a, with the intuitive interpretation that a and b have the same truth value,
will have a preference for both a and b being false (as in Example 3.12). But, as explained
in Section 5.2.3, dealing with negation as failure for such cycles is more complicated.

• Undirected models, such as Markov logic networks [Richardson and Domingos, 2006], do
not have a problem with acyclicity. In applications where a relation for some individual de-
pends on the same relations to other individuals (such as in the transitivity example above),
the undirected models have been empirically more effective.

• For simple undirectedmodels, the weights of the undirectedmodels can often be interpreted
as log-odds. However, for more complex models, weights of the worlds involve complex
interactions between variables, there are many ways to represent the same distribution, and
the log-odds interpretation does not work. It is then often very difficult to interpret the
numbers.

• Ways for directed models to handle cyclic dependencies and ways for undirected models to
be modular and explainable are open research problems.

For the non-relational cases, directed models and undirected models can be translated into
each other. Unfortunately, this is not true for the relational case.

• Directed non-relational models can be translated into undirected models in a modular way.
To represent P.A j BCD/, we can “marry” the parents and treat this as a potential on ABCD.
For some cases, the structure of the rules goes through. For example, the Problog-style rule:

p WW a b ^ c

becomes the two weighted formulas:

p Wa ^ b ^ c:
1 � p W:a ^ b ^ c
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as long as the rules for a have mutually exclusive bodies. Surprisingly, directed relational
models cannot be translated into undirected models such as MLNs. Undirected relational
models are provably non-modular; Buchman and Poole [2015] proved that it is impossi-
ble to write an aggregator in MLNs (without quantification) that represents P.a j b.X//
without introducing side effects in the b’s. Any way you might try to represent this condi-
tional probability in MLNs, as long as the b’s affect a, they affect each other when a is not
observed. Quantifiers in the weighted formula allow for a limited number of aggregators
that do not induce side effects (e.g., we can represent “or” but not noisy-or without latent
variables).

• Undirected models can also be translated into directed models. Given a weighted formula
wi W fi, we can create a rule ti  fi with weight 2wi (suitably scaled so all of the weights are
less than one), and then condition on each of the ti D true. is also works for relational
models.

4.4 FIRST-ORDER LOGIC VS. LOGIC PROGRAMS

ere is a fundamental difference between working with first-order clausal logic and with logic
programs. e difference is that a set of first-order formulas may have multiple models, whereas
the semantics of a logic program is given by its least Herbrand model. is difference is important
as it determines not only what can be expressed but also has important implications for proba-
bilistic representations designed on top of these logics. To illustrate these differences we use an
example due to [De Raedt and Kimmig, 2015]:

edge.1; 2/:
path.A;B/ edge.A;B/:

path.A;B/ edge.A;C/; path.C;B/ :

e least Herbrand model of the path program is fedge.1; 2/; path.1; 2/g, which corresponds to
the transitive closure of the predicate edge. e transitive closure of a relation which contains the
relation itself, is transitive and is minimal.

It is well known in knowledge representation that the transitive closure cannot be expressed
in first-order logic, that one either needs second-order logic, or a least Herbrand model semantics.
Indeed, when interpreting the above clauses in first-order logic and not as a logic program, the
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following interpretations are also models of the theory:

fedge.1; 2/; path.1; 2/g
fedge.1; 2/; path.1; 2/; path.1; 1/g
fedge.1; 2/; path.1; 2/; path.2; 1/g
fedge.1; 2/; path.1; 2/; path.2; 2/g

: : :

It can be seen that while path is transitive in each of these models and possible worlds, the tran-
sitive closure property only holds in the first model.

Even though this example is purely logical, it also illustrates a key difference between
Markov Logic and Problog. Viewed as a Problog program, there would be only one possible
world given by the least Herbrand model. is implies that facts in the least Herbrand model
have a probability of 1, and all other ground facts have probability 0. Viewed, however, as a
Markov Logic Network, each clause would need to get an infinite weight as the clauses are re-
quired to hold in all possible worlds and the clauses act as hard constraints. Furthermore, as there
are no soft constraints, Markov Logic will assign equal probabilities to all of these possible worlds,
which is in line with the maximum entropy principle. As a consequence, while the probabilities
of edge.1; 2/ and path.1; 2/ are still equal to 1, the probabilities of path.1; 1/ and path.2; 2/ is no
longer 0 as in Problog, but is equal to the proportion of possible worlds in which they are true.

4.5 FACTORS AND FORMULAE
In graphical models, a factor or potential [Shafer and Shenoy, 1990, Zhang and Poole, 1994,
Frey et al., 1997] on a set of random variables represents a function from the ranges of the variables
into other values (typically reals). For example, a factor on random variables fA;B;Cg is a function
from range.A/ � range.B/ � range.C/! <, where range.X/ is the range of random variable X,
and< is the set of real numbers. Factors can represent conditional probabilities, utilities, potentials
for undirected models, as well as the intermediate results of computation.

An alternative to using an explicit representation of full factors is to represent the value
of one assignment to variables, or to a Boolean function of assignments to values, such as using
clauses [Darwiche, 2002]. is enables local structure to be exploited including context-specific
independence and zero parameters [Chavira and Darwiche, 2005, Sang et al., 2005]. For exam-
ple, we may represent a factor on random variables fA;B;Cg as weighted formulae, of the form
formula W weight such as:

a W w0
:a ^ b W w1
:a ^ :b ^ c W w2
:a ^ :b ^ :c W w3 ;

where w0 is used whenever A is true, and w1 is used when A is false and B is true, etc.
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In relational representations the representation corresponding to a factor is a parameterized
factor or parfactor [Poole, 2003, Milch et al., 2008], which is a triple

hC;V; �i ;

where C is a set of inequality constraints on logical variables, V is a set of parameterized random
variables and � is a factor on V. Factor � is used for all assignments of individuals to logical
variables in V.

Example 4.2 Consider the grades example shown in Fig. 3.3. is could be represented as
parfactors:

hfg; fint.S/g; �ii
hfg; fdiff .C/g; �di
hfg; fint.S/; diff .C/; grade.S;C/g; �gi ;

where �i specifies a real number for each value in the range of int which sum to one (so if int
is Boolean, �i specifies two non-negative real numbers). Similarly, �g gives a real number for
each assignment of a value to int.S/; diff .C/; grade.S;C/, which can represent the conditional
probability.

Example4.3 Consider representing the relation has_motive.X;Y/ in Fig. 3.4, which is true when
person X has a motive to shoot person Y. We would expect that the probability that someone has
a motive to shoot themselves �1 would be different to the probability that they have a motive
to shoot someone else �2. us, we may expect the following parfactors to represent the prior
probability:

hfg; fhas_motive.X;X/g; �1i
hfX ¤ Yg; fhas_motive.X;Y/g; �2i :

As with the propositional case, an alternative representation is to use formulae with free
variables. Markov Logic Networks [Richardson and Domingos, 2006] use weighted logical for-
mulae with free logical variables. Problog and related systems [Poole, 1993b, Sato and Kameya,
1997, De Raedt et al., 2007] allow for multiple rules to define conditional probabilities.ese rep-
resentations allow the specification of context-specific independencies by either including atoms
in the rules or not. e directed models represent zero probabilities by omitting formulae, and
the undirected models can represent zero probabilities using negative infinity weights. Context-
specific independencies and zero probabilities can be exploited computationally.

4.6 PARAMETERIZING ATOMS
Poole [1991, 1993b] noticed that a language does not need to allow probabilities over arbitrary
formulae; probabilities over atomic formulae (atoms) was adequate to represent any (conditional)
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probability distribution, as long as there is a logical knowledge base which specifies the conse-
quences of the atoms being true. Moreover, these atoms can be assumed to be unconditionally
independent. In this independent choice model, the semantics can either be defined in terms
of independent choices and a logic program that gives the consequences of choices, or by an
“abductive” semantics where only the atoms required to prove a proposition are required.

More recently, inference methods, based on MLNs and model counting [Gogate and
Domingos, 2011, Van den Broeck et al., 2011], have used probabilities on atoms to allow prob-
abilistic inference to be implemented by model counting. ese methods, although superficially
similar, have very different properties; consider the following example.

Example 4.4 Suppose we want to have rules with probabilities:

a b W p1
a b ^ c W p2 :

Both methods create atoms n1 and n2 with P.n1/ D p1 and P.n2/ D p2. e independent choice
model results in the rules:

a b ^ n1
a b ^ c ^ n2;

which means its completion [Clark, 1978], just as in:

a$ .b ^ n1/ _ .b ^ c ^ n2/ :

e completion of the predicate a is based on the observation that there are two clauses for the
predicate a, and so a will be true if the disjunction of the condition parts of these clauses is true.
e completion is then obtained by replacing the implication ( ) by an equivalence ($).

e method of Gogate and Domingos [2011], Van den Broeck et al. [2011] (which we will
call the MLN method) would result in:

.a b/$ n1

.a b ^ c/$ n2 :

In the independent choice method, n1 and n2 can be independent. In the MLN method, n1 and
n2 cannot be independent as n1 logically implies n2. In the independent choice method p1 and
p2 can be arbitrarily assigned, whereas in the MLN method, P.n1/ � P.n2/.

What seems to be a slight difference in the reading of rules has a big effect on the semantics.
e independent choicemethod allows a simple semantics in terms of independent atomic choices
and a logic program that gives the consequences of the choices [Poole, 1993b, 1997]. e MLN
method [Gogate and Domingos, 2011, Van den Broeck et al., 2011] cannot assume independent
atoms, but appeals to the maximum entropy assignment, which makes it much more difficult to
interpret the numbers.
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Figure 4.1: Running example as (a) naïve Bayes, (b) logistic regression (with independent priors for
each r.X/), and (c) Markov network. On the top are the parametrized networks, and on the bottom
are the the groundings for the population fa1; a2; : : : ; ang.

4.7 AGGREGATORS AND COMBINING RULES

Suppose binary random variable q is connected to binary parametrized random variable r.X/
which contains an extra logical variable, X, as in Fig. 4.1. In the grounding, q is connected to
an unbounded number of instances of r.X/. A directed model where r.X/ is a child of q, as in
Fig. 4.1a, produces a naive Bayesian model in the grounding. An undirected model with a poten-
tial for q and a pairwise potential for each factor, as in Fig. 4.1c, gives the same model as Fig. 4.1a,
but without the restriction that summing out an instance of r has no effect. In both of these mod-
els the joint probability is the product of factors. However, for the directed model with r.X/ as a
parent of q (Fig. 4.1b), in the grounding q has an unbounded number of parents. As we require a
finite representation, there must be some way to aggregate the parents.

ere are two main approaches to deal with this “multiple-parent” problem: aggregators
and combining rules. Aggregators define how the probability of the child depends on the values
for the parents, and combining rules define how the probability of the child is a combination of the
probabilities of the parents. Common ways to aggregate in relational models [Horsch and Poole,
1990, Friedman et al., 1999, Neville et al., 2005, Perlich and Provost, 2006] include logical oper-
ators such a noisy-or, logistic regression, or ways to combine the probabilities. is requirement
for aggregation occurs in a directed model whenever a parent contains an extra logical variable.

For a positive model (with no zero probabilities) the aggregation model that corresponds
to the naive Bayesian model or an MLN is a logistic regression model.
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In particular, suppose that the joint probability is a product of non-negative factors:

P.Q;R1; : : : ;Rn/ /
Y
i
f.Q;Ri/ � g.Q/ ;

where Q and Ri are binary. In terms of the models of Fig. 4.1, Ri is r.ai/ for some enumeration
a1; : : : ; an of the population of size n. is form covers Markov networks, naïve Bayes, and any
model where the probability is proportional to the product of (pairwise) factors.

Choose a particular value q for Q, and observations for values of the Ri, writing :q as the
negation of assignment q:

P.qjR1; : : : ;Rn/ D
P.q;R1; : : : ;Rn/

P.q;R1; : : : ;Rn/C P.:q;R1; : : : ;Rn/

D
1

1C
P.:q;R1;:::;Rn/
P.q;R1;:::;Rn/

D
1

1C 1=
�Q

i f.q;Ri/=f.:q;Ri/ � g.q/=g.:q/
�

D
1

1C e�
P

i Of.q;Ri/COg.q/
;

where Of.q;Ri/ D log.f.q;Ri/=f.:q;Ri// and Og.q/ D log.g.q/=g.:q//. is last step is only valid if
all potentials are positive (none are zero).

With a fixed way to represent false and true for Ri (e.g., as f0; 1g or f�1; 1g), we can then
represent Of.q;Ri/ as wiRi and Og.q/ as w0 (since q is fixed). us, we have

P.q j R1; : : : ;Rn/ D sigmoid
�
w0 C

X
i
wiRi

�
; (4.1)

where sigmoid.�/ is the sigmoid or logistic function:

sigmoid.x/ D 1=.1C e�x/ :

e space of assignments to thewi so thatw0 C
P

iwiRi D 0 is called the decision thresh-
old. It is the boundary of where P.q j R1; : : : ;Rn/ changes between being closer to 0 and being
closer to 1. Equation (4.1) implies P.q j R1; : : : ;Rn/ > 0:5 iff w0 C

P
iwiRi > 0.

For a relational model where the individuals are exchangeable, wi must be identical for all
variables Ri, so (4.1) becomes:

P.q j R1; : : : ;Rn/ D sigmoid
�
w0 Cw1

X
i
Ri

�
: (4.2)

e following example considers what happens with a relational model, in which n can
vary [Poole et al., 2012].

Example 4.5 Suppose we want to represent “q is true if and only if r is true for 5 or more
individuals” (i.e., q � jfi W Ri D truegj � 5) using a logistic regression model .P.q/ � 0:5/ �
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Table 4.1: Prediction for a population of 20 as a function of how True and False are represented. ese
models make the same predictions for a population of 10. See Example 4.5.

false true w0 w1 Prediction for n D 20

0 1 �4:5 1 Q � jfRi D truegj � 5
�1 1 0:5 0:5 Q � jfRi D truegj � 10
�1 0 5:5 1 Q � jfRi D truegj � 15
�1 2 �

7
6

1
3

Q � jfRi D truegj � 8
1 2 �14:5 1 Q � jfRi D truegj � 0

.w0 Cw1
P

iRi � 0/, which we fit for a population of 10. Consider what this model represents
when the population size is 20, as a function of how True and False are represented.

• If False is represented by 0 and True by 1, this model will have q true if r is true for 5 or
more individuals out of a population of 20. It is easy to see this, as

P
i ri only depends on

the number of individuals for which r is true.

• If False is represented by �1 and True by 1, this model will have q true if r is true for 10
or more individuals out of a population of 20. e sum

P
i ri depends on how many more

individuals have r true than have r false.

• If True is represented by 0 and False by any other value, this model will have q true if r is
true for 15 or more individuals out of a population of 20. e sum

P
i ri depends on how

many individuals have r false.

Other parametrizations can result in different decision thresholds. Table 4.1 gives some possible
parameter settings as a function of the numerical representation of false and true, which represent
the same conditional distribution for n D 10, and the corresponding prediction for a population
size of 20.

e way the decision threshold grows with the population size n does not depend on data
(which would provide the weights), but on the prior assumptions, which are implicitly encoded
into the numerical representation of Ri.

While the dependence on population may be arbitrary when a single population is ob-
served, it affects the ability of a model to predict when multiple populations or subpopulations
are observed.

Example 4.6 Suppose we want to model whether someone is happy and the happiness depends
on the number of their friends that are mean to them. One model could be that people are happy
as long as they have more than five friends who are not mean to them. Another model could be
that people are happy if more than half of their friends are not mean to them. A third model
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could be that people are happy as long as fewer than five of their friends are mean to them. ese
three models coincide for people with 10 friends, but make different predictions for people with
20 friends.

A particular logistic regression (or a naive Bayesian) model is only able to model one of
the dependencies of how predictions depend on population, and so cannot properly fit data that
does not adhere to that dependence. e dependence on the representation of true and false can
be avoided by always including the property 1 (which has the value 1 for each individual; in the
naive Bayesian model, this needs to be observed) or have separate parameters for the positive
and negative cases. ese two methods are equivalent representations, with weights that can be
mapped, e.g.,

P.q j R1; : : : ;Rn/ D sigmoid
�
w0 Cw1

X
i
Ri Cw2

X
i
.1 � Ri/

�
D sigmoid

�
w0 C .w1 �w2/

X
i
Ri Cw2n

�
:

ese models are flexible enough to fit all of the cases in Example 4.6. Markov logic networks
allow for arbitrary polynomial growth in the sigmoid, e.g., the formula q ^ r.X/ ^ r.Y/ allows for
squared growth with the number of positive instances. However, the three models of Fig. 4.1 have
very different characterizations as the population changes, even with no observations [Poole et al.,
2012]. In the naive Bayes model, neither Q nor R depend on the population size. In the logistic
regression model, P.r.ai// does not depend on the population, but P.q/ does. In the Markov
network, both P.r.ai// and P.Q/ depend on the population.

Another way that has been suggested to specify aggregators is in terms of rules that combine
individual probabilities [Jaeger, 2007, Natarajan et al., 2009, Kersting and De Raedt, 2007]. Each
parent or set of related parents produces a value for the child, all of which are combined using a
deterministic or stochastic function.

Example 4.7 Suppose q.X;Y/ and s.X;Y/ are the parents of r.X/, where the the population of Y
is fy1; : : : ; yng. For each i, we have a distribution P.r.x1/ j q.x1; yi/; s.x1; yi//; denoted as pi. All of
these pi’s can be combined using a deterministic or stochastic function f to obtain the distribution,

P.r.x1/ j q.x1; y1/; s.x1; y1/; : : : ; q.x1; yn/; s.x1; yn// D f.p1; : : : pn/ ;

where f is called the combining rule.
Not all ways of combining probabilities give coherent probabilistic models. Natarajan et al.

[2010] present an algorithm for converting a directedmodel with combining rules to an equivalent
MLN. ey showned that for a particular class of combining rules called decomposable combining
rules, the resulting distribution is coherent (there is an equivalent class of aggregators). e most
common combining rules used in the literature are mean, weightedmean, and noisy-or [Natara-
jan et al., 2009, Jaeger, 2007, Kersting and De Raedt, 2007]. For these combining rules there are
equivalent aggregators. For example, mean can be represented as a stochastic choice using a uni-
form distribution over the parent values, weighted mean corresponds to a stochastic choice given
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the weight distribution. e combining rule may be more straightforward and easier to under-
stand than the corresponding aggregator, even though they may be equivalent.

4.8 OPEN UNIVERSE MODELS
epreviously outlined work assumes that an agent knows which individuals exist and can identify
them. It also assumed that individuals are not created or destroyed. Generally, we do not have to
make these assumptions, see, e.g., Russell [2015] for a recent overview.

e problem of knowing whether two descriptions refer to the same individual is known as
identity uncertainty [Pasula et al., 2003, Poole, 2007]. is arises in citation matching [Pasula
et al., 2003] when we need to distinguish whether two references refer to the same paper and in
record linkage [Fellegi and Sunter, 1969], where the aim is to determine if two hospital records
refer to the same person (e.g., whether the current patient who is requesting drugs has been at
the hospital before).

e problem of knowing whether some individual exists is known as existence uncer-
tainty [Milch et al., 2005, Poole, 2007]. is is challenging because when existence is false, there
is no individual to refer to, and when existence is true, there may be many individuals that fit a
description. We may have to know which individual a description is referring to. In general, de-
termining the probability of an observation requires knowing the protocol for how observations
were made [Halpern, 2003].

Example 4.8 If an agent considers a house and declares that there is a green kitchen, the prob-
ability of this observation depends on what protocol they were using: did they report the color of
the first room found, did they go looking for a green room, did they report the type of the first
green thing found, or did they report on something that they thought was unusual?

Data that are reliable and people care about, particularly in the sciences, are being reported
using combinations all of the issues of relational probabilistic modeling as well as the problems of
describing the world at multiple levels of abstraction and detail, and handling multiple heteroge-
nous data sets. It also requires new ways to think about ontologies [Poole et al., 2009], and new
ways to think about the relationships between data, hypotheses and decisions.

4.8.1 IDENTITY UNCERTAINTY
To be able to count we need to be able to distinguish individuals.

Example 4.9 Suppose we are told that a room contains Sue’s brother, Bill’s son, Bill’s father-in-
law, and Sally’s husband. From this description, we don’t know how many people are in the room.
ere could be four people, if all of the descriptions refer to different people. It is possible that
there are two people if some of the descriptions refer to the same person. It is even possible that
there is only one person (if Bill’s son married Bill’s wife’s mother) but that is not very common.
To determine the distribution of the number of people, we need a model of why we were told
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Figure 4.2: Equality of symbols.

this information and not other information. A robot may need to know the distribution of the
number of people because, for example, it may need to bring in food.

In the standard semantics of first-order logic, there are individuals in the world, and terms
in the language denote individuals in the world. We say that terms t1 equals t2, written t1 D t2,
if t1 and t2 denote the same individual; see Fig. 4.2a. In terms of proofs, equality is reflexive,
symmetric and transitive, and if t1 D t2 then t1 can be substituted for t2 without changing any
truth values.is substitution propertymeans than equality cannot be treated like any other binary
relation.

Note that equality is very different from similarity. If cup1 D cup2, it is not the case that
cup1 is similar to cup2; there is only one cup. If cup1 ¤ cup2, the cups could be similar in all
respects, but there are still two cups.

e problem of identityuncertainty or equality uncertainty is the problem of determining
the probability that two descriptions denote the same individual.

A classic example of identity uncertainty is in record linkage [Fellegi and Sunter, 1969],
the problem of determining if two records of people, objects, or events (e.g., hospital records or
student records) denote the same individual or different individuals. If the two records denote
the same individual, the differences between the records are errors. If the records denote different
people, similarities are coincidences. Fellegi and Sunter [1969] treated it as a decision problem
where the actions were to decide whether there was a link, non-link, or possible link (which can
be reviewed by a person). Sharma and Poole [2005] built a probabilistic relational model based
on this, and using similarity networks [Heckerman, 1990] to build graphical models of errors and
coincidences (e.g., that people with the same last name often live together and twins have more
features in common than would be expected by chance, and when people move they change many
properties).
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ese models just considered pairwise matches (which may be appropriate if we are adding
single people to a database that we assume is correct). For more general cases, due to the structure
of equality (in particular, transitivity), pairwise matches do not scale. e other way to model
equality is to realize that equality imposes a partition over terms; the elements of the same parti-
tion denote the same individual; see Fig. 4.2b. us, the probabilities of equality can be derived
from a probability distribution over partitions. e number of partitions of n elements grows with
the Bell number of n, which grows faster than any exponential. us it is impractical to have an
explicit distribution over partitions.

A challenging application for identity uncertainty is in citationmatching, such as is used in
CiteSeerX [Wu et al., 2014]. e problem of determining which citations refer to the same paper
is a problem of identity uncertainty. In a seminal work for citation matching, Pasula et al. [2003]
used an MCMC algorithm for inducing the probability over partitions. Each partition of citations
corresponds to a paper. e partitions can be merged and divided to generate the distribution over
partitions. Wellner et al. [2004] used an undirected model for the same problem.

4.8.2 EXISTENCE UNCERTAINTY
In many cases we do not know whether an individual that fits a description actually exists. For
example, see the following questions.

• What is the probability that there is a plane in this area given the observation of radar
blip(s)?

• What is the probability that there is a large gold reserve in some region?

• What is the probability that this patient has a tumor?

• What is the probability that there is a third bathroom given there are two bedrooms?

• What is the probability that there are (exactly) three bathrooms given there are two bed-
rooms?

e problem of existence uncertainty is to determine whether some individual that fits
a description actually exists. Modeling existence is challenging because non-existing objects do
not have properties [Poole, 2007]. We need to be careful about exactly what doesn’t exist when
existence is false.

Consider the following problem due to Milch et al. [2005].

Example 4.10 Suppose there is radar system that is scanning the sky and reporting “blips” where
it could have identified an airplane. e aim is to determine what airplanes exist and where they
are. At each time, the radar reports location (other characteristics) of the blips it has detected.
Note that this observation implicitly also implies that there were not blips at locations it was
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Figure 4.3: Observation of blips.

looking at. e aim is to get a distribution over the position and trajectories of planes that may
exist.

Several solutions have been proposed in the literature; see also [Russell, 2015].
BLOG [Milch et al., 2005] is a generative model of existence, where first a number of objects
are generated. For each number of objects, it models the correspondence of names to objects. For
the above example, BLOG first generates a number of planes, and for each plane it generates a
trajectory and other properties. is model then can determine the probability of the observations
conditioned on.

Nonparametric Bayesian logic (NP-blog) [Carbonetto et al., 2005] is a generative model
that generates the individuals sequentially, always asking whether given a new description,
whether the description refers to an object it has already hypothesized, or whether there is a
new (or different) object that has not been hypothesized yet.¹ So, NP-blog generates individuals
as needed to explain observations. e process is shown in Fig. 4.3 for the example. When one
blip (with its properties) is observed, it was either produced by a plane or it was a false alarm.
If the plane exists, we can determine a distribution over its properties based on the properties of
the blip. If there is another blip observed, then it is either a false alarm, was produced by another
plane or was produced by the same plane that produced the first blip (if there was such a plane).
Similarly, given a third blip, it was either produced by a plane known about, another plane or was
a false alarm.

Poole [2008] gave the same example in the independent choice logic (similar to Problog).
e representation follows the Blog model, where first the number of objects is generated. is
¹Poole [2007] defined a probabilistic logic for existence and identity that is based on similar intuitions.
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works by probabilistically creating a list of the objects that exist. Once we have a name for the
object that exists, it can be endowed with properties that can be observed. is shows that we
may not need to have a new logic to deal with existence uncertainty.

4.8.3 ONTOLOGIES
An ontology [Smith, 2003, Sowa, 2011, Janowicz et al., 2015] is a specification of the meaning
of the terms used in an information system. More and more data sets are now being published
with reference to formal ontologies. ese are the sorts of data sets that statistical relation models
make predictions for.

e interaction between ontologies and statistical relational models is interesting for a num-
ber of reasons.

• e information in the underlying ontologies is usually not stated in a data set. For ex-
ample, a dataset would not contain information such as mammal.sam/ if it also contained
person.sam/ and if the ontology specifies that all people are mammals. e implicit informa-
tion is typically not stated, but can be inferred from the ontology. ese inferred relation-
ships may be the conditions required to make good generalizations; after all the reason why
a term such as mammal was invented in the first place is because there are generalizations
that occur for all mammals.

• It is reasonable to suggest that zero probabilities only arise from ontologies. In the robot
kidnap problem a robot is moved to another position that it would be impossible to move
to under its normal dynamics; however if this really has zero probability, it could not have
happened. Between 1976 and 1985 the ozone hole over Antarctica grew at a rate thatmodels
deemed impossible, and so the only explanations was sensor failure, and so all of the sensor
reading were rejected for many years. Both of these examples suggest that we should not
have zero probabilities for anything that is possible, because zero probabilities cannot be
updated based on more data. Just because something has never been observed does not
mean it is impossible. However, ontological constraints which arise from definitions are
necessary constraints and violations should have zero probability. For example, if a person
is a mammal by definition, then any dataset that specifies that someone is a person but not
a mammal should be rejected. It is then appropriate that the existence of a person who is
not a mammal should have zero probability.

• ere is often a mismatch between the ontologies that are common in the semantic web
based on description logics (e.g., using OWL ). Poole et al. [2009] has shown how these can
be combined into a coherent framework based on what they call Aristotelian definitions,
where each class is defined in terms of a genus (a superclass) and differentia (properties
that distinguish this class from other subclasses of the genus). is allows classes to reduce
to properties. Properties then can be mapped into relations and functions, which can have
probabilities on them.
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C H A P T E R 5

Inference in Propositional
Models

In order to prepare the stage for inference in relational probabilistic models, we first briefly review
standard probabilistic and logical inference.

5.1 PROBABILISTIC INFERENCE
Probability has become a dominant paradigm in AI mainly because of the rise of graphical mod-
els, which make explicit conditional independence assumptions. e structure of these graphical
models can be exploited for computational gain. To understand how (exact) inference algorithms
can exploit the structure, consider the following example.

Example 5.1 Consider the belief network of Fig. 5.1. Suppose we observe G D true, which
we write as g, and want the posterior probability of E. us we want, P.E j g/, which can be
computed using:

P.E j g/ D
P.E ^ g/X
E

P.E ^ g/
:

us, computing conditional probabilities can be reduced to computing the probability of con-
junctions. To compute the probability of a conjunction, we add in all of the other variables, and
sum them out in some order (called the elimination ordering). We do this because when we have
all of the variables we can factorize the probability in terms of a product of factors. us, prob-
abilistic inference reduces to computing a sum of products. To compute a sum over products we

C D G

FEBA

Figure 5.1: Belief network discussed in Example 5.1.
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can use the distribution law to remove common factors from sums. In the example below, when
summing out D, all of the factors that do not involve D can be distributed out of the sum, and
similarly for the other variables, resulting in:

P.E ^ g/ D
X

ABCDF
P.ABCDEFg/

D
X
F

X
B

X
C

X
A

X
D

P.A/P.B j AC/P.C/P.D j C/

P.E j B/P.F j E/P.g j ED/

D

 X
F

P.F j E/
!

X
B

P.E j B/
X
C

 
P.C/

 X
A

P.A/P.B j AC/
!

 X
D

P.D j C/P.g j ED/
!!

:

5.1.1 VARIABLE ELIMINATION
Variable elimination [Zhang and Poole, 1994] is a dynamic programming approach that ex-
ploits such a factorization by computing the innermost summations first, and storing the results.
Recursive conditioning [Darwiche, 2001] is the search variant of variable elimination, which
branches on the sums from the outside in. ey do exactly the same additions and multiplica-
tions. Clique-tree propagation [Lauritzen and Spiegelhalter, 1988, Jensen et al., 1990, Shafer and
Shenoy, 1990] uses the same factorization and compiles into a secondary structure that allows for
computing the posterior marginal of all of the variables using only twice the time required to
computing the marginal of one variable.

It does not matter whether the factors represent conditional probabilities or potentials in
Markov models, the variable elimination algorithm is the same. We sum out variables from a
product of factors. Directed models allow for (sometimes considerable) pruning before inference
starts. In the example above, F can be pruned as we know that

P
F P.F j E/ gives a factor of 1’s.

5.1.2 RECURSIVE CONDITIONING
Here we present a variant of recursive conditioning for which the lifting—inference in the re-
lational model without grounding all of the variables—is reasonably straightforward. e lifted
version is presented later in Section 6.2.1.

In the variant of recursive condition presented in Fig. 5.2, factors are never modified;
each one is evaluated when there is enough information to evaluate it. e context, Con, is a set
of X D v pairs, where X is a random variable and v is a value in the range of X. We say that the
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procedure rc.Con W context;Fs W set of factors/:
if 9v such that hhCon;Fsi; vi 2 cache

return v
else if vars.Con/ 6� vars.Fs/

return rc.fX D v 2 Con W X 2 vars.Fs/g;Fs/
else if 9F 2 Fs such that vars.F/ � vars.Con/

return eval.F;Con/ � rc.Con;Fs n fFg/
else if Fs D Fs1 ] Fs2 where vars.Fs1/ \ vars.Fs2/ � vars.Con/

return rc.Con;Fs1/ � rc.Con;Fs2/
else

select variable X 2 vars.Fs/
sum 0

for each v 2 range.X/
sum sumC rc.Con [ fX D vg;Fs/

cache cache [ fhhCon;Fsi; sumig
return sum

Figure 5.2: Recursive conditioning with an explicit context.

variable X is assigned in Con if X D v is in Con for some v. Fs is a set of factors defining the
probabilistic model.

is computes
P

X
Q

F2Fs F j Con where X is the set of random variables in Fs that are not
assigned in Con. is means that we are projecting all of the factors onto Con, multiplying the
factors and summing out all of the variables not assigned in Con.

e first condition in Fig. 5.2 checks whether the answer has already been computed.
Answers that have already been computed are stored in a cache. Initially the cache contains
hhfg; fgi; 1i

vars.E/ returns the random variables in E, where E is a context or a set of factors. To
ensure that the same case can be found in the cache, the second condition “forgets” variables in
the context that are not in any factors. For example, the result of summing out D in the previous
example can be used for all values of the variable B; when computing, e.g., con.fG D true;E D
true;B D true;C D trueg; fP.D j C/;P.G j ED/g/, the assignment to B is forgotten, so that after
the first value is computed, the subsequent values can be retrieved from the cache.

e third condition checks whether a factor can be evaluated. A factor can be evaluated
when all of its variables are assigned.

e fourth condition checks if the graph is disconnected given the assignment. is occurs
when theFS can be partitioned into non-empty and disjoint subsetsF1 andF2, where all variables
in the intersection are assigned. In the previous example, when G, E, B, and C are assigned, the
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graph is disconnected and the factors involving A can be treated independently of the factors
involving D.

e last condition branches on all of the value for one of variables. is algorithm sums
over all of the values of the selected variable. e efficiency, but not the correctness, depends on
which variable is selected.

e conditional probability P.H D w j e/, the probability of variable H given evidence e,
can be computed using

P.H D w j e/ D rc.fH D wg [ e;Fs/
.
P

v2range.H/ rc.fH D vg [ e;Fs/ :

All of these calls to rc can share the same cache.
e space and time complexity of this algorithm is O.nrt/, for n variables, range size r, and

treewidth t. e treewidth depends on the order the variables are selected.

5.1.3 BELIEF PROPAGATION
Finally, let us touch upon probabilistic inference via message-passing (on factor graphs). Probably
the most prominent instance is the the belief propagation (BP) algorithm [Pearl, 1988]. It is
exact when the factor graph is a tree, and does the same additions and multiplications as variable
elimination and recursive conditioning (with appropriate elimination orderings) for these cases.
When the factor graph has cycles and is not a tree, it is only approximate.

Once evidence has been incorporated into the model by setting f.x/ D 0 for states x that
are incompatible with the evidence, the BP algorithm sends messages between variable nodes
and their neighboring factors (and vice versa) until convergence. Specifically, the message from a
variable X to a factor f is

�X!f.x/ D
Y

h2nb.X/nffg
�h!X.x/;

where nb.X/ is the set of factors X appears in. e message from a factor to a variable is

�f!X.x/ D
X

:fXg

�
f.x/

Y
Y2nb.f/nfXg

�Y!f.y/
�
;

where nb.f/ are the arguments of f, and the sum is over all of these except X, denoted as
:fXg. Initially, the messages are set to 1. After convergence or a predefined number of itera-
tions, the unnormalized belief of each variable Xi can be computed from the equation bi.xi/ DQ

f2nb.Xi/ �f!Xi.xi/ : As already mentioned, these computed marginal probability functions will
be exact if the factor graph has no cycles, but the BP algorithm is still well-defined when the
factor graph does have cycles. Although this loopy BP has no guarantees of convergence or of
giving the correct result, in practice it is often close, and can be much more efficient than other
methods [Murphy et al., 1999].
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5.2 LOGICAL INFERENCE
Logic is the other dominant paradigm in AI mainly because it provides a precise specification
of tasks, independent of how results are computed, and logical structure can be exploited for
computational gain. In this section, we show how to compute models for logical theories. We
also show how the basic solvers can be extended for use in probabilistic reasoning, which will
involve moving from a pure satifiability approach to one that is based on model counting. We
will first cover propositional logic, and then discuss how it can be lifted toward logic programs.

5.2.1 PROPOSITIONAL LOGIC, SATISFIABILITY, AND WEIGHTED
MODEL COUNTING

Recall (from Equation 2.3, page 23) that a propositional clause is of the form

A1 _ � � � _ An  B1 ^ � � � ^ Bm :

Assume that we are given a set of propositional clauses. e problem of determining if a model
exists for such a theory is the famous satisfiability problem (SAT). at is, the SAT problem
consists of deciding whether there is an interpretation I that satisfies all clauses in the theory,
where a clause

A1 _ � � � _ An  B1 ^ � � � ^ Bm ;

is satisfied by an interpretation I if one Bi is false in I or one Ai i true in I. A standard algorithm
for deciding satisfiability is the David-Putnam-Logeman-Loveland (DPLL) procedure shown
in Algorithm 5.3, which is closely related to recursive conditioning. In the algorithm we use the
notation l to denote the complement of the literal l, that is, if l is a positive atom, then l D :l,
otherwise the literal l D :a is a negated atom and :a D a.

e basic SAT problem can be extended in various ways. For instance, #SAT is the problem
of deciding how many models a theory has. Note that for #SAT, we must specify the clauses and
the atoms, because it is possible to have an atom without any clauses; adding an atom without
any clauses doubles the number of interpretations.

Weightedmodel counting (WMC), is a step toward closing the gap between probabilistic
and logical inference. In weighted model counting, each literal ` (positive and negative) is given
a non-negative weight w.`/. e weight of an interpretation I, written w.I/, is the product of the
weights of the literals that are true in the interpretation, i.e., w.I/ D

Q
Iˆ`w.`/. e weighted

model count WMC.Th/ of a theory Th is the sum of the weights of all its models. at is,

WMC.Th/ D
X
IˆTh

w.I/

D
X
IˆTh

Y
Iˆ`

w.`/ ;
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procedure DPLL.Th W set of clauses/:
if Th is empty

return true
else if Th contains an empty clause

return false
else if there exists a literal l in Th such that l does not appear in Th

Th0 := Th � fCjC 2 Th and C contains l}
return DPLL(Th0)

else if Th contains a unit clause (a clause with one literal l)
Th0 := fC � flgjC 2 Th and C does not contain l}
return DPLL(Th0)

else choose a proposition l in Th
Tht := fC � flgjC 2 Th and C does not contain l}
Thf := fC � flgjC 2 Th and C does not contain l}
return DPLL.Tht/ _DPLL.Thf/

Figure 5.3: e Davis-Putnam-Logemann-Loveland Procedure.

#SAT is the unweighted version of WMC, where every literal has a weight of 1.

Example 5.2 Consider the theory Th consisting of the clause:

burglary  alarm :

Assume the weights w.alarm/ D 0:05;w.:alarm/ D 0:95;w.burglary/ D 1;w.:burglary/ D 8.
en there are 3 models: falarm; burglarygwith weight = 0:05 � 1; f:alarm; burglarygwith weight
= 0:95 � 1; and f:alarm;:burglaryg with weight = 0:95 � 8. us WMC.Th/ returns 8.6.

e SAT algorithm can be adapted to solve the WMC problem; the resulting algorithm
of Birnbaum and Lozinskii [1999] is shown in Algorithm 5.4.

e algorithm keeps track of the set of atoms. To see why it needs to, consider the case
where all weights are equal to 1, and there are no clauses If there are n different atoms, there
are 2n models. is is the number that will be returned in the first if-test of the algorithm. In
the general WMC case, the weights will not be equal to 1, which explains why WCM returnsQ

a2A.w.a/Cw.:a// in this case.
If a literal l must be true in a theory, this will yield a factor w.l/ in the WMC to all models

of the theory, which explains the use of w in that last two cases in the algorithm.

5.2.2 SEMIRING INFERENCE
While recursive conditioning and DPLL, may look quite different they are both instances of a
more general search algorithms for commutative semirings. Understanding this connection is
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procedure WMC.Th W set of clauses;w W weight function ;A W set of atoms/:
if Th is empty

return
Q

a2A.w.a/Cw.:a//
else if Th contains an empty clause

return 0
else if Th contains a unit clause (a clause with one literal l)

Th0 := fC � flgjC 2 Theory and C does not contain l}
let A0 be A with the atom in l removed
return w.l/ �WMC.Th0;w;A0/

else choose a proposition l in Th
Tht := fC � flgjC 2 Theory and C does not contain l}
Thf := fC � flgjC 2 Theory and C does not contain l}
let A0 be A with the atom in l removed
return w.l/ �WMC.Tht;w;A0/Cw.l/ �WMC.Thf;w;A0/

Figure 5.4: Search algorithm for weighted model counting.

important for understanding how to exploit both the graphical structure of graphical models as
well as the logical structure of logic programs.

A commutative semiring has two associative and commutative operations˚ and˝, where
˝ distributes over˚ (i.e., x˝ .y˚ z/ D .x˝ y/˚ .x˝ z/). Given a set v of variables, and a set f
of factors, where a factor is a function on a subset of variables, the aim is to compute˚x f̋2F f.x/.
Various problems can be put into this abstraction as in the following table, where unit is the value
u such that x˝ u D x:

problem Variables Factors ˚ ˝ unit
probabilistic inference / WMC RVs. CPDs/potentials

P Q
1

SAT propositions clauses _ ^ true
optimization variables factors max

P
0

database query attributes table union join ;

Figure 5.5 gives a generic search algorithm to to compute ˚x f̋2F f.x/, assuming Boolean
variables. It can easily be extended to non-Boolean variables. For each particular instance of the
algorithm, there are special operations that can be carried out for assigning values to variables.
For example assigning a variable to a value in the database, selects the value for that variable and
then projects onto the other variables. In SAT, assigning a value to a variable that appears in a
clause either removes the clause or removes the variable.

In the SAT case, clauses can be evaluated when one of the disjuncts is true or they are all
false. SAT also exploits the fact that the logical connectives can be short-circuited, e.g., false ^ x
is false and we do not need to evaluate x, and true _ x is true.



72 5. INFERENCE IN PROPOSITIONAL MODELS

procedure SS.Factors;Variables/:
if Factors is empty

return unit
else if f 2 Factors can be evaluated

return f˝ SS.Factors n ffg;Variables/
else select a variable v in Variables

Factorst := Factors with v assigned to true
Factorsf := Factors with v assigned to false
return SS.Factorst;Variabes n fvg/˚ SS.Factorsf;Variabes n fvg/

Figure 5.5: Abstract semiring search for Boolean variables.

Recursive conditioning adds caching and recognizing disjoint components so that it can
exploit the independencies of a graphical model. Within SAT, clause learning is probably the
most successful form of caching.

is abstraction has been known for a long time, e.g., Lauritzen and Spiegelhalter [1988]
make explicit the mapping between the probabilistic inference and the database notions.

5.2.3 THE LEAST HERBRAND MODEL
While clausal theories can have no, one, or more than one model, the semantics of a logic pro-
grams is given by its least Herbrand model. is least Herbrand model can be defined (and
computed with) the TP operator, which we now define for propositional logic programs, that is,
a set of clauses of the form

A B1 ^ � � � ^ Bm :

e TP operator is defined for a logic program P and a set of propositions I as follows:

TP.I/ D I [ fAj.A B1 ^ � � � ^ Bm/ 2 P and fB1; : : : ;Bmg � Ig : (5.1)

e least Herbrand model LH.P/ D T1
P .;/ is now defined by applying the TP operator on the

empty set and then repeatedly applying the TP operator on the result until a fix point is reached,
that is, until TP.I/ D I.

Example 5.3 Consider, for instance, the following program:

flies  bird; normal:
bird  tweety:
bird  oliver:

normal  tweety:
tweety :
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is will result in the following sequence of models

TP.;/ D ftweetyg
T2P.;/ D ftweety; normal; birdg
T3P.;/ D ftweety; normal; bird; fliesg
T4P.;/ D T3P.;/ :

Given that logic programs are also clauses, the question arises as to whether it is possible
to simply use a SAT solver to compute the least Herbrand model instead of resorting to the
TP operator. e answer to this question is that this is possible in general by rewriting the logic
program.

A logic program is acyclic if no atom depends on itself (i.e., atom a does not appear in a
proof for a). For acyclic logic programs (with negation as failure¹), one can use Clark’s com-
pletion. While a definite clause specifies sufficient conditions for the conclusion to hold, Clark’s
completion assumes that the conjunction of all sufficient conditions for a particular predicate are
also necessary conditions.

Example 5.4 e completed program of flies is listed below. Notice that the sufficient conditions
for bird are tweety or oliver and that Clark’s completion now rewrites this as an equivalence rather
than an implication. It can easily be verified that the only model of the resulting theory coincides
with the least Herbrand model of the original logic program.

flies $ bird ^ normal:
bird $ tweety _ oliver:

normal $ tweety:
tweety:
oliver $ false :

is uniqueness of the model of the completion does not hold for cyclic programs, that is,
programs in which propositions depend on themselves. ere are three cases that can be exem-
plified by simple examples.

• e clauses a b and b a have as a completion a$ b, which has two models, one where
both are true, and one where both are false. e minimum model has both being false.
is sort of cyclicity is allowed in Problog, and was used in Example 3.12. More complex
transformations of logic programs guarantee in such cases the correspondence between the
least Herbrand model and the model of the transformed program [Janhunen, 2004].

¹is means negation in the body of a clause, and negation means to prove :p from failure to prove p. Without negation, the
rewriting can be simplified.
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• e clauses a :b and b :a have as a completion .a$ :b/ ^ .b$ :a/, which has
two models, fa;:bg and fb;:ag. Symmetry implies that neither would be preferred to the
other. ese are both stable models, and form answer sets. P-Log [Baral et al., 2004, Baral
and Hunsaker, 2007] defined a distribution over these answer sets.

• e clauses a b and b :a have as a completion .a$ b/ ^ .b$ :a/, which is logically
inconsistent and so has no models. For the probabilistic case, Poole and Crowley [2013]
advocated using the equilibrium distribution of the induced Markov chain.

5.2.4 GROUNDING
So far, we have focused on propositional logic, but we are actually interested in relations and the
predicates calculus, which requires dealing with constants, terms, and variables.

One way of dealing with first-order logic is by grounding all formulae so that one obtains
a set of formulae without any variables. e resulting formulae can then be interpreted as propo-
sitional formulae by simply intepreting each ground fact as a propositional predicate. is also
implies that on the resulting theory one can invoke a SAT solver.

Example 5.5 Reconsider our human theory from Example 2.2 and suppose there are two con-
stants ann and paul. By applying all possible substitutions to the clauses in that theory we obtain
the grounded theory:

human.paul/  male.paul/:
human.paul/  female.paul/:
human.ann/  female.ann/:
human.ann/  male.ann/:

false  male.ann/ ^ female.ann/:
false  male.paul/ ^ female.paul/ :

By applying a SAT solver one can compute a model for this theory, which could result in one of
the models listed in Example 2.6.

While grounding is a basic theoretical construct used to define the semantics, it should be
clear that from a practical perspective there are some key concerns. First, the number of ground-
ings is infinite whenever functors are used, cf. the nat program of Fig. 2.4. Second, even when
there are no functors, the number of groundings grows exponentially with the number of vari-
ables in the formulae. If there are n constants in the Herbrand domain, grounding a clause with
k variables results in nk possible groundings.

One wants to ground out only those parts that are really needed. Unfortunately, it is im-
possible to determine what grounding may be needed for a logic program with function symbols,
because the language is Turing equivalent, and a fixed finite grounding gives a decidable ground
model.
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5.2.5 PROVING
e above methods were used to find a model. e opposite problem is to decide if some propo-
sition a is a logical consequence of the clauses, C, which can be done by showing that C [ :a is
inconsistent (does not have a model). Note that for definite clauses, finding a minimal model is
equivalent to finding proofs, because each atom in a minimal model is a logical consequence of
the definite clauses.

Proofs are typically constructed using a resolution procedure, which we explain here only
for logic programs. e resulting SLD-resolution procedure works as follows: given a goal
G1;G2 : : : ;Gn, with free variables x, create the answer clause yes.x/:-G1; G2 : : : ; Gn. Given an an-
swer clause y:-G1;G2 : : : ;Gn and a clause G:-L1; : : : ;Lm in the logic program such that G1� D
G� , applying SLD resolution yields the new answer clause y� :-L1�; : : : ;Lm�;G2� : : : ;Gn� : A
successful proof of a goal is then a sequence of resolution steps yielding the empty answer clause,
i.e., y:- . Failed proofs do not end in the empty goal.

Example 5.6 e query, grandparent.X; ann/, representing the question “who is Ann’s grand-
parent” has the following SLD proof:

yes.X/:-grandparent.X; ann/
yes.X/:-parent.X;Z/; parent.Z; ann/
yes.jeff/:-parent.paul; ann/
yes.jeff/:- :

Which indicates that one answer is X D jeff, so grandparent.jeff; ann/ is a logical consequence of
the logic program.

Resolution is employed by many theorem provers (such as Prolog). Indeed, when given the
goal grandparent.X; ann/, Prolog would compute the above successful resolution refutation and
answer that the goal is true.
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C H A P T E R 6

Inference in Relational
Probabilistic Models

In this chapter, we touch upon the problem of performing inference in relational probabilistic
models. Inference in probabilistic relational models refers to computing the posterior distribu-
tion of some random variables given some evidence. ere are many ways of doing inference.
Conceptually the easiest one is “grounded inference.”

6.1 GROUNDED INFERENCE FOR RELATIONAL
PROBABILISTIC MODELS

A standard way to carry out inference in probabilistic logical models is to (try to) generate and
ground as few of the random variables as possible. In undirected models, this typically means con-
sidering the whole grounding. Directed models allow pruning of irrelevant random variables or
only considering the relevant random variables (e.g., in ICL and ProbLog, the relevant ground in-
stances can be carried out using a form of abduction [Poole, 1993a]). Once the model is grounded,
standard inference methods (such as those studied in the previous chapter) can be applied to gen-
erate answers to the probabilistic queries.

For the parameterized probabilistic models of Chapter 3, we have already discussed ground-
ing and it should be clear that standard probabilistic inference techniques (such as those seen in
the previous chapter) directly apply to the resulting groundings. In recent years, however, an al-
ternative and fairly general way of performing probabilistic inference has become popular. It is
based on grounding and a reduction to weighted model counting.

6.1.1 WEIGHTED MODEL COUNTING
One attractive avenue for probabilistic inference is to turn it into a weighted model counting
(WMC) problem. We discuss how basic inference methods for Markov Logic and ProbLog can
exploit WMC.

6.1.2 WMC FOR MARKOV LOGIC
For MLNs, we ground the MLN at hand and transform it to a WMC problem [Van den Broeck,
2011] as follows. For every formula w W f in the MLN, ground it in every possible way, yielding a
set of formulaew W f� . en, as discussed in Section 4.6, for each such formula a unique predicate
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n� is constructed and the formula n� $ f� is added together with w.n�/ D ew and w.:n�/ D 1
to the WMC problem. e weights for all other literals are set to 1. e idea is that the literal n�
is true exactly when the soft constraint w W f is satisfied for substition � .

Example 6.1 Reconsider the first two rules of the smokers Example 3.8:

1:5 W cancer.P/ smoking.P/
1:1 W smoking.X/ friends.X;Y/ ^ smoking.Y/

and assume we have two constants a and b. en we would obtain the following WMC problem:

r1.a/ $ .cancer.a/ smoking.a//
r2.b/ $ .cancer.b/ smoking.b//

r3.a; a/ $ .smoking.a/ friends.a; a/ ^ smoking.a//
r4.a; b/ $ .smoking.a/ friends.a; b/ ^ smoking.b//
r5.b; a/ $ .smoking.b/ friends.b; a/ ^ smoking.a//
r6.b; b/ $ .smoking.b/ friends.b; b/ ^ smoking.b//

with weights w.r1.a// D w.r2.b// D e1:5, w.r3.a; a// D w.r4.a; b// D w.r5.b; a// D
w.r6.b; b// D e1:1, and the weight of all other literals equal to 1. is logical formulae can
then easily be transformed into clausal form and used by a WMC solver.

6.1.3 WMC FOR PROBLOG
e conversion for non-cyclic ProbLog programs to WMC goes as follows, see e.g., Fierens et al.
[2015]. It first requires grounding the relavant parts of the program, then converting it according
to Clark’s completion, and then setting the weights. For each ground probabilistic fact (atomic
choice) p WW f� , we set w.f�/ D p and w.:f�/ D 1 � p, and set the weights of all other literals to
1.

Example 6.2 Consider the following variant of the alarm network and one constant john:

0:01 WW burglary:
0:05 WW earthquake:

0:7 WW hearsalarm.X/:
alarm  burglary:
alarm  earthquake:

calls.X/  alarm; hearsalarm.X/ :
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en we would obtain the theory and weights:

alarm$ burglary _ earthquake:
calls.john/$ alarm ^ hearsalarm.john/:
w.burglary/ D 0:01;w.:burglary/ D 0:99;
w.earthquake/ D 0:05;w.:earthquake/ D 0:95;
w.hearsalarm.john// D 0:7;w.:hearsalarm.john// D 0:3 :

As mentioned in Section 5.2.3, cyclic programs require a more complex transformation such as
that by Janhunen [2004] to guarantee that the resulting set of clauses captures the least Herbrand
model.

In practice, in formalisms such as ICL and ProbLog, one need not ground the complete
program, but can use a pre-processing step in which only those clauses that are necessary for
answering a query are computed. is can be implemented using SLD-resolution with abduction
to find the relevant rules and weights [Poole, 1993a]. For instance, if one is only interested in the
marginal probability of alarm, the rules for hearsalarm.X/ and calls.X/ are not needed.

6.1.4 KNOWLEDGE COMPILATION
One technique that is often used in Bayesian networks, probabilistic logic programming, and
probabilistic databases is to use knowledge compilation to compile logical formulae into a rep-
resentation that allows for tractable inference. is is used, for instance, by the ProbLog imple-
mentations [Fierens et al., 2015], where the logical formula of a WMC problem is compiled into
a d-DNNF, that is, into deterministic, decomposable negation normal form, which then allows
to efficiently compute the WMC.

Example 6.3 (Adapted from Fierens et al. [2015].) Continuing the above example, assume that
we are given the logical formula:

alarm$ burglary _ earthquake
calls.john/$ alarm ^ hearsalarm.john/
calls.john/

where the last fact could represent the evidence for a query.¹ e d-DNNF for this formula is
shown in Fig. 6.1.

A negation normal form formula (NNF) is a rooted directed acyclic graph in which each
leaf node is labeled with a literal and each internal node is labeled with a conjunction or disjunc-
tion. A decomposable negation normal form (DNNF) is a NNF satisfying decomposability: for
every conjunction node, it should hold that no two children of the node share any atom with each

¹Note that this is not the same as adding the evidence as a fact, because that would affect the completion. e evidence needs
to be added to the completed clauses.
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AND

AND AND

OR

OR

calls(john) hears_alarm(john) alarm

burglary

earthquake

not
burglary

not
earthquake

Figure 6.1: A logical formula in d-DNNF form (from Fierens et al. [2015]).

other. A deterministic DNNF (d-DNNF) is a DNNF satisfying determinism: for every disjunc-
tion node, all children should represent formulas that are logically inconsistent with each other.
Decomposability allows one to compute the probability of the conjuncts as their products, while
determinism allows one to sum the probabilities of the disjuncts. For WMC, we need a d-DNNF
that also satisfies smoothness: for every disjunction node, all children should use exactly the same
set of atoms. Compiling a Boolean formula to a (smooth) d-DNNF is a well-studied problem, and
several compilers are available, e.g., Darwiche [2004]. e d-DNNF’s are then typically turned
into arithmetic circuits for inference and learning, cf. Darwiche [2009].

It should be mentioned that d-DNNF is just one representation that is used as a target lan-
guage for knowledge compilation. Many other representations exists that differ in the operations
they support efficiently [Darwiche and Marquis, 2002]. Some of these, like d-DNNFs, have also
been extended for use with lifted inference, cf. Van den Broeck et al. [2011].

6.2 LIFTED INFERENCE: EXPLOITING SYMMETRIES
While grounding to a propositional representationmay be an intuitive way to define the semantics
and to perform inference, we can do better by exploiting the symmetry and regularity inherent in
the relational structure. Such regularities and symmetries can often be easily modeled using prob-
abilistic logical models. ese models allow us to encode large, complex models using few rules
only and, hence, symmetries and redundancies abound. Inference by grounding at the proposi-
tional representation level does not exploit the symmetries.
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Figure 6.2: A parameterized graphical model (a) and its grounding (b).

More recently, there has been work on lifted probabilistic inference [Poole, 2003, de Salvo
Braz et al., 2007, Singla and Domingos, 2008, Milch et al., 2008], where the idea is to carry
out probabilistic reasoning at the lifted level, without grounding out the parameterized random
variables. Instead, we count how many of the probabilities we need, and when we need to multiply
a number of identical probabilities, we can take the probability to the power of the number of
individuals, as in the following example.

Example 6.4 Consider the parameterized graphical model of Fig. 6.2(a) with two parameterized
factors, hfg; fs.X;Y/; r.X;Y/g; �1i and hfg; fr.X;Y/; q.X/g; �2i. Suppose the population for X and
Y is fa1; : : : ; ang. In the grounding, shown in Fig. 6.2 (b), there are n disconnected components.
Each component has 2nC 1 random variables and 2n factors.

Suppose we wanted to sum out all of the random variables, to compute the partition func-
tion. Let’s first sum out the n2 random variables that are instances of s.X;Y/. is can be done in
one step at the lifted level, creating a parfactor

hfg; fr.X;Y/g; �3i;

where �3 is
P

S �1, obtained by summing out s.X;Y/ from �1.
Suppose nowwewant to sum out r.X;Y/. In the grounding, for everyX, there are n identical

factors which need to multiplied. e resulting factors can be represented as:

hfg; fq.X/g; �4i

where �4 is .
P

r �2�3/
n, where taking a factor to the power nmeans taking each value to the power

n. e partition function is then .
P

q �4/
n. is example shows the potential of lifted inference

in exploiting the symmetry implied by exchangeability.
e problem of lifted probabilistic inference was first explicitly proposed by Poole [2003],

who formulated the problem in terms of parameterized random variables. He also introduced the
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use of splitting to complement unification, the parfactor representation of intermediate results,
and an algorithm for summing out parametrized random variables and multiplying factors in a
lifted manner. It could solve Example 6.4 in a lifted manner. However, not all cases can be solved
with these techniques.

Example 6.5 Consider eliminating q.X/ first in Example 6.4. e instances of X are indepen-
dent, and so this can be carried out in a lifted manner with respect to X. For each X, eliminating
q.X/ constructs a factor on fr.X; a1/; : : : ; r.X; an/g. De Salvo Braz et al. [2005, 2007] realized
that in such cases, rather than representing the resulting factor, we only need the count of the
number of instances of r.X;Y/ which have a certain value. If r is binary, we only need to consider
the cases where r is true for i individuals and is false for n � i individuals, for i 2 Œ0; n�. If r.X;Y/
has k values, there are O.nk�1/ cases that need to be considered.

Counting elimination [de Salvo Braz et al., 2005, de Salvo Braz et al., 2007] handles
cases where grounding followed by eliminating creates factors containing random variables for all
individuals in a population. Inmany such cases, it is only the counts—the histogram of the number
of instances for each combination of individuals—that characterize the factor. us, instead of
creating a factor exponential in the population, counting elimination does a case analysis of a
polynomial number of cases.Milch et al. [2008] proposed counting formulae as a representation of
the intermediate result of counting, which allowed for more cases where counting was applicable.
is work has been advanced by Taghipour and Davis [2012], Taghipour et al. [2013] to include
more general constraints in the parfactors and by Mittal et al. [2014] to include novel lifting rules
resulting in even smaller models. ese algorithms are complicated and they still need to ground
in many cases.

e main problem is that the proposals are based on variable elimination [Zhang and Poole,
1994]. is is a dynamic programming approach which requires a representation of the inter-
mediate results, and the current representations for such results are not closed under all of the
operations used for inference.

Some of the more recent exact algorithms are search based [Gogate and Domingos, 2010,
2011, Jha et al., 2010, Van den Broeck et al., 2011, Poole et al., 2011]. ese methods are
promising because the search only assigns values and simplifies the factors. For instance, Gogate
and Domingos [2011] reduced the problem of lifted probabilistic inference to weighted model
counting in a lifted graph. Given a relational probabilistic model, the resulting probabilistic the-
orem proving decides upon a lifted inference rule to apply (conditioning, decomposition, partial
grounding, etc.), constructs a set of reduced relational probabilistic models, recursively calls itself
on each reduced MLN in this set, and combines the returned values in an appropriate manner.
Another recent approach to lifted inference, called first-order knowledge compilation, compiles
the lifted graph into a weighted CNF (see also Section 6.1.1), and then runs weighted model
counting on the compiled network [Van den Broeck et al., 2011, 2014].

Lifted inference turns out to be a very difficult problem, as the possible interactions between
parameterized random variables can be very complicated. None of the above methods work for
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all cases, meaning that they may have to resort to “ground” inference. Jaeger [2000] was the first
to show the limitations of lifted inference for reasonably rich languages (which include quantifi-
cation and equality). Recently, Jaeger and Van Den Broeck [2012] showned the limitations for
representations that include binary predicates, and are only slightly more complex than shown
in Fig. 6.2. Observations can make such examples intractable. Van den Broeck [2011] started to
study the completeness of lifted inference, and Gribkoff et al. [2014], Beame et al. [2015] recently
analyzed the complexity of the (weighted) first-order model counting problem.

6.2.1 EXACT LIFTED INFERENCE
Here we give a basic algorithm for lifted recursive conditioning. is lifts the recursive condi-
tioning algorithm of Fig. 5.2. Note that we chose that algorithm, which separates the context
and the factors, because it makes it easier to explain. Furthermore, many other existing lifting
inference methods can be viewed as variants of the algorithm.

In recursive conditioning (page 66), a context is a set of assignments of values to variables.
Here we extend a context to also include counts, where a count is of the form #X�.X/ D n, where
� is a conjunction of PRVs. each with only X free, which means that there are n instances of X
for which formula � is true of X.

e algorithm implements lrc.Con;Fs/ where:

• Con is a set consisting of counts and assignments to random variables and

• Fs is a set of weighted formulae of the form hformula;weighti.

A weighted formula can be evaluated in context Con if Con specifies how many instances of the
weighted formula hold. Let eval.F;Con/ be the value that weighted formula F evaluates to in
context Con. We show the evaluation in a series of examples.

Example 6.6 Consider the context:

Con1 D f:A; #Xf.X/ ^ g.X/ D 7;
#Xf.X/ ^ :g.X/ D 5;
#X:f.X/ ^ g.X/ D 18;
#X:f.X/ ^ :g.X/ D 0g

and the weighted formulas:

Fs1 D fh:a ^ :f.X/ ^ g.X/; 0:1i;
ha ^ :f.X/ ^ g.X/; 0:2i;
hf.X/; 0:25i;
hX ¤ Y ^ f.X/ ^ g.Y/; 0:3i;
hf.X/ ^ f.Y/; 0:35i;
hf.X/ ^ h.X/; 0:4ig :
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Given Con1, there are 18 instances of :a ^ :f.X/ ^ g.X/ that are true in the grounding, so
the first weighted formula in Fs1 can be evaluated:

eval.h:a ^ :f.X/ ^ g.X/; 0:1i;Con1/ D 0:118 :

ere are no instances of the second weighted formula in Con1 as a is false in Con1, so

eval.ha ^ :f.X/ ^ :g.X/; 0:2i;Con1/ D 1

and so this weighted formula is ignored in this context. ere are 12 instances of f.X/ that are
true (7 with g true and 5 with g false). us, the third weighted formula evaluates to 0:2512. ere
are 12 � 25 instances of f.X/ ^ g.Y/ that are true (12 instances of f.X/ paired with 25 instances of
g.Y/), and thus there are 12 � 25 � 7 pairs where X and Y are different (subtracting the 7 individ-
uals for which f and g are both true). Similarly, there are 12 � 12 instances of f.X/ ^ f.Y/; each of
the 12 individuals can be paired with each of the 12 individuals. e last weighted formula can-
not be evaluated because we don’t know for how many individuals H is true. us, lrc.Con1;Fs1/
returns:

0:118 � 0:2512 � 0:312�25�7
� 0:3512�12

� lrc.Con1;Fs2/
where Fs2 D fhf.X/ ^ h.X/; 0:4ig.

e lifted recursive conditioning algorithm, shown in Fig. 6.3, evaluates the factors when
they can be evaluated, and branches on counts to make progress to evaluate weighted formulae.
Like recursive conditioning (Fig. 5.2), it exploits the graphical structure by recognizing discon-
nected components and noticing when some values have already been computed.

To branch on a parameterized random variable, f.X/, with a single free logical variable, X,
on a count #X�.X/ D n, means to do case analysis on how many of those n individuals have f.X/
true. ere are

�n
i
�
ways that i individuals could be chosen to be true out of the n individuals.

Example6.7 ConsiderCon1 andFs1 fromExample 6.6. Branching on h for the 7 “X” individuals
such that f.X/ ^ g.X/ results in

lrc.Con1;Fs2/ D
7X

iD0

 
7

i

!
lrc.Con2;Fs2/ :

where Con2 is the same as Con1 but with #XF.X/ ^ G.X/ D 7 replaced with

#Xf.X/ ^ g.X/ ^ h.X/ D i;
#Xf.X/ ^ g.X/ ^ :h.X/ D 7 � i :

Caching and forgetting work the same as in Fig. 5.2, except that to forget a variable means
summing it out of the contexts in which it appears. For example, to forget g from Con1 gives:X

g
Con1 D f:a; #Xf.X/ D 12; #X:f.X/ D 18g
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procedure lrc.Con W context;Fs W set of factors/:
if 9v such that hhCon;Fsi; vi 2 cache

return v
else if vars.Con/ 6� vars.Fs/

return lrc.
P

x Con;Fs/
else if 9f 2 Fs such that f can be evaluated in Con

return eval.f;Con/ � lrc.Con;Fs n ffg/
else if Fs D Fs1 ] Fs2 where vars.Fs1/ \ vars.Fs2/ � vars.Con/

return lrc.Con;Fs1/ � lrc.Con;Fs2/
else if exists a decomposer for network

let Fs0 be Fs with corresponding variables replaced by a unique constant
let n be the corresponding population size
return lrc.Con;Fs0/n

else
either

select random variable x 2 vars.Fs/ n vars.Con/
sum 

P
v2range.x/ lrc.Con [ fx D vg;Fs/

or
select #X�.X/ D n in Con and f.X/ not in �.X/
Con0  Con n f#X�.X/ D ng
sum 0

for each i 2 Œ0; n�
Con00  Con0 [ f#X�.X/ ^ f.X/ D i; #X�.X/ ^ :f.X/ D n � ig
sum sumC

�n
i
�
lrc.Con;00 Fs/

cache cache [ fhhCon;Fsi; sumig
return sum

else (if there is no selection)
Ground a logical variable in Fs forming Fs0
return lrc.Con;Fs0/

Figure 6.3: Lifted recursive conditioning with an explicit context.
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as there are 12 individuals for which f is true, and 18 individuals for which f is true.
To recognize that the grounding is disconnected, there are two cases. If the lifted network

is disconnected, the grounding is disconnected. Otherwise, it might be disconnected for each
instance.² To determine this, we try to find a decomposer that decomposes the network into
disjoint components. To find this, we replace one of the variables X in a factor with a unique
constant c. If c is not in all of the PRVs, then the decomposition fails. If c is in a PRV that unifies
with a PRV in another factor, then carry out the unification, and repeat with the new replacement.
If this does not fail, we have found a decomposition. All of the instances (with different constants)
are disconnected from each other, so we take the model with one constant and raise it to the power
of the population size.

To compute the probability of any formula, the formula can form the initial context. To
compute the posterior probability of queryQ given the observations, we use P.Q j Obs/ D P.Q ^
Obs/=.P.Q ^ Obs/C P.:Q ^ Obs//. e calls can share the cache. is means that both Q and
Obs are not restricted to be ground, but can include counts. If any population has size n, but has no
observations, the initial context should contain #Xtrue D n. (We have ignored the issue of typing,
if there are multiple populations.)

As the population size n of undifferentiated individuals increases.

• If grounding is polynomial—instances must be disconnected—lifted inference is constant
in n (taking rn for real r)

• Otherwise, for unary relations, grounding is exponential and lifted inference is polynomial.

• If non-unary relations become unary, the above holds.

• Otherwise, the algorithm grounds an argument. is is always exponentially better than
grounding everything, because it never needs to ground every variable. In the worst case, it
grounds all but one of the variables.

We can lift a model that consists just of

hf.X/ ^ g.Y/; ˛4i

or just of
hf.X;Z/ ^ g.Y;Z/; ˛2i

because the instances of z disconnect the graphs. We can also lift a model of

hf.X;Z/ ^ g.Y;Z/ ^ h.Y/; ˛3i

because branching on the number of h.Y/ that are true, reduces to the previous case.

²Here we ignore the case that arise with binary and above functions where, for example, f.a; b/ could be connected to f.b; a/
for all a and b but disconnected from other instances; see Poole et al. [2011].



6.3. (LIFTED) APPROXIMATE INFERENCE 87

is algorithm cannot completely lift (it is exponential in population size) a model that
consists just of:

hf.X;Z/ ^ g.Y;Z/ ^ h.Y;W/; ˛3i

or just of:
hf.X;Z/ ^ g.Y;Z/ ^ h.Y;X/; ˛3i :

e algorithm needs to ground a logical variable, which then results on branching on each mem-
ber of the population. Note that these simple relational models become complex models in the
grounding.

e above lifted recursive conditioning method assumes an undirected model. Directed
models also require aggregation. Kisyński and Poole [2009] showed how to perform lifted in-
ference within directed first-order models that require an aggregation operator when a parent
random variable is parameterized by logical variables that are not present in a child random vari-
able. Choi et al. [2011a] showed how to perform lifted VE in the presence of aggregate factors
such as SUM, AVERAGE, and AND in probabilistic relational models.

Choi et al. [2010] addressed lifted inference when the underlying distributions are Gaus-
sian. eir approach assumes that the model consists of Gaussian potentials. ey exploit the
fact that the interdependence of Gaussians is essentially pairwise (characterized by the covariance
matrix). e same group showed how to realize a lifted Kalman filter based on lifted variable
elimination (VE) [Choi et al., 2011b]. Lifted inference in continuous models have been applied
to market analysis [Choi et al., 2010].

As already mentioned, Gogate and Domingos [2011]’s probabilistic theorem proving re-
duces the problem of lifted probabilistic inference to weighted model counting in a lifted graph by
constructing a set of reduced models, recursively calling itself on each reduced model in this set,
and combining the returned values in an appropriate manner. Van den Broeck et al. [2011] em-
ployed circuits in first-order deterministic decomposable negation normal form to do the same,
also for higher order marginals [Van den Broeck and Davis, 2012]. In related work, Sen et al.
[2008] proposed the idea of bisimulated VE grouping together nodes that are indistinguishable
in terms of VE computations.

6.3 (LIFTED) APPROXIMATE INFERENCE
In addition to exact inference methods (based on variable elimination or search) there are also
approximate methods and methods for pre-processing the data.

From the sampling perspective, there are methods developed based on MCMC algorithm
specifically for certain formalisms such as MLNs [Poon et al., 2008] and BLOG [Milch and
Russell, 2006]. Milch and Russell [2006] developed an MCMC approach where states are only
partial descriptions of possible worlds. Zettlemoyer et al. [2007] extended particle filters to a log-
ical setting. Gogate and Domingos [2011], Venugopal and Gogate [2014] introduced a lifted
importance sampling. Niepert [2012] proposed permutation groups and group theoretical algo-
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rithms to represent and manipulate symmetries in probabilistic models, which can be used for
MCMC.

In one of the first inference methods for relational models, Poole [1993a] explored only
part of the search space, returning upper and lower bounds for posterior probabilities where the
range between the bounds represents the probability mass of the unexplored space. De Salvo Braz
et al. [2009] proposed a method that starts from the query, propagates intervals instead of point
estimates, and incrementally grounds the lifted network.

e bisimulation of Sen et al. [2008] has also been extended to approximate inference [Sen
et al., 2009]. Essentially, they trade off inference accuracy for computational efficiency, i.e., lifting
by e.g., grouping nodes and factors together that are within a user-specified �-distance of each
other. Similar ideas have been explored within lifted BP [Kersting et al., 2010, Singla et al., 2010]
that we will discuss below.

Recently, Wang et al. [2015] presented ProPPR, in which approximate “local groundings”
can be constructed in time independent of database size. Intuitively, ProPPR follows the proof-
theoretic approaches biased toward short derivations. More formally, it relates the problem of
constructing proofs to computation of personalized PageRank on a linearized version of the proof
space, and based on this connection, develops a provably-correct approximate grounding scheme,
based on the PageRank-Nibble algorithm.

Last, and somewhat similar in spirit, there are methods for pre-processing [Shavlik and
Natarajan, 2009, Mihalkova and Richardson, 2010, Venugopal and Gogate, 2014] that reduce
the network size drastically so that ground inference can be performed efficiently on the reduced
network.

Let us now illustrate how approximate inference approaches could be lifted using (loopy)
belief propagation (BP). Although already quite efficient, BP does not make use of symmetries.
Lifted message-passing methods group random variables and factors into sets if they have iden-
tical messages.

Example 6.8 Figure 6.4 presents an example of a belief propagation (BP) based lifted inference
algorithm. Consider the factor graph with three nodes A, B, and C sending identical messages
to the neighbors. As can be seen from the figure, since nodes A and C send and receive the
same message, they can be clustered together. B cannot be grouped with A or C since it sends
twice the same message and hence is considered to be different from the other two. e resulting
compressed graph is shown on the right.

To exploit the symmetries present in the graph structure, lifted BP variants [Jaimovich
et al., 2007, Singla and Domingos, 2008, Kersting et al., 2009], essentially perform two steps:
Given a factor graph, they first compute a lifted factor graph and then run a modified BP on
it. In the first step, lifted BP simulates BP, keeping track of which nodes and factors send the
same messages, and groups nodes and factors together correspondingly. Here, initially, all variable
nodes and all identical factors fall into corresponding groups as indicated by the colors in Fig. 6.4.
Now, each variable node sends its color to its neighboring factor nodes. A factor node collects the
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Figure 6.4: Illustration of lifted BP algorithm [Kersting et al., 2009, Ahmadi et al., 2013]. From left
to right, the steps of the lifted inference algorithm taken to compress the factor graph assuming no
evidence. e shaded/colored small circles and squares denote the groups and signatures produced
running the algorithm. On the right-hand side, the resulting compressed factor graph is shown. On
this network a modified BP algorithm is employed.

incoming colors, appends its own color at the end, cf. Fig. 6.4, and sends this color signature back
to the neighboring variable nodes. e variable nodes stack the incoming signatures together and,
hence, form unique signatures of their one-stepmessage history.We group together variable nodes
with the same message history and assign new colors to each group. e factors are grouped in a
similar way. is color-passing process—a.k.a. color refinement, naive vertex classification—is
iterated until no new colors are created anymore. At convergence, all variables nodes with the
same color form a supernode and all factors with the same color, a superfactor. In the running
example, variable nodes A; C and factor nodes f1; f2 are grouped together as shown in Fig. 6.4.
is color-passing coincides with the Weisfeiler-Lehman algorithm [Berkholz et al., 2013] and
runs in quasi-linear time in the number of nodes and edges in the factor graph. at is, if there are
no symmetries to be detected we spend only a small overhead to realize this compared to running
BP.

Since supernodes and superfactors are sets of nodes and factors that send and receive the
same messages at each step of carrying out BP, we can now simulate BP on the lifted factor graph.
An edge in the lifted graph essentially represents multiple edges in the original factor graph. Let
c.f;Xi/ be the number of identical messages that would be sent from the factors in the superfactor
f to each node in the supernodeXi if BP was carried out on the original factor graph. e message
from a supernode X to a superfactor f is

�X!f.x/ D �f!X.x/c.f;X/�1 �
Y

h2nb.X/nffg
�h!X.x/c.h;X/;

where nb.X/ now denotes the neighbor relation of supernodeX in the lifted graph. e c.f;X/ � 1
exponent reflects the fact that a supernode’s message to a superfactor excludes the corresponding
factor’s message to the variable if BP was carried out on the original factor graph. Likewise,
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the unnormalized belief of any random variable X in Xi can be computed as follows bi.xi/ DQ
f2nb.Xi/ �f!Xi.xi/c.f;X/ :

However, as the original BP algorithm, lifted BP also does not prescribe a way to solve
more complex inference tasks such as computing joint marginals for k-tuples of distant random
variables or satisfying assignments of CNFs. A popular solution in these cases is the idea of turning
the complex inference task into a sequence of simpler ones by selecting and clamping variables
one at a time and running lifted message passing again after each selection. is naive solution,
however, recomputes the lifted network in each step from scratch, therefore often canceling the
benefits of lifted inference. Online lifting approaches avoid this by reusing already known liftings
when computing the lifting of the next inference task [Ahmadi et al., 2010, Nath and Domingos,
2010, Hadiji et al., 2011] and can also be used to realize lifted sampling.

Lifted BP approaches are also appealing because they are simple, efficient, and paralleliz-
able. Moreover, they have paved the way for lifted solutions of many important AI tasks. For
instance, one can lift variants of BP for solving satisfiability problems such as survey propaga-
tion [Hadiji et al., 2010], which we will discuss later in Chapter 9, or when the underlying dis-
tributions are Gaussian [Ahmadi et al., 2011]. Using lifted Gaussian BP, one can realize lifted
Kalman filters, lifted PageRank, lifted Label Propagation, and Clustering-on-demand [Ah-
madi et al., 2011, Neumann et al., 2011, Hadiji et al., 2015]. Even linear programming solvers
can be lifted. Intuitively, given a linear program, we employ a lifted variant of Gaussian BP to
solve the systems of linear equations arising when running an interior-point method to solve the
linear program. However, this naive solution cannot make use of standard solvers for linear equa-
tions and is forced to construct lifted networks in each iteration of the interior-point method
again, an operation that can itself be quite costly. Mladenov et al. [2012] showed dow to read off
an equivalent linear program of smaller size directly from the original linear program, as we will
discuss later in Chapter 9. is lifted linear program can be solved using any off-the-shelf solver.

More importantly, this connects lifted inference and linear program relaxations for the
MAP inference problem, see, e.g., Globerson and Jaakkola [2007], and leads to a general, alge-
braic framework for lifted variational inference [Bui et al., 2013]. e framework was used to lift
tree-reweighted BP [Bui et al., 2014], a large class of concave free energies [Mladenov and Ker-
sting, 2015], and several approximate MAP inference algorithms based on message-passing [Bui
et al., 2013, Mladenov et al., 2014b,a]. Generally, this line of research together with [Sarkhel
et al., 2014] suggests to view lifted inference as standard inference in a reparametrized, (hope-
fully) smaller model.We take a graphical model, instantiate the evidence, read off the liftedmodel,
and run any probabilistic inference approach we like.

Finally, it should be mentioned that Van den Broeck et al. [2012] built a bridge between
lifted exact and approximate inference by lifting the “relax, compensate and then recover” [Choi
and Darwiche, 2011].
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C H A P T E R 7

Learning Probabilistic and
Logical Models

In order to prepare the stage for learning relational probabilistic models, we first briefly review
standard probabilistic and logical learning techniques.

7.1 LEARNING PROBABILISTIC MODELS
When learning probabilistic models, one typically distinguishes two tasks.

• e first task, parameter estimation, is concerned with the probabilistic part, i.e., the ques-
tion where do thenumbers come from? In this task, it is assumed that the structure (i.e., the
graph or logical part) of the representation is fixed and known, and the parameters (i.e., the
probabilities or weights that need to be specified as part of the model) have to be estimated.

• In the second task, structure learning, the question is where do the qualitative relation-
ships come from? In this task, one assumes that neither the structure nor the parameters
are fixed but have to be learned.

We also need to consider whether all variables, or only a subset, are observed, and whether
some data is missing. For learning (propositional) probabilistic models, the data is assumed to be
a set of tuples, where each tuple has a value for each of the variables. is data is often written as
a table with the variables as the columns and the tuples are the rows. Sometimes we will write a
tuple as a set of Variable D value pairs.

Example 7.1 To illustrate this, reconsider the burglary alarm example of Fig. 2.1. A possible
example for this network could be

fburglary D false; earthquake D true; alarm D true
johncalls D false;marycalls D trueg

where we have assumed that all variables are observed.is example partially describes a particular
situation that arose, namely Judea was called byMary after an earthquake took place and the alarm
sounded.
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7.1.1 FULLY OBSERVED DATA AND KNOWN STRUCTURE
For directed models, given the structure, and assuming that all variables are observed, each condi-
tional probability can be learned separately. Learning the conditional probability P.x j y1; : : : ; yk/
where y1; : : : ; yk are the parents of x can be treated as a problem of supervised learning where the
inputs are the yi and the output is x. If x has no or few parents (k is small), we can use empirical
frequencies, which are the maximum likelihood estimators for the training set. In essence, for
conditional probability matrices, the conditional probability P.x D Oxjy D Ox/ can be estimated as
count.xDOx;yDOy/

count.yDOy/ . To avoid outcomes with zero probabilities and to avoid overfitting, regularization
such as adding Laplace correction, which involves adding pseudo-counts to the data, can be used.
When there are more parents, to allow for generalization, any supervised learning technique that
can predict probabilities, such as decision trees or neural networks, can be used. Supervised learn-
ing can be seen as the task of learning conditional probabilities, and there is a huge literature on
this task.

Example 7.2 To illustrate MLE, let us consider tossing a coin. e coin can either be heads or
tails. Assume that the evidence is a sequence consisting of n0 instances of tails and n1 instances
of heads. Suppose P.coin D head/ D p. en

logP.EjL; �/ D
X
e2E

logP.ejL; �/ D n1 � log pC n0 � log.1 � p/ :

We can maximize the likelihood or equivalently maximize the log-likelihood by setting the partial
derivative of the log-likelihood w.r.t. to p equal to 0:0:

@ logP.EjL; �/
@p D

n1
p �

n0
1 � p D 0 :

Solving this gives p D n1

n0Cn1
, which is the empirical proportion of heads which have been seen

in the examples. us, MLE reduces to frequency counting.
For undirected models, this procedure is conceptually the same where one optimizes the

log-likelihood. However, there are major differences to the directed models making it typically
harder. Instead of computing counts over individual parameters, we compute the counts over the
cliques. Moreover, the factors do not correspond either to probabilities or to conditional proba-
bilities; the only constraint on the parameters in the factor is non-negativity. Another difference
is that in the general case of undirected models, the parameters are not decomposed as a product
of conditional probability distributions. e normalization constant couples the parameters and
effectively rules out a closed-form solution. So, unlike in directed networks, where the parameters
can be estimated by simple counting because of local normalization, parameter estimation of undi-
rected models requires non-linear optimization (based, e.g., on gradients) involving inference. If
possible, one will construct decomposable models making the optimization of the log-likelihood
more efficient.
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7.1.2 PARTIALLY OBSERVED DATA WITH KNOWN STRUCTURE
Optimization (involving inference) is generally required—whether directed or undirected—in the
presence of missing data. A common method for learning the parameters in this case is the EM
algorithm [Dempster et al., 1977,McLachlan andKrishnan, 1997].eEMalgorithm intuitively
works by filling in the missing information using the model. EM starts with a model, or with a
random completion of data and iteratively perform the following two steps until convergence.

E-Step: Using the current parameters of the model, complete each tuple by computing a distri-
bution over the unobserved variables conditioned on the observed variables for that tuple.
is step requires inference.

M-Step: Using each completion as a fully observed data case, weighted by its probability, com-
pute the updated parameter values using (weighted) frequency counting.

e frequencies over the completions are called the expected counts.
To illustrate EM, consider a Naive Bayes example where y is the parent (in Bayes net ter-

minology) of variables x1; : : : ; xn where we observe all the x values but y’s values are not observed.
In the E-step, the EM algorithm would compute for each training example k the distribution of
y:

P.y.k/ D mjx1.k/; : : : ; xn.k// D
P.y.k/ D m/˘iP.xi.k/jy.k/ D m/P

j P.y.k/ D j/˘iP.xi.k/jy.k/ D j/

using the current parameter settings of all the conditional probability tables. Now using these
pseudo counts, the algorithm applies MLE to the parameters with one change: instead of using
the actual counts as is done in MLE, we use the expected counts from the previous step. Hence,
in the M-step, we obtain

P.xi D jjy D m/ D
P

k P.y.k/ D mjx1.k/; : : : ; xn.k// � I.xi.k/ D j/P
kŒP.y.k/ D mjx1.k/; : : : ; xn.k//�

;

where I.xi.k/ D j/ is 1 if xi.k/ D j is observed and is 0 otherwise. e E and M steps are iterated
until the probabilities converge.

EM can also be used for arbitrary missing data, but relies on the missing at random as-
sumption, which is rarely appropriate. It is almost always better to model why the data is missing
[Marlin et al., 2011, Mohan and Pearl, 2014].

7.1.3 UNKNOWN STRUCTURE AND PARAMETERS
For structure learning in graphical models, it is standard to employ a greedy approach. Initially,
we start with a candidate structure (from either prior knowledge or a prior structure). We then
score this candidate structure, and consider all possible local changes to the structure by adding
to, deleting from or reversing edges in the graphical model, and take the best refinement. If the
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refined model has a better score than the current candidate structure, we continue the process
from the refined model until we reach a local optimum.

Hence, the next question is how do we score the candidate structures? As score, we typically
optimize model simplicity plus fit to data. e idea is that since the training data may not be
complete, simply relying on the data can lead to a very dense model that overfits the data. So
most algorithms use a term that penalizes complex structures, and try to minimize

P.model j data/ / P.data j model/ � P.model/

or equivalently minimize the log of the probability:

logP.model j data/ / logP.data j model/C logP.model/ :

Determining the probability of the data given the model requires inference. e log of the
probability of the model can be estimated by the number of bits required to represent the model.
Note that model consists of the structure and the parameters and the score is computed after fit-
ting the parameters using MLE for the completely observed case or EM for the partially observed
case. Once the score is computed, the best refinement is performed. And the next refinement is
searched for until the score no longer improves. An example of this is presented in Fig. 7.1. As can
be observed, there are three nodes with an initial configuration. ere are potentially three dif-
ferent operations considered, one of which yields a higher score than the current one. e search
then proceeds down that path to make more local changes to the underlying graph.

One common approximation is to estimate logP.model/ in terms of the number of real-
valued parameters r. If there are n data points, there are n different probabilities to distinguish,
and so each parameter can be represented using log n bits. us, an estimate of the logP.model/
is r log n. is approximation is related to the Bayesian information criterion (BIC) [Schwarz,
1978], which is justified by more sophisticated arguments than presented here, resulting in using
0:5r log n.

More information on learning probabilistic graphical models can be found in Koller and
Friedman [2009]. We now turn our attention to learning logical models.

7.2 LOGICAL AND RELATIONAL LEARNING
Learning logical formulae is the topic of purely (i.e., non-statistical) relational learning and of
the field of inductive logic programming (ILP) [Muggleton and De Raedt, 1994, De Raedt,
2008]. Various settings exist depending on the class of logical formulae being learned as well as
the way the data is represented. However, the general learning problem is cast as that of finding a
hypothesis H (a logical formula) from a set of positive and negative examples Pos and Neg such
thatH covers all positive and no negative examples. is is a classical concept-learning task where
the goal is to obtain a description of the unknown target concept that classifies all the examples
correctly [Mitchell, 1997]. e learned hypotheses can then be used to predict the class of the
examples and evaluated using typical measures such as accuracy on unseen data.
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Figure 7.1: Example of how structure learning proceeds as local search. Initially, the model has an arc
from A to C and then local refinements are performed to compute the score of each local refinement.
en the highest scoring one is chosen and the search continues after making that refinement.

Two ILP settings, that we will now introduce, are specifically relevant for SRL: learning
from interpretations and learning from entailment.eymake different choices for what concerns
the nature of the examples and the coverage relation. eir difference is also relevant to different
learning procedures typically used in our primary probabilistic logic models, MLNs and Problog.

We will first introduce the settings in propositional logic (following De Raedt [2010]) and
then briefly sketch what changes when working in first order logic.

7.2.1 TWO LEARNING SETTINGS
When learning from interpretations, hypotheses are logical formula, typically sets of clauses,
and examples are interpretations. For propositional theories, interpretations are assignments of
truth-values to propositional variables. We specify interpretations through the set of propositional
variables that are true. An interpretation is a model for a hypothesis if it satisfies all clauses in the
hypothesis. When learning from interpretations, a hypothesis h covers an interpretation if and
only if the interpretation is a model for the hypothesis.

Example 7.3 Consider the following interpretations:

fblackbird; bird; normal; fliesg
fostrich; smallg
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and the hypothesis

flies W� bird; normal:
bird W� blackbird:
bird W� ostrich:

e first interpretation is a model for the hypothesis but the second is not. Because the condition
part of the rule bird W� ostrich is satisfied in the second interpretation (as it contains ostrich), the
conclusion part, that is bird, should also belong to the interpretation in order to have a model.

In learning from entailment, both hypotheses and examples are logical formulae, typically
definite clauses. When learning from entailment, a hypothesis h covers an example e if and only if
h ˆ e; that is when h logically entails e, or equivalently, when e is a logical consequence of h.

Example 7.4 Reconsider the hypothesis from the previous example and the following two ex-
amples:

flies W� blackbird; normal; small:
flies W� ostrich; small:

e first of these clauses is covered by the hypothesis because it is a logical consequence of the
hypothesis. On the other hand, the second example is not covered.

e goal in both settings is to induce a formula that covers all positive and none of the
negative examples; when learning from intepretations this is defined in terms of the interpreta-
tions that satisfy the hyopthesis, when learning from entailment in terms of clauses that should
be entailed by the hypothesis. Both settings have been used in ILP and there is a subtle difference
in meaning between the two representations. By representing the birds using an interpretation, it
is assumed that all propositions not in the interpretation are false. us, in Example 7.3, the in-
terpretations imply, for instance, that the proposition insect is known to be false. is assumption
is not made using the clausal representation of the bird. A further difference is that in the clausal
representation, there is typically a distinguished predicate, the predicate flies, that is entailed by
the set of conditions. In contrast, using interpretations, all predicates are treated uniformly. e
former representation can be more natural when learning a specific concept as a predicate defi-
nition, such as the concept of flying things; the latter representation is more natural to describe a
set of characteristics of the examples, such as the baskets bought in a supermarket.

7.2.2 THE SEARCH SPACE
e typical learning problem tackled in logical learning is that of finding a hypothesis that covers
all positive and none of the negative example. As already argued above, this is essentially a concept-
learning problem [Mitchell, 1997] and so the same principles and algorithms apply. In particular,



7.2. LOGICAL AND RELATIONAL LEARNING 99

concept and rule-learning algorithms exploit the generality order on the search space. A hypothesis
g is more general than a hypothesis s whenever all examples covered by s are also covered by g.

One of the key properties exploited in ILP is that, when using logic, the generality relation
coincides with that of logical entailment. But it also interesting to observe that the learning setting
(entailment or interpretations) determines the direction of the generality relation. Indeed, when
learning from entailment, g is more general than s if and only if g ˆ s, while when learning from
interpretations, g is more general than s if and only if s ˆ g.

Example 7.5 Consider using the following two clauses h1 and h2 as the hypotheses:

h1 W flies W� blackbird:
h2 W flies W� blackbird; normal:

Treat each clause as a set of (implicitly disjointed) literals:

h1 D fflies;:blackbirdg
h2 D fflies;:blackbird;:normalg :

e first clause logically entails the second one; that is, h1 ˆ h2. In propositional logic, it is easy
to see that h1 ˆ h2 as h1 � h2 when views as sets. We say that h1 subsumes h2.

When learning from entailment, clause h1 generalizes h2. e reason is that any example
clause e covered by h2 must satisfy h2 � e, and whenever this holds, also h1 � e holds, hence, h1
covers e. On the other hand, when learning from interpretations, h2 is a generalization of h1 as
h1 ˆ h2 and any model of h1 is a model of h2.

e entailment or coverage relation imposes a structure on the search space, which is for-
malized in the notion of subusmption. e propositional subsumption relation induces a com-
plete lattice on the space of possible clauses. A complete lattice is a partial order—a reflexive,
anti-symmetric and transitive relation —where every two elements posses a unique least upper
and greatest lower bound. An example lattice for rules defining the predicate flies in terms of
bird; normal and small. is illustrated in the Hasse diagram depicted in Fig. 7.2.

e Hasse diagram also visualizes the different refinement operators that can be used. e
downward operator �d maps a clause to the set of its children in the diagram, i.e., it adds a single
literal, whereas the upward operator �u maps a clause to the set of its parents.

In addition to using stepwise refinements, some systems like Golem [Muggleton and Feng,
1990] also exploit the properties of the underlying lattice by computing the least upper bound of
two formulae. e least upper bound operator is known under the name of least general general-
ization (lgg) in the machine learning literature. Using set notation for clauses lgg.c1; c2/ D c1 \ c2.
e lgg is the least common ancestor in the Hasse diagram.

7.2.3 TWO ALGORITHMS: CLAUSAL DISCOVERY AND FOIL
We now sketch two algorithms for inducing logical theories from examples, one for each setting.
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flies.

flies :- bird.

flies :- bird, normal. flies :- bird, small.

flies :- bird, normal, small.

flies :- small, normal.

flies :- normal flies :- small.

Figure 7.2: e Hasse diagram for the predicate flies (from De Raedt [2010]).

Clausal discovery: learning from interpretations. e clausal discovery algorithm, based on the
work by Valiant [1984] and De Raedt and Dehaspe [1997], learns from interpretations and uses
only positive examples. It computes the maximally specific set of clauses that covers (i.e., is sat-
isfied by) all of the given positive examples. e clausal discovery setting can be viewed as that
of learning a set of constraints. is is reminiscent of Markov Logic where formulae act as soft
constraints. e only difference is that in clausal discovery hard constraints are learned, which
correspond to a deterministic Markov Logic theory (where all weights would be set to infinity).
We first illustrate the problem setting and then sketch an algorithm.

Example 7.6 (Clausal discovery) Consider the following three positive examples specified as
interpretations:

fmale; humang
ffemale; humang
fg

e clausal discovery algorithm would then construct the following set of clauses (assuming the
only predicates are those occurring in the interpretations):

human W� male:
human W� female:
false W� male; female:
femaleImale W� human:

Analyzing these clauses in terms of the Hasse diagram reveals that each clause contains a
minimal set of literals so that all examples are covered. Furthermore, it contains all such clauses.
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procedure CD.D W set of interpretations;A W set of propositions/:
H := fg
Q := f;g
while Q not empty do

delete clause c from Q
if c covers all examples in D and no subset of c covers D
then add c to H
else add all downward refinements d of c using A for which d �LEX c to Q

return H

Figure 7.3: A clausal discovery algorithm.

is set of clauses can be found by Algorithm 7.3, which initializes its queue of candidates
with the empty clause; that is, it starts at the top of the lattice. It then repeatedly deletes a clause,
checks whether it covers the examples and is minimal, and if so, adds the clause to the hypothesis.
If it does not, it adds the downward refinements of the clause to the queue, which are obtained by
adding single literals. In order to avoid generating the same clause more than once, a lexicographic
order can be imposed on the set of literals.

Learning from entailment Learning from entailment is by far the most popular setting in ILP.
Systems typically learn a set of rules for a single predicate from positive as well as negative exam-
ples. ey are based on rule-learning principles and essentially employ a separate-and-conquer
approach. For instance, FOIL [Quinlan, 1990], starts from the empty hypothesis, and then re-
peatedly searches for one rule that covers asmany positive examples as possible and no negative ex-
ample, adds it to the hypothesis, removes the positives covered by the rule, and then iterates. is
process is continued until all positives are covered. To find one rule, it performs a hill-climbing
search through the space of clauses ordered according to generality. e search starts at the most
general rule, the one stating that all examples are positive (for the flies example this would be the
top clause in the latice), and then repeatedly specializes it. Among the specializations it then se-
lects the best one according to a heuristic evaluation based on information gain. A heuristic, based
on the minimum description length principle, is then used to decide when to stop specializing
clauses. Numerous variations on rule learning algorithms exist, depending on the search strategy
(e.g., hill-climbing, beam-search, bottom-up, or top-down), and the heuristics used.

7.2.4 FROM PROPOSITIONAL TO FIRST-ORDER LOGIC
Whenworkingwith relational or first-order logic rather with propositional logic, the key change is
that the structure on the search space becomes more complicated as one has to deal with variables,
functors, constants, and substitutions. e standard way of dealing with this is to use the �-
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subsumption framework of Plotkin [1970]. It provides a generalization relation for clausal logic
and it extends propositional subsumption to first-order logic.

While downward refinements with propositional subsumption are obtained by adding a
literal to a clause, with �-subsumption one can also apply a substitution. More formally, for two
clauses g and s, g �-subsumes s if and only if 9 a substitution � W g� � s. For instance, the first
clause for likes subsumes the second one with the substitution fY=tomg. Consider the following
three positive examples specified as interpretations:

likes.X;Y/ W� neighbors.X;Y/:
likes.X; tom/ W� neighbors.X; tom/;male.X/:

By applying downward refinements, one can obtain the second clause by first adding a literal
male.X/ and then applying the substitution.

�-subsumption has some interesting properties. First, �-subsumption is sound; that is,
g �-subsumes s implies that g ˆ s. e other direction does not hold for self-recursive clauses
involving structured terms (e.g., nat.s.X// W� nat.X/). Second, deciding �-subsumption is an
NP-complete problem. ird, �-subsumption is reflexive, transitive but unfortunately not anti-
symmetric, which can be seen by consider the clauses

parent.X;Y/ W� father.X;Y/:
parent.X;Y/ W� father.X;Y/; father.U;V/:

e first clause clearly subsumes the second one because it is a subset. e second one subsumes
the first with the substitution fX=U;V=Yg. e two clauses are therefore equivalent under �-
subsumption, and hence also logically equivalent. e loss of anti-symmetry complicates the
search process. e naive application of a downward specialization may yield syntactic specializa-
tions that are logically equivalent. is is illustrated above where the second clause for parent is a
refinement of the first one obtained by adding a literal. In this way, useless clauses are generated
and there is a danger that if the resulting clauses are further refined, the search will end up in an
infinite loop. Plotkin [1970] studied the quotient set induced by �-subsumption and proven that
it is a complete lattice; see also De Raedt [2008, 2010] for more details.

7.2.5 AN ILP EXAMPLE
As final information about inductive logic programming, we provide an example of the use of
FOIL inspired by the mutagenicity dataset [Srinivasan et al., 1996], which is a well-known ap-
plication of ILP.

Example 7.7 (FOIL) Rather than working with clauses as examples, FOIL requires that ex-
amples are true and false ground facts, and assumes that further information is given in the back-
ground theory, which FOIL restricts to a set of ground facts. e goal then is to induce a hy-
pothesis (a set of clauses) that covers all positive and none of the negative examples.
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Assume the following facts (describing part of molecule 225) are contained in the back-
ground theory. Let us call this set of facts B.

molecule.225/: bond.225; f1_1; f1_2; 7/:
logmutag.225; 0:64/: bond.225; f1_2; f1_3; 7/:
lumo.225;�1:785/: bond.225; f1_3; f1_4; 7/:
logp.225; 1:01/: bond.225; f1_4; f1_5; 7/:
nitro.225; Œf1_4; f1_8; f1_10; f1_9�/: bond.225; f1_5; f1_1; 7/:
atom.225; f1_1; c; 21; 0:187/: bond.225; f1_8; f1_9; 2/:
atom.225; f1_2; c; 21;�0:143/: bond.225; f1_8; f1_10; 2/:
atom.225; f1_3; c; 21;�0:143/: bond.225; f1_1; f1_11; 1/:
atom.225; f1_4; c; 21;�0:013/: bond.225; f1_11; f1_12; 2/:
atom.225; f1_5; o; 52;�0:043/: bond.225; f1_11; f1_13; 1/:
: : :

ring_size_5.225; Œf1_5; f1_1; f1_2; f1_3; f1_4�/:
hetero_aromatic_5_ring.225; Œf1_5; f1_1; f1_2; f1_3; f1_4�/:
: : :

Consider the positive example e D mutagenic.225/. Running the hill-climbing search through the
space of clauses ordered according generality described above, we may find that this example is
covered by the clause

mutagenic.M/ W� nitro.M;R1/; logp.M;C/;C > 1

as the above clause subsumes the clause e W� B that represents the example. In the ILP literature,
one would rather write that H [ B ˆ e. To see this, we unify mutagenic.225/ with the clause’s
head. is yields

mutagenic.225/ W� nitro.225;R1/; logp.225;C/;C > 1 :

Now, nitro.225;R1/ unifies with the fifth ground atom (left-hand side column) in B, and
logp.225;C/ with the fourth one. Because 1:01 > 1, we found a proof of mutagenic.225/. So,
H would be a valid hypothesis if the dataset contained only e.

In practice, many more examples would be given which the learned hypothesis should dis-
criminate. Assuming that the above clause does not cover any negative example, we remove all
positive examples covered by the clause (such as mutagenic.225/) and learn the next rule on the
remaining examples, and so on.
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C H A P T E R 8

Learning Probabilistic
Relational Models

So far, we have assumed that we were given a relational probabilistic model, i.e., both logical
structure and the parameters were assumed to be given. Usually, however, this assumption does
not hold and we have to construct the model. Doing this by hand is usually problematic as this
requires too much domain knowledge and it is often also unclear which values for the parameters
to chose. A more practical approach is to learn the model from data. at is, if we have access to
a set of examples, we can learn the model parameters for a fixed structure, or learn (some or) all
of the logical structure of the model in addition to the parameters.

is chapter briefly introduces the key issues and approaches for learning probabilistic re-
lational models.

8.1 LEARNING AS INFERENCE
If we have a relational probability model and condition on observations about some of the individ-
uals, we can learn about other individuals and about other properties of the observed individuals.
is learning is just a form of inference.

Example 8.1 Consider the model of Fig. 3.1, with appropriate probabilities, and conditioning
on the database of Fig. 1.2. In this case, we could learn that student S1 is intelligent and so course
C2 is difficult. Similarly we could learn that student S2 is not intelligent, and so course C3 is not
difficult. ese, in turn, provide information about the intelligence of students S3 and S4 as the
model conditioned on these observations would make different predictions about how S3 and S4
would do in course C4, even though they have exactly the same averages, the courses they took
have the same averages, and we have no observation on course C4.

is problem has been studied in terms of reference classes [Reichenbach, 1949], where the
use of the narrowest reference class for which there are adequate statistics has been advocated [Ky-
burg, 1983]. However, a simple variant of the above example shows why a narrow interpretation
of this does not work:

Example 8.2 Suppose we want to predict how Sam would do on a course she hasn’t taken, say
CS333. Here the narrowest reference class might mean to use the grade of Sam, the average grade
in the course CS333 or some mix of all reference classes. Suppose that the average grade of all
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students in all courses was 65, and that the average grade of Sam was 80 and the average grade
of CS333 was also 80. If we are to use only the range of statistics available, then we might be
tempted to predict somewhere between 65 and 80 as the grade of Sam. However, it is likely that
Sam will get a higher grade than 80; after all Sam is a well-above-average student and CS333
is an easy course.¹ Such reasoning requires going beyond the narrowest class of reference as we
show in this chapter.

Example 8.3 Inferring the posterior distribution of the � parameters of Fig. 3.3 conditioned on
the observations is a way of learning the parameters for a relational probabilistic model [Buntine,
1994, Jordan, 2010]. Unfortunately, inference for such models is very difficult.

8.2 THE LEARNING PROBLEM
A more common view on learning denotes the process by which one adapts (probabilistic, rela-
tional) models on the basis of data. When learning probabilistic relational models (as with the
more traditional probabilistic representations presented in the previous chapter), one typically
distinguishes parameter estimation from structure learning.

It will turn out that parameter estimation techniques for probabilistic relational models
are based on the same principles as those of learning propositional graphical models (cf. Sec-
tion 7.1), the key differences being that we need to tie the parameters together and take into
account aggregation and/or combination rules (cf. Section 4.7). Furthermore, structure learning
techniques have to search a space of parametrized logical formulae and are therefore very much
related to inductive logic programming (cf. Section 7.2). Because one also needs to estimate the
parameters when learning the structure of a probabilistic model, we will introduce parameter es-
timation before structure learning. But before doing so, we will first clearly define the data for
relational models. Here, it will turn out to be useful to distinguish different learning settings as
in inductive logic programming based on the type of data that is available. is will be akin the
differences between learning from interpretations for relational graphical models and learning
from entailment for probabilistic programs.

8.2.1 THE DATA USED
Different forms of data are used for learning. Which form of data to use depends on the relational
model and the application.

Data for Probabilistic Relational Models
An example or data case used for learning in a Bayesian network setting consists of the random
variables specified in the network and a possibly partial assignment of values to the variables, cf.
Example 7.1.
¹It could also be the case that the average for CS333 is high because CS333 is only taken by the top students. is issue is
discussed by Pearl [2009, Ch.6] in reference to Simpson’s paradox.
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Student Course Grade
s1 c1 a
s2 c1 c
s1 c2 b
s2 c3 b
s3 c2 b
s4 c3 b
: : : : : : : : :

Course Difficulty
c1 high
c2 low
c3 high
: : : : : :

Student Intelligence
s1 high
s2 low
: : : : : :

Figure 8.1: e dataset of Fig. 1.2 with observed properties.

For relational probabilistic models, such as PRMs [Getoor, 2001], BLPs [Kersting and De
Raedt, 2007], and Markov Logic, it is natural to work with examples in the form of (partial)
interpretations, which directly upgrades the Bayesian network setting illustrated in Example 7.1.
Indeed, the atoms in the interpretations specify the random variables, and their values specify the
state they are in. An example of this data would be a partial data base (as shown in Fig. 8.1). is
is reminiscent of the learning from interpretations setting of inductive logic programming.

Data for Probabilistic Programs
When considering probabilistic (logic) programs such as alarm and smokers used in Section 3.2.2
to introduce ProbLog, it is natural to focus on examples for a single predicate (such as alarm or
smokers) and to use the learning from entailment setting from inductive logic programming. In
this view, the examples correspond to facts such as smokes.sam/ and calls.jeff/. If the examples are
positive, they should be (probabilistically) entailed by the target program, if they are negative,
they should not be entailed (or otherwise have a very low probability). is setting has been used
in systems such as PRISM [Sato, 1995] and ProbLog [Fierens et al., 2015].

Learning from Interpretations or from Entailment
As already indicated in Section 7.2, learning from entailment and from interpretations are two
different settings. Learning from entailment fits in with the proof-theoretical view of logic, while
learning from intepretations with a model-theoretic one. e key difference between the two
settings is that in a (partial) interpretation all relations are equal as there is no distinguished
target predicate, while when learning from entailment (from facts or clauses), there typically
is a distinguished target predicate (corresponding to the head of the clause). When the target
predicate or fact is known, a partial interpretation I can be transformed into a clause target W
�I � ftargetg and one can learn from entailment.

In a graphical model context, one will almost always use partial interpretations, while in
inductive logic programming, the most popular setting is that of learning from entailment, which
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partially explains why initially the logic programming based systems used the learning entailment
setting.

8.3 PARAMETER LEARNING OF RELATIONAL MODELS
As for the propositional case, different techniques are used according to whether the data is fully
observable or not. Parameter learning methods assume that the underlying logical structure of
the model is fully known. e parameters (weights/probabilities) have to be estimated from the
data.

8.3.1 FULLY OBSERVABLE DATA
When all of the relations for a model are observed, we can estimate the parameters or conditional
probabilities by counting and/or by adapting supervised learning techniques [Sato and Kameya,
1997, Friedman et al., 1999, Kersting and Driessens, 2008, Natarajan et al., 2009, Jaeger, 2007].
Essentially these techniques correspond to computing the maximum likelihood estimates (MLE)
subject to the parameter tying constraints—where instances of the same variable inside the same
clause share the parameters.

Example 8.4 Consider learning the parameters of a model such as in Fig. 3.1 from a dataset
such as in Fig. 8.1, where all of the relations have been observed.

One issue that arises in relational domains is that we need to be clear about the meaning
of the probability of a grade in a course. ere seems to be two alternate readings.

• It means the probability that the student took the course and got the particular grade. In
this case, we need an extra value in the range of the grade variable representing the “did
not take” state. Now we can estimate, for example, the probability P.gr.S;C/ D a j i.S/ D
high; d.C/ D high/ as the proportion of a’s in the data:ˇ̌

fhs; ci W gr.s; c/ D a; i.s/ D high; d.c/ D highg
ˇ̌ˇ̌

fhs; ci W i.s/ D high; d.c/ D highg
ˇ̌ ;

where the sizes can include pseudo-counts to represent prior information, e.g., to carry out
Laplace smoothing [Gelman et al., 2004, p.36]. is formula will give a low probability for
each grade for the case where students only take a small proportion of the cases.

• It means the probability the student would get a grade if they took the course, i.e., what is
their expected grade if the student took the course. In this case, to estimate probabilities we
only use those pairs that have recorded grades. For example, we can estimate the probability
P.gr.S;C/ D a j i.S/ D high; d.C/ D high/ as:ˇ̌

fhs; ci W gr.s; c/ D a; i.s/ D high; d.c/ D highg
ˇ̌ˇ̌

fhs; ci W i.s/ D high; d.c/ D high; 9G gr.s; c/ D Gg
ˇ̌ :
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is estimate suffers from the missing data problem; it is unlikely that the data is missing
at random.

e example indicates also the difference between propositional and relational probabilistic mod-
els. If there is only a single course and student, there will only be a single < s; c > pair, then the
plates model corresponds to a propositional Bayesian network, and all the parameters provide in-
formation about this single student s and course c. If there are more courses c1; : : : ; ck and students
s1; : : : ; sn, then the (random) variables i.si/, respectively, d.cj/ and g.si; cj/ will share the same pa-
rameters (to exploit the symmetries between the students and between the courses), and so the
counts will have to sum also over the students si and courses cj. It is easy to generalize the MLE
derivation of Example 7.2 to formally show the that the empirical frequencies are the maximum
likelihood estimates.

Another possibility is to use supervised learning techniques (such as decision trees) to learn
richer representations of how a variable depends on its parents, cf. also Section 8.4.3.

8.3.2 PARTIALLY OBSERVED DATA
As mentioned in the previous chapter, in the presence of missing data, the maximum likelihood
estimate typically cannot be written in closed form. It is a numerical optimization problem, re-
quiring nonlinear optimization. e most commonly adapted technique, as with the propositional
case, for learning probabilistic relational models is the Expectation-Maximization (EM) algo-
rithm [Dempster et al., 1977, McLachlan and Krishnan, 1997] discussed in Section 7.1 although
gradient-based approaches have also been used, cf. [Domingos and Lowd, 2009, Kersting and
De Raedt, 2001, 2007, Natarajan et al., 2009].

Let us now discuss how EM has been applied within the various relational probabilistic
models. For the sake of simplicity, we will only state the key ideas and will not address any ad-
vanced issues such as efficiency concerns. We first discuss the knowledge-based model construc-
tion approaches, which extend graphical models with relations, and then probabilistic programs.

Relational Graphical Models
Parameter estimation for probabilistic rules [Koller and Pfeffer, 1997], probabilistic relational
models [Friedman et al., 1999, Getoor, 2001, Getoor et al., 2001a], and Bayesian logic pro-
grams [Kersting and De Raedt, 2001, 2007], as well as Markov logic networks [Domingos and
Lowd, 2009] all follow the same principle: the given data and the current model induce via
grounding a graphical model explaining each data case. en, the parameters of the induced
graphical model are estimated using standard parameter estimation methods, such as those dis-
cussed in Heckerman [1995], Koller and Friedman [2009] and the previous chapter. All nodes of
the graphical model, which do not occur in the evidence but are introduced by the program, are
not observed, i.e., they are assigned a question mark. us the evidence corresponds to a partial
joint state of the resulting graphical model. It is completed by the E-step using standard inference
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procedures (cf. Chapter 6) and it can be used to determine the distribution of the values for the
unobserved states.

To continue our illustration about grading, consider that we know gr.an; algorithms/ D a,
d.algorithms/ D high but do not know the values of i.an/ and gr.an; ai/. We can then compute
the distribution of

P.i.an/; gr.an; ai/jgr.an; algorithms/ D a; d.algorithms/ D high/

and complete the examples using the current estimates in the conditional probability distributions
of the model. e resulting values can then be used as weights on the completed examples and
used for counting. Once the counts are obtained, the M-step can compute the improved estimates
of the parameters in the conditional probability distributions. e difference with standard pa-
rameter estimation is that parameters for different nodes in the network—those corresponding to
different ground instances of the same template—are tied together, that is, forced to be identical.
is technique is akin to that in recurrent neural networks [Williams and Zipser, 1995] or dy-
namic Bayesian networks [Dean and Kanazawa, 1988]. However, it requires a unique assignment
of parent nodes to templates.

For directed relational models such as PRMs, aggregation functions guarantee this unique
assignment requirement as the aggregated examples constitute the states of the nodes in the in-
duced Bayesian network. Note that PRMs are inspired from the data base literature and hence
they employ the notion of aggregators. On the other hand, in case of the probabilistic logic models
like PLPs and BLPs, uniqueness is enforced by using decomposable combining rules [Koller and
Pfeffer, 1997, Kersting and De Raedt, 2001, Natarajan et al., 2009]. e effect of a decomposable
combining rule can be represented using extra nodes in the induced Bayesian network. Most com-
bining rules commonly employed in Bayesian networks such as noisy or, noisy and, mean, weighted
mean or linear regression are decomposable. Jaeger [2007] and Natarajan et al. [2009] adapted
and refined the EM approaches to different representations and combining rules. Natarajan et al.
[2009], in particular, presented the different update equations in the E and M steps when using
weighted mean, mean and noisy or combining rules.

Recently, Ahmadi et al. [2013] employed lifted belief propagation (covered in Chapter 6)
for parameter estimation. is is tricky as the symmetries within relational models can easily
break since variables become correlated by virtue of depending asymmetrically on evidence. An
appealing idea for such situations is to train and recombine local models. is breaks long-range
dependencies and allows to exploit lifting within and across the local training tasks. Moreover, as
Ahmadi et al. [2013] showed, it naturally paves the way for the scalable lifted training approaches
based on stochastic gradients, both in an online and a MapReduced fashion. Van Haaren et al.
[2015] showed how to exploit exact lifted inference when (structure) learning MLNs. Wang et al.
[2015] presented a fast and easily parallelized weight-learning algorithm for ProPPR based on
random walks.
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Probabilistic Programs
e above approaches were knowledge-based model construction approaches, which use the logic
as a template to induce a ground graphical model, a Bayesian, or Markov network, which can
then be used for defining the semantics for inference and for learning. On the other hand, when
considering probabilistic logic programs in ICL, PRISM, or ProbLog, the semantics is defined
more in logical terms, that is, in terms of model and proof theory, which can also be used as
the basis for inference. We have seen that there are at least two ways to exploit this. e first
was based on a reduction to weighted model counting (cf. Section 6.1.3), the second on the use
of probabilistic abduction (Section 3.2.2). In both cases, one obtained a logical formula f which
is then typically compiled into a logical form or circuit (such as an OBDD, a d-DNNF, or an
SDD) [Darwiche and Marquis, 2002, Fierens et al., 2015]. ese circuits play a similar role as
the grounded Bayesian and Markov network: they are used for efficient inference and learning.

e underlying learning algorithms and principles do not change. Both EM- and gradient-
based algorithms have been used for learning [Sato, 1995, Gutmann et al., 2008, Fierens et al.,
2015]. Some of these (such as PRISM and LeProbLog) have focused on learning from entail-
ment, i.e., the examples are grounded facts that are assumed to have been randomly generated
from the target program, others use the more traditional learning from interpretations setting.

For instance, the EM algorithm of PRISM [Kameya et al., 1999, Sato and Kameya, 2000,
Kameya and Sato, 2000, Sato and Kameya, 2001] will, given an example, compute the set S
of abductive hypotheses that entail the example from the possible proofs of the example. Such a
hypothesis is a set of facts that is sufficient for the example to be proven. erefore, each abductive
hypothesis constitutes a completion of the example and can be weighted with the probability that
it is true.

8.3.3 LEARNING WITH LATENT VARIABLES
In the extreme case, variables might not directly be observed but are rather inferred from other
other variables. Such latent (hidden or unobserved) variables provide often a more sophisticated
way to model relations.

Example 8.5 Consider the model of Fig. 3.1, but where the properties i.S/ and d.C/ are not
observed, but are latent variables. Obviously, when these are unobserved variables, it may not
be the intelligence of the students and the difficulty of the courses that are discovered by the
learning; a learner will discover whichever categorizations best predict the observations. Inducing
properties of individuals is equivalent to a (soft) clustering of the individuals. For example, if there
are three values for i.S/, assigning a value to i.S/ for each student S is equivalent to assigning S
to one of three clusters. e use of latent variables allows for much greater modeling than can be
done with reference classes [Chiang and Poole, 2011].

Although the difficulty of the courses and the intelligence of the students are a priori in-
dependent, they become dependent once some grades are observed. For example, if students s



112 8. LEARNING PROBABILISTIC RELATIONAL MODELS

and c have taken a course in common (and the difficulty of the course is not observed), i.s/ and
i.c/ are dependent, and if c and k have also taken another course in common, all three random
variables are interdependent. It is this interdependence that makes inference difficult for binary
observations [Jaeger and Van Den Broeck, 2012].

Some models can have many latent variables. For example, Koren et al. [2009] used hun-
dreds of latent properties for predicting Netflix movie ratings. Since inference (for computing
expected counts) is a key step in learning with latent variables, learning such models quickly be-
comes intractable.

8.4 STRUCTURE LEARNING OF PROBABILISTIC
RELATIONAL MODELS

Learning the structure, which can be seen as determining which parameterized factors to include
in a model, has also received considerable attention [Getoor et al., 2001a, Kok and Domingos,
2007, Mihalkova and Mooney, 2007, Domingos and Lowd, 2009]. e resulting learning ap-
proaches have been proven successful in many application domains as they can, e.g., employ auto-
correlation [Jensen and Neville, 2002] but they may also discover misleading correlations [Jensen
et al., 2003]. So far, there has been little theoretical analysis of statistical relational learning in
general. Dhurandhar and Dobra [2012] extended, e.g., Hoeffding bounds to the relational classi-
fication setting, whereas Xiang and Neville [2011] outlines conditions under which learning from
a single network will be asymptotically consistent and normal.

e task of structure learning aims at learning both the structure L and the parameters �
of the relational probabilistic model H D .L; �/ from data. Often, further information is given
as well. As in inductive logic programming, the additional knowledge can take various differ-
ent forms, including a language bias that imposes restrictions on the syntax of L, and an initial
hypothesis .L; �/ from which the learning process can start.

Learning the structure of probabilistic relational models requires a combination of tech-
niques from inductive logic programming for structuring the search with evaluation scores that are
based on graphical model learning techniques. Whereas ILP typically employs some 0 � 1 score
to evaluate hypotheses (e.g., the number of correctly covered examples), for learning probabilistic
relational models one typically employs some probabilistic score such as (pseudo) likelihood (the
likelihood of correctly covering the examples) with regularization to penalize complexity akin to
structure learning in probabilistic graphical models. For statistical relational learning, there are
essentially two issues:

1. defining what to optimize: use probabilistic scoring functions for assessing the quality of a
probabilistic relational structure; and

2. designing and algorithm to do the optimization: use refinement operators to traverse the
space of possible structures for the model.
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<{},{gr(S,C)},w>
Score = 100

<{},{gr(S,starAI101)},w>
Score = 80

<{},{gr(bob,StarAI101)},w>
                Score = 90

<{},{gr(bob,starAI101),(b0b)},w>
                Score = 95

<{},{gr(S,C), i(S)},w>
            Score = 110

<{},{i(S)},w>
       Score = 90

<{},{i(bob)},w>
Score = 30

<{},{gr(bob,C),i(bob))},w>
          Score = 55

Figure 8.2: Example of how relational structure learning proceeds as local search. Initially, the model
has a parameterized factor Gr.s; c/ and then local refinements are performed to compute the score of
each local refinement: parameterized random variables can be added to or deleted from the parameter-
ized factor; logical variables can be replaces by constants; constants can be variablized; parameterized
factor can be added to and deleted; and so on. en the highest scoring one is chosen and the search
continues after making that refinement.

8.4.1 A VANILLA STRUCTURE LEARNING APPROACH
With this in mind, the vanilla structure learning algorithm for probabilistic relational models
might be sketched as a greedy hill-climbing search algorithm along the lines of structure learning
algorithms for Bayesian networks sketched in Section 7.1.3. It is only that the refinements, see
Fig. 8.2, are now relational that are more on the style used by the clausal discovery algorithm in
Fig. 7.3.

Assuming at least one example, we take some initial model T0, (e.g., gr, i, and d are in-
dependent), as starting point and compute the parameters maximizing some score such as the
(pseudo) likelihood. en, we use the refinement operators to compute neighbors of T0. Just to
recall, a refinement operator takes the current model, makes small, syntactic modifications to it,
and returns a copy of the modified model. For Bayesian networks, typical refinements are adding,
deleting, or flipping single edges [Heckerman, 1995]. For relational models, we instead add or
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procedure SRL.D W (set of ) interpretations/:
H := initial non-empty set of probabilistic clauses
repeat until no improvement in score

select probabilistic clause c in H
select refinement d of c such that score H n fcg [ fdg > score H

H D H n fcg [ fdg
return H

Figure 8.3: A vanilla greedy SRL structure learning algorithm.

delete single literals to formulas, negate them, or instantiate or unify variables in them, cf. Fig. 8.2
and Section 7.2.2.

Example 8.6 For instance, we may hypothesize that the grade gr.S;C/ of student S in course C
depends on the intelligence i.S/ of the student S. is can be done by adding i.S/ to the param-
eterized factor defining gr.S;C/.

is essentially corresponds to adding multiple edges in the underlying ground graphical
model. Now, if the score for one of the neighbors, say H, is larger than the currently best model
Ti, we take H as new current best model TiC1 and iterate. e process is continued until no
further improvements in score are obtained, see, e.g., [De Raedt and Kersting, 2004, Kersting
and De Raedt, 2008, De Raedt and Kersting, 2010]. is algorithm is presented as a pseduocode
in Fig. 8.3.

As naively computing the score of each candidate Ti requires a parameter estimation
step, which may be expensive when the data is only partially observable, one has devised vari-
ations of the above structure learning algorithm. One more efficient approach is structural-EM
(SEM) [Friedman, 1998], which adapts the standard EM algorithm for structure learning. e
key idea is that the expected counts are not computed anew for every structure that is proposed,
but only after several iterations. is leads to improved efficiency.

By now, we are able to describe some of the key approaches to structure learning for rela-
tional probabilistic models.

8.4.2 PROBABILISTIC RELATIONAL MODELS
To arrive at a more detailed algorithm, the most important observation is that each of the rela-
tional graphical model formalisms employs a set of relational factors that act as a template for
grounding out the probabilistic relational model. Each of these relational factors can be viewed
as a clause on which the traditional refinement operators of inductive logic programming can be
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applied. Consider, for instance, the model in Fig. 3.1. It can be written as the rule

gr.S;C/  i.S/; d.C/

to which the standard ILP operators apply. Notice that gr.S;C/ would take the usual values (a, b,
...), and so the rule is a shorthand for a set of rules of the form gr.S;C/ D g i.S/ D int; d.C/ D
diff where g; int and diff are possible values for grade, intelligence and difficulty, cf. Kersting and
De Raedt [2007]. Notice also that each application of a refinement operator on this rule acts a
kind of macro at the level of the induced (ground) Bayesian network. Indeed, when a literal is
added to the template, this corresponds to adding multiple edges to the induced Bayesian network
on the data.

Now, depending on the formalism considered, different additional operations may be re-
quired or restrictions may need to be imposed.

Directed Probabilistic Logic Models
Relational upgrades of Bayesian networks such as PRMs, ICL, and BLPs have to ensure that upon
grounding an acyclic Bayesian network is obtained. erefore, as in Bayesian networks, special
care must be taken to guarantee acyclicity, which usually requires extra tests on the candidate
structures although some recent approaches try to avoid checking acyclicity, see, e.g., Schulte
et al. [2012].

Furthermore, formalisms such as BLPs and PRMs also use aggregation or combining rules,
which therefore must be taken into account by the refinement operators. For instance, PRMs
can be represented by clauses such as p.X/ W� �1.q.X;Y//; �2.r.X;Z//, where the �i denote dif-
ferent aggregate functions and where there is at most one clause defining a predicate (such as
p/1). Structure learning with probabilistic relational models now occurs by refining this type of
clauses [Friedman et al., 1999, Getoor et al., 2000, 2001b,a, Getoor, 2001]. Aggregated literals
such as �1.q.X;Y// can be added to or deleted from clauses. With BLPs, one does not have to
consider aggregators but the combining rules will be applied during parameter estimation which
is typically done via EM algorithm as explained in the previous section.

Markov Logic Networks
For Markov Logic, as one works directly with full clausal logic, the standard inductive logic pro-
gramming operators directly apply and there is no need to take into account acyclicity or com-
bining rules. e initial approach to learning MLN structure simply operated in two steps—the
first step was to use a ILP learner (the clausal discovery algorithm in Fig. 7.3) to learn a set of
clauses and then fit the weights using any weight learning algorithm. is method ignores the
interaction between the probabilistic and deterministic components of the model.

Consequently, there have been some advances to the vanilla learning approach for Markov
Logic. e earliest work in this direction was due to Kok and Domingos [2005] who searched
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over the space of clauses and learned the weights of these clauses before scoring the candidate
structure. ey empirically demonstrated superior performance over simply learning the rules in
one step and the weights in the next.

e same authors later developed a different approach [Kok and Domingos, 2009] to learn-
ing MLNs by viewing a given set of examples, i.e., a relational database, as a hypergraph. A hy-
pergraph is a straightforward generalization of a graph, in which an edge can link any number
of nodes, rather than just two. e constants appearing in an example are the nodes and ground
atoms are the hyperedges. Each hyperedge is labeled with the predicate symbol of the corre-
sponding ground atom. Nodes (constants) are linked by a hyperedge if and only if they appear
as arguments in the hyperedge. Any path of hyperedges can be generalized into conjunctions of
relational atoms by variablizing their arguments. ey used relational path finding [Richards and
Mooney, 1992] for learning MLNs by lifting these hypergraphs. Kok and Domingos [2010] ex-
tended this approach to start with a ground hypergraph and perform random walks to identify
groups of nodes that can be clustered together. e clustering continues until no two clusters are
similar in the hypergraph.

A similar bottom-up approach was earlier proposed by Mihalkova and Mooney [2007].
ey identify ground atoms that share a constant and variablize the constants that are shared
between ground clauses. e clauses are then constructed by combining the variablized nodes
of the hypergraph (again found using relational path finding). Each path is turned into a set of
conjunctions of atoms for which we estimate the weights. Van Haaren et al. [2015] showed how
to exploit exact lifted inference for learning the structure of MLNs. Recently, a boosted approach
to learning MLNs has been developed [Khot et al., 2011] and we cover this later in the chapter.

Probabilistic Programs
e problem of learning the structure of probabilistic logic programs differs from the frame-
works previously discussed in this section in that the learning problem need not be related to that
of learning graphical models, Section 7.2.5. However, when considering the learning from inter-
pretations setting, the same principles appply. For instance, Bellodi and Riguzzi [2015] proposed
recently to perform a beam search in the space of probabilistic clauses and a greedy search in the
space of theories using the log likelihood of the data as the guiding heuristics. Di Mauro et al.
[2015] considered learning the structure of a probabilistic logic program as a multi-armed bandit
problem. e resulting LEMUR approach relies on the Monte-Carlo tree search UCT algorithm
that combines the precision of tree search with the generality of random sampling.

On the other hand, learning from entailment imposes an additional requirement on the
induced programs. Basically, the examples then become ground that must be (probabilistically)
entailed by the target (probabilistic) logic program. More formally, when ommitting the param-
eters (and the probabilities) from the logic program, the resulting program H must entail each
of the examples e. Solving the general structure learning problem for probabilistic programs thus
involves applying a refinement operator at the theory level (i.e., considering multiple predicates)
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under entailment. is problem has been studied in inductive logic programming under the term
theory revision [Shapiro, 1983, De Raedt, 1992, Wrobel, 1996] and is known as a hard problem.
is may explain why this most general form of learning has not yet received a lot of attention
and why—to the best of our knowledge—there exist no structure learning algorithms for Sato’s
PRISM yet. So far, there have been approaches to learning a single predication only, both for
what concerns stochastic logic programs [Muggleton, 2002] (a formalism based on the probabil-
ity of proofs inspired by probabilistic grammars) and ProbLog [De Raedt et al., 2015]. e later
approach essentially upgrades the inductive logic programming problem to probabilistic program-
ming in that each example is given a target value and an adaptation of the standard rule learning
algorithm finds a set of ProbLog rules that tries to best approximate these target values.

8.4.3 BOOSTING
Another recent advancement is triggered by the insight that finding many rough rules of thumb of
how to change our probabilistic relational models locally can be a lot easier than finding a single,
highly accurate local model.

Consider for example relational dependency networks [Neville and Jensen, 2007]. Instead
of learning the conditional probability distribution associated with each predicate using relational
tree learning in single shot manner, one can represent it as a weighted sum of regression models
grown in a stage-wise optimization using gradient boosting [Natarajan et al., 2012b]. is cor-
responds to a functional gradient approach and was originally proposed for training conditional
random fields for labeling relational sequences [Gutmann and Kersting, 2006] and for learning
relational policies [Kersting and Driessens, 2008].

e key idea in this line of work is to represent each conditional distribution as a set of
relational regression trees (RRT) [Blockeel and De Raedt, 1998], see Fig. 8.4 for an example of
RRT. e goal is to predict if person A is advised by person B given the properties and relations
of people at a university. e second branch from the left states that if B is a professor, A is not a
professor, A has more than 1 publication, and has more than 1 common publication with B, then
the regression value is 0:05. ese regression values are then exponentiated and normalized.

To learn this set of RRTs for each conditional distribution, the learning approach was
adapted based on the gradient boosting technique and was called relational functional-gradient
boosting (RFGB) [Natarajan et al., 2012b, 2015]. Assume that the training examples are of the
form .xi; yi/ for i D 1; :::;N and yi 2 f1; :::;Kg. Let us use x to denote the set of non-target pred-
icates (features) and yi to denote the current target predicate. en the goal is to fit a model
P.yjx/ / e .y;x/. e key idea is to compute the gradient (weight) for each example separately and
fit a regression tree over all the weighted examples. is set of local gradients will approximate the
global gradient. e functional gradient of each example hxi; yii w.r.t likelihood ( .yi D 1Ixi/)
is

@ logP.yiIxi/

@ .yi D 1Ixi/
D I.yi D 1Ixi/ � P.yi D 1Ixi/; (8.1)
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Figure 8.4: (Left) Relational functional gradient boosting. is is similar to the standard gradient-
boosting where trees are induced in stage-wise manner. At every iteration, the gradients are computed
as the difference between observed and predicted probabilities of each example and a new regression
tree is fitted to these examples. (Right) Example of a relational regression tree. e goal is to predict
if a personA is advisedBy B (where A and B are logical variables). At each node a (set of ) predicate(s)
is evaluated. e leaves denote regression values that are exponentiated and normalized to obtain the
probabilities.

where I is the indicator function that is 1 if yi D 1 and 0 otherwise. e expression is simply the
adjustment required to match the predicted probability with the true label of the example. If the
example is positive and the predicted probability is less than 1, this gradient is positive indicating
that the predicted probability should move toward 1. Conversely, if the example is negative and
the predicted probability is greater than 0, the gradient is negative, driving the value the other
way. ey use RRTs to fit the gradient function for every training example.

Each RRT can be viewed as defining several new feature combinations, each corresponding
to one of the paths from the root to a leaf. e resulting potential functions from all these different
RRTs still have the form of a linear combination of features but the features can be quite complex.
is idea is illustrated in Fig. 8.4. e benefits of a boosted learning approach are manifold. First,
being a nonparametric approach the number of parameters grows with the number of training
episodes. In turn, interactions among random variables are introduced only as needed, so that the
potentially large search space is not explicitly considered. Second, such an algorithm is fast and
straightforward to implement. Existing off-the-shelf regression learners can be used to deal with
propositional, continuous, and relational domains in a unified way. ird, it learns the structure
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and parameters simultaneously, which is an attractive feature as learning probabilistic relational
models is computationally quite expensive. For an implementation as well ass further material on
how to use it, we refer to http://pages.cs.wisc.edu/~tushar/rdnboost/index.html.

While originally developed for relational dependency networks [Natarajan et al., 2012b],
this work was later extended to learningMLNs by simply optimizing the pseudo-likelihood [Khot
et al., 2011] and to learning both RDNs and MLNs in the presence of hidden data [Khot et al.,
2015a]. Based on Ravkic et al. [2015], who recently showed how to learn hybrid relational de-
pendency networks, this may also be extended to hybrid domains. Using the connection between
RDNs and MLNs, one could also learn MLNs by first learning a (parametrized ) Bayesian net-
work (BN) and then transform the Bayesian network to an MLN [Khosravi et al., 2012, Schulte
and Khosravi, 2012, Schulte et al., 2014].

8.5 BAYESIAN LEARNING
Whereas we can find the most likely model given the data [Sato and Kameya, 1997, Getoor et al.,
2001a] using the structure learning approach sketched above, we may also take a Bayesian per-
spective and average over all models. From a Bayesian point of view, learning is just a case of
inference: we condition on all of the observations (all of the data), and determine the posterior
distribution over some hypotheses or any query of interest. Starting from the work of Buntine
[1994], there has been considerable work in using relational models for Bayesian learning [Jor-
dan, 2010]. is work uses parameterized random variables (or the equivalent plates) and the
probabilistic parameters are real-valued random variables (perhaps parameterized). Dealing with
real-valued variables requires sophisticated reasoning techniques, often in terms of MCMC and
stochastic processes. Although these methods use relational probabilistic models for learning, the
representations learned are typically not relational probabilistic models although the approach is
also popular for learning functional probabilistic programs [Pfeffer, 2007, Goodman et al., 2008].
It is still an open challenge to bring these two threads together, mainly because of the difficulty
of inference in these complex models.

One challenge of learning is that we may want an agent to learn general hypotheses before
it knows the individuals it will encounter, and so before the agent knows the random variables.
When the agent encounters and observes the new individuals, it can learn about these individuals
(as in Section 8.1).

http://pages.cs.wisc.edu/~tushar/rdnboost/index.html
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C H A P T E R 9

Beyond Basic Probabilistic
Inference and Learning

So far, we have shown how to combine logic and probabilities for standard inference tasks such
as computing marginals, MAP, and learning the structure of relational probabilistic models. In
many real-world applications, however, the problem formulation does not fall neatly into the
pure probabilistic inference case. e problem may for example have a combinatorial component,
hence, taking it outside the scope of standard inference tasks.

As we will illustrate now, many—if not all—ideas and concepts underlying StarAI go be-
yond standard inference tasks and actually cover major parts of the AI spectrum.

9.1 LIFTED SATISFIABILITY
Our first illustration is the classical Boolean satisfiability (SAT) problem itself already consid-
ered in Chapter 5. To recap, SAT consists of a formula F representing a set of constraints over n
Boolean variables, which must be set so as to satisfy all constraints. It is one of the most—if not
the most—studied problem in computer science and AI, and other NP-complete problems can
be reduced to it and, hence, “compilation to SAT” is a powerful paradigm for solving computer
science and AI problems and has applications in several important areas such as automated de-
duction, cryptanalysis, machine learning, modeling biological networks, hardware and software
verification, and planning, among others.

In turns out that message-passing algorithm for solving SAT auch as namely warning
propagation (WP) and survey propagation (SP) [Mézard et al., 2002], can be viewed as a
form of belief propagation [Braunstein and Zecchina, 2004] and, hence, are amenable to lifting,
too. e basic step is to view a Boolean formula given in Conjunctive Normal Form (CNF)—a
conjunction of Boolean literals—as factor graph.

Example 9.1 Consider the following CNF, consisting of three variables, three clauses, and seven
literals: .x1 _ :x2/ ^ .:x1 _ x2/ ^ .x1 _ x2 _ x3/ : Every CNF can be represented as a factor
graph [Kschischang et al., 2001]. is is illustrated in Fig. 9.1 (left) where we use a dashed line
between a variable and clause whenever the variable appears negated in a clause, i.e., si;j D �1,
otherwise a full line.

Now, we run color-passing—as introduced in Chapter 6 for lifting BP—to compute a
lifted CNF factor graph and then run a modified warning propagation resp. survey propagation
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Figure 9.1: (Left) e CNF .x1 _ :x2/ ^ .:x1 _ x2/ ^ .x1 _ x2 _ x3/ represented as factor graph.
Circles denote variables nodes and squares factors. A dashed line indicates that the variable appears
negated in a clause; otherwise we use a full line. (Right) e lifted CNF factor graph resulting from
runnning color-refinement.

on the lifted graph. e lifted messages for WP and SP are a little bit involved and to not add to
the understanding of lifted inference. Consequently, we refer the reader to Hadiji et al. [2010].
e experimental results in Hadiji et al. [2010] show that lifted warning propagation and survey
propagation can sent significantly less many messages as their propositional counterparts.

9.2 ACTING IN NOISY RELATIONAL WORLDS
Many real-world problems can be cast as sequential decision making under uncertainty. Consider
a simple example in a logistics domain where an agent delivers boxes. e agent can take three
types of actions: to load a box on a truck, to unload a box from a truck, and to drive a truck to
a city. However, the effects of actions may not be perfectly predictable. For example, its gripper
may be slippery so load actions may not succeed, or its navigation module may not be reliable
and it may end up in a wrong location. is uncertainty compounds the already complex problem
of acting optimally, i.e., of planning a course of action to achieve some goals or to maximize
rewards.

Markov decision processes (MDPs) [Bellman, 1957] model an agent interacting with the
world and have become the standard model for sequential decision making under uncertainty. e
agent can fully observe the state of the world and takes actions so as to change the state. In doing
that, the agent tries to optimize a measure of the long term reward it can obtain by taking actions.
e classical representation and algorithms for MDPs [Puterman, 1994], however, require the
enumeration of the state space. Assume, e.g., that there are four trucks, three boxes, and the goal
is to have a box in Paris, but it does not matter which box is in Paris. We need to encode every
possible instantiation of the relations in the domain, e.g., “Box1 in Paris,” “Box 2 in Paris,” “Box 1
on Truck 1,” “Box 2 on Truck 1,” and so on, to form the state-space, and the action space expands
in the same way. e goal becomes a disjunction over different instances stating “Box 1 in Paris
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_ Box 2 in Paris _ Box 3 in Paris _ Box 4 in Paris.” us, although arguably a simple instance,
we get already a rather large representation. More importantly, we lose the structure implicit in
the relations. Each instance is composed of these same basic building blocks, but they differ in
terms of where the trucks are, whether a box is on a truck or not, etc. We would like the agent
to make use of this structure in terms of computing plans that apply across multiple scenarios.
is is the main motivation behind relational or first-order logical MDPs. ey describe domain
objects and relations among them, and can use quantification in specifying objectives.

ere is actually a large body of work on relational representations of stochastic actions
and noisy sensing. e initial work in this area was on representations, in terms of the event
calculus [Poole, 1997] or the situation calculus [Poole, 1998, Bacchus et al., 1999]. Later work
has concentrated on how to do planning with such representations either for the fully observ-
able case [Boutilier et al., 2001, Kersting et al., 2004, Sanner and Boutilier, 2009, Wang et al.,
2008, Van den Broeck et al., 2010] or the partially observable case [Wang and Khardon, 2010,
Sanner and Kersting, 2010b] at a lifted level. In essence, they run symbolic dynamic program-
ming (SDP)—a generalization of the dynamic programming technique for solving propositional
Markov decision processes, see, e.g., Bellman [1957]—exploiting the symbolic structure in the
solution of relational and first-order logical Markov decision processes through a lifted version
of dynamic programming [Sanner and Kersting, 2010a].

SDP constructs a minimal logical partition of the state space required to make the dis-
tinctions necessary to give current and future rewards for various lookaheads. To give a flavor,
reconsider the logistics domain.

Example 9.2 We receive a reward of 10 if a box B is in Paris and otherwise 0:

10:0 W 9B boxIn.B; paris/;

where B is a logical variable. is says that we receive the rewards whenever there is at least one
box in Paris. If there are more than one box in Paris, we still get only a reward of 10.

e actions the agent can perform include load, unload, and drive. To encode them, one can
use probabilistic STRIPS-like planning operators [Fikes and Nilsson, 1971, Pasula et al., 2007]

Example 9.3 For instance, the action to unload a box B from a truck T in city C can be defined
as:

8B;T;C unload.B;T;C/ WW boxOn.B;T/ ^ truckIn.T;C/!
0:9 W boxIn.B;C/ ^ :boxOn.B;T/
0:1 W boxOn.B;T/ ^ truckIn.T;C/

where the signs of the literals denote the add and delete effects of the actions. e add effects
describe what is added to the world as an effect of the action, delete effects what is deleted from the
world. So with the unload action above, when there is a truck T in a city B and there is a box B on



126 9. BEYOND BASIC PROBABILISTIC INFERENCE AND LEARNING

T, then unloadingB succeeds with probability 0:9 and we add boxIn.B;C/ and delete boxOn.B;T/
to the world. With probability 0:1 the action fails and we change nothing. Or in a more concrete
situation, if there is a box box1 on a truck truck1 in a city paris, then with probability 0:9 we
remove boxOn.box1; truck1/ from the current state and add boxIn.box1; paris/ when performing
action unload.box1; truck1; paris/.

Now the domain dynamics and rewards are described compactly and abstractly using the
relational notation. In turn, the agent can compute a logically parametrized plan that can be
applied to any situation. For instance, it is possible to infer that in order to get box B to be in city
C, the agent drives a truck T to B, loads B onto T, drives T to c, and finally unloads B.

is compact and abstract policy is computed by regression. In our running example, let
Value.t/ be the t stages-to-go value function (i.e., is the discounted reward obtained in the next
t time steps). Intuitively, the value function of a policy encodes the expected sum of discounted
rewards accumulated while executing that policy when starting from state s [Bellman, 1957]. Of
course, Value.0/ is the immediate reward as defined above. Now, we regress all preceding states
from all states in Value.0/ for all actions. For example, the outcome of a succeeding unload action
can lead to the goal state from any state where

9B;T truckIn.T; paris/ ^ boxOn.B;T/ ^ :boxIn.B; paris/ :

is is computed by matching the outcome in all possible ways with a state in the current value
function. In the failing case of the unload action, we are not reaching the goal state, that is, we
have to treat

9 B;T :
�

truckIn.T; paris/ ^ boxOn.B;T/
�
^ :boxIn.B; paris/

separately. Now, we compute the expected rewards of the outcomes and combine them into a
value function.

Example 9.4 e one stage-to-go value function for the goal 9B boxIn.B; paris/ is:

Value.1/ � 19 W 9 B boxIn.B; paris/
9 W 9 B;T truckIn.T; paris/ ^ boxOn.B;T/ ^ :boxIn.B; paris/
0 W 8 B;T :

�
truckIn.T; paris/ ^ boxOn.B;T/

�
^ :boxIn.B; paris/ :

As one can see, the first logical partition is just the reward partition. e second checks whether
there is a loaded truck T in paris. If so, we can unload the box B and fall back into the first
partition. Otherwise, we do not receive any reward as we cannot reach the goal in one step.

While the technical details of this are beyond the scope of the book, one should note that
the operations are exactly the lifted versions of the traditional dynamic programming solution to
Markov decision processes and are called first-order decision-theoretic regression and symbolic
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maximization [Sanner and Boutilier, 2007, 2009]. After sufficient iterations, the t-stages-to-go
value function converges.

e two stages-to-go value function for the goal 9B boxIn.B; paris/ can be computed to be:

Value.2/ � 27:1 W 9 B boxIn.B; paris/
17:1 W 9 B;T truckIn.T; paris/ ^ boxOn.B;T/ ^ :boxIn.B; paris/
8:1 W 9 B;C;T boxOn.B;T/ ^ truckIn.T;C/^

:

�
truckIn.T; paris/ ^ boxOn.B;T/

�
^ :boxIn.B; paris/

0 W 8 B;C;T :
�

boxOn.B;T/ ^ truckIn.T;C/
�
^

:
�
truckIn.T; paris/ ^ boxOn.B;T/

�
^ :boxIn.B; paris/ :

While the exact representation and SDP solution differ among the variant formalisms,
they all share the same basic logical representation of rewards, probabilities, and values: the state
and action abstraction in the value and policy representation are afforded by the first-order spec-
ification and solution of the problem. at is, this solution does not refer to any specific set of
domain individuals such as truck1; truck2; box1; : : :, but rather it provides a lifted solution using
placeholders such as B and T where possible. While classical dynamic programming techniques,
which enumerate all states and actions, could never solve these problems for large domain in-
stantiations, the lifted solution is quite simple due to the power of logic, i.e., state and action
abstraction.

Since the basic symbolic dynamic programming approach, a variety of exact algorithms have
been introduced to solve MDPs with relational (RMDP) and first-order (FOMDP) structure.
Examples are first-order value iteration (FOVIA) [Hölldobler and Skvortsova, 2004, Karabaev and
Skvortsova, 2005] and the relational Bellman algorithm (ReBel) [Kersting et al., 2004]. ey are
value iteration algorithms for solving RMDPs. In addition, first-order decision diagrams (FODDs)
have been introduced to compactly represent case statements and to permit efficient application
of symbolic dynamic programming operations to solve RMDPs via value iteration and policy
iteration [Wang et al., 2008]. All of these algorithms have some form of guarantee on conver-
gence to the (�-)optimal value function or policy. Furthermore, a class of linear-value approxima-
tion algorithms have been introduced to approximate the value function as a linear combination
of weighted basis functions. First-order approximate linear programming (FOALP) [Sanner and
Boutilier, 2009] directly approximates the FOMDP value function using a linear program. Other
heuristic solutions for instance induce rule-based policies from sampled experience in small-
domain instantiations of RMDPs and generalize these policies to larger domains [Fern et al.,
2003]. In a similar vein, Gretton and iebaux [2004] used the action regression operator in
the situation calculus to provide the first-order hypothesis space for an inductive policy learning
algorithm. Recently, Lang and Toussaint [2009] and Joshi et al. [2010] showed that successful
planning typically involves only a small subset of relevant individuals (or states) and how to make
use of this fact to speed up symbolic dynamic programming significantly. Powell [2010] described
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a framework for reasoning in such domains by counting over the number of individuals. Van den
Broeck et al. [2010] showed how to use probabilistic programming for making decisions and
Nitti et al. [2015] extended this to planning in hybrid MDPs. Recently, Hescott and Khardon
[2014] started to investigate the complexity of manipulating some of the data structures used for
symbolic dynamic programming.

In general, solvers for relationalMDPs have been successfully applied in decision-theoretic
planning domains such as BlocksWorld, BoxWorld, ZenoWorld, Elevators, Drive, PitchCatch,
and Schedule as typically used within the International Planning Competition, see, e.g., Fern
et al. [2006], Sanner and Boutilier [2009]. e FOALP system [Sanner and Boutilier, 2009] was
runner-up at the probabilistic track of the 5th International Planning Competition (IPC-6). Re-
lated techniques have been used to solve path planning problems within robotics and instances of
real-time strategy games, Tetris, and Digger [Driessens and Dzeroski, 2002, Lang and Toussaint,
2010, Sarjant et al., 2011, Lang et al., 2012].

In many situations, however, the agent does not have knowledge about the underlying (re-
lational) (PO)MDP given. In turn, the agent has to learn what to do through trial-and-error
interactions with an uncertain, relational environment. is is called relational reinforcement
learning [Dzeroski et al., 2001, Tadepalli et al., 2004, van Otterlo, 2009]. To deal with the obvi-
ous “curse of dimensionality” encountered—there are simply too many potential states—a num-
ber of model-free [Dzeroski et al., 2001, Driessens and Ramon, 2003, Driessens et al., 2006,
Driessens and Dzeroski, 2005, Ramon et al., 2007, Kersting and Driessens, 2008] as well as
model-based [Pasula et al., 2007, Lang and Toussaint, 2010, Lang et al., 2012] relational rein-
forcement learning approaches have been developed.e core idea is to lift classical reinforcement
learning approaches by using relational machine learning techniques that can abstract from indi-
viduals using logical queries. Relational learners such as relational regression trees, graph kernels,
relational gradient boosting, and inductive logic programming methods are used either to learn
relational value functions, relational policies, or even R(PO)MDPs.

For instance, we may follow the boosting idea already discussed for learning relational
probabilistic models. Triggered by the idea that finding many rough rules of thumb of how to
change the way to act can be a lot easier than finding a single, highly accurate policy, one can rep-
resent a policy—mapping relational states to actions—as a weighted sum of relational regression
trees grown in an stage-wise optimization in order to maximize the expected return [Kersting
and Driessens, 2008]. Each regression tree can be viewed as defining several new feature com-
binations, one corresponding to each path in the tree from the root to a leaf. However, rather
than using attribute-value or threshold tests in an inner node of the tree, a relational regression
tree employs logical queries such as boxIn.B;C/. is way, interactions among (sets of ) states and
actions are introduced only as needed, so that the potentially infinite search space is not explicitly
considered.

A key insight for relational reinforcement learning is that the inherent generalization of
learnt knowledge in the relational representation has profound implications on the exploration
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strategy: what in a propositional setting would be considered a novel situation and worth explo-
ration may in the relational setting be an instance of a well-known context in which exploitation
is promising [Lang et al., 2010].

Example 9.5 Consider household robots, which just need to be taken out of their shipping
boxes, turned on, and then do some cleaning work. is “robot-out-of-the-box” has inspired re-
search in robotics as well as in machine learning and artificial intelligence. Without a compact
knowledge representation that supports abstraction by logical placeholders, and generalization
of previous experiences to the current state and potential future states, however, it seems to be
difficult—if not hopeless—to explore a new home in reasonable time. ere are simply too many
individuals (items/objects) a household robotmay deal with such as doors, plates, boxes andwater-
taps. With a relational model at hand, however, the robot can learn about how doors work, how
taps work, and how to wash dishes, even before it is delivered, and can then observe the particular
individuals (items/objects) in the house, and continue learning. After having opened one or two
water taps in the kitchen of the new owners, e.g., to fill the sink with water, the household robot
can expect other water-taps to behave similarly. us, the priority for exploring water-taps in
kitchens in general should be reduced and not just the one for those ones that were tested. More-
over, our information gathered about these water-taps should potentially transfer to water-taps
in laundries, since we have also learned something about water tapes in general. Without exten-
sive feature engineering this would be difficult—if not impossible—in a propositional setting. We
would simply encounter a new and therefore unexplored situation.

9.3 RELATIONAL OPTIMIZATION
e use of weighted model counting for probabilistic inference, lifted SAT as well as the linear
programming approach for acting optimally in relational worlds by Sanner and Boutilier [2009]
suggest that instead of looking at AI through the glasses of probabilities over possible worlds, we
may also approach it using optimization. at is, we have a preference relation, i.e., some objective
function over possible worlds, and we want a best possible world according to the preference.
Consider for example a typical data analyst solving amachine learning problem for a given dataset.
She selects a model for the underlying phenomenon to be learned (choosing a learning bias),
formats the raw data according to the chosen model, tunes the model parameters by minimizing
some objective function induced by the data and the model assumptions, and may iterate the last
step as part of model selection and validation.

is is an instance of the declarative “Model + Solver” paradigm that was and is prevalent in
AI [Geffner, 2014], natural language processing [Rush and Collins, 2012], machine learning [Sra
et al., 2011], data mining [Guns et al., 2011], and some of the inference techniques we outlined
earlier.

Instead of outlining how a solution should be computed, we specify what the problem
is in terms of some high-level modeling language and solve it using general solvers.
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In particular, NLP applications witnesses a growing need for relational mathematical modeling
languages [Riedel and Clarke, 2006, Yih and Roth, 2007, Clarke and Lapata, 2008, Martins
et al., 2009, Riedel et al., 2012, Cheng and Roth, 2013, Kordjamshidi et al., 2015]

As an didactic example for illustration only, consider the maximum flow problem.

Example 9.6 e maximum flow problem involves finding a feasible flow through a single-
source, single-sink flow network that is maximal [Ahuja et al., 1993]. at is, given a finite di-
rected graph G.V;E/ in which every edge .u; v/ 2 E has a non-negative capacity c.u; v/, and two
vertices s and t called source and target, our goal is to maximize the flow

P
v2V=fs;vg f.s; v/. In order

to be a valid flow, f must be subjected to the following constraints:

f.u; v/ � c.u; v/; f.u; v/ � 0; and
X

w2V=fs;tg
f.u;w/ D

X
w2V=fs;tg

f.w; u/ :

e latter constraint asserts that the incoming flow equals the outgoing flow for internal vertices,
that is, no “goods” are created or destroyed in nodes that are not the source or the sink. Since the
objective and the constraints are all linear, this is a linear program (LP) [Bertsimas and Tsitsiklis,
1997], and to build it for a given network, we first introduce variables to represent flow over each
edge of the network. en, we formulate the capacity constraints and conservation constraints
depending on the network structure. Finally, the objective function of the LP is the value of the
total flow in the network.

As one can see, the general definition of the flow LP can be separated from the specification
of the network at hand and, in turn, be applied to different networks. Very much like for relational
probabilistic models, it is therefore sensible to encode LPs relationally [Kersting et al., 2015].
For an implementation as well as further material on how to use the resulting relational linear
programs, we refer to http://www-ai.cs.uni-dortmund.de/weblab/static/RLP/html/i
ndex.html.

A relational linear program for the flow problem is shown in Fig. 9.2. It directly codes
the flow constraints, concisely captures the essence of flow problems, and illustrates nicely that
linear programming can be considered to be highly relational in nature. To do so, we intuitively
follow the idea of par-factors already used to specify relational probabilistic models. Specifically,
LP predicates such as flow/2 and LP atoms define logically parametrized LP variables and
parameters here the flows between nodes. e range of LP predicates are the real numbers; for
instance the specific flow between node f and t could take the value 3:7, i.e., flow(f, t) = 3.7.
Additionally, they can be subject to optimization:

1 # declarations of LP predicates
2 var flow/2, outflow/1, inflow/1;

denotes values to be determined by the LP solver. To encode the objective (line 4) and the con-
straints (lines 5–17) of the flow problem, we use logically parameterized algebraic expressions,
or par-expressions in short. Instead of logical operators we use arithmetic aggregators (indexed
over logical queries) and arithmetic operators. In our flow running example, the objective reads

http://www-ai.cs.uni-dortmund.de/weblab/static/RLP/html/index.html
http://www-ai.cs.uni-dortmund.de/weblab/static/RLP/html/index.html
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1 # declarations of LP predicates
2 var flow/2, outflow/1, inflow/1;
3 #objective
4 maximize: sum {X in source(X)} {outflow(X)};
5 #auxiliar variables capturing the outflow of nodes
6 subject to forall{X in vertex(X)}:
7 {outflow(X) = sum {Y in edge(X,Y)} {flow(X,Y)} };
8 #auxiliar variables capturing the inflow of nodes
9 subject to forall{Y in vertex(Y)}:

10 {inflow(Y) = sum {X in edge(X,Y)} {flow(X,Y)} };
11 #conservation of flow
12 subject to forall{X in vertex(X), not source(X), not sink(X)} :
13 {outflow(X) - inflow(X) = 0};
14 #capacity bound
15 subject to forall {X,Y in edge(X,Y)} : {cap(X,Y) - flow(X,Y) >= 0};
16 #no negative flows
17 subject to forall {X,Y in edge(X,Y)} : {flow(X,Y) >= 0};

Figure9.2: Relational linear program encoding themaximal flow problem. For details we refer to Ker-
sting et al. [2015].

3 #objective
4 maximize: sum {X in source(X)} outflow(X);

is says that we want to maximize the outflows for all source nodes. e constraints for the
auxiliary LP predicate outflow/2 is

5 #auxiliar variables capturing the outflow of nodes
6 subject to forall{X in vertex(X)}:
7 {outflow(X) = sum {Y in edge(X,Y)} {flow(X,Y)} };

Since the logical variable Y is bound by the summation for outflow/1 and the logical variable X
by the all-quantification, this says that there will be one equality expression as constraint per node
summing over all flows of the outgoing edges. Likewise, we can define the auxiliary LP predicate
inflow/2 summing over all ingoing edges:

8 #auxiliar variables capturing the inflow of nodes
9 subject to forall{Y in vertex(Y)}:

10 {inflow(Y) = sum {X in edge(X,Y)} {flow(X,Y)} };

e remaining constraints are defined in a similar fashion:
10 #conservation of flow
11 subject to forall{X in vertex(X), not source(X), not sink(X)} :
12 {outflow(X) - inflow(X) = 0};
13 #capacity bound
14 subject to forall {X,Y in edge(X,Y)} : {cap(X,Y) - flow(X,Y) >= 0};
15 #no negative flows
16 subject to forall {X,Y in edge(X,Y)} : {flow(X,Y) >= 0};

Indeed, several predicates such as vertex/1 and source/1 are not defined in the relational flow
LP. In such cases, we assume the predicate to be defined in a logical knowledge base:
cap(s,a) = 4. cap(s,b) = 2. cap(a,c) = 3. cap(b,c) = 2.
cap(b,d) = 3. cap(c,b) = 1. cap(b,t) = 2. cap(d,t) = 4.
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Figure 9.3: A graph for a particular instance of the flow problem. e node s denotes the source, and
t the target. e numbers associated with the edges are the flow capacities.

edge(X,Y) :- cap(X,Y).

vertex(X) :- edge(X,_).
vertex(X) :- edge(_,X).

source(s).
target(t).

where cap(s, a) = 4 (defining the maximum amount of flow that can pass through the
edge) is short-hand notation for cap(s,a,4) and cap(X, Y) for cap(X,Y,_), where we use
an anonymized variable‘_’.

Together with the logical knowledge base, the relational LP can be shown to induce an LP
as long as the logical querie produces finite answer sets using the standard grounding techniques.
is LP in turn can be solved using any existing LP solver. In our flow example, the resulting LP
looks as follows (for the sake of readability, only some of the groundings are shown):
maximize: flow(s,a) + flow(s,b);
subject to outflow(a) = flow(a,c);
subject to outflow(b) = flow(b,c)+flow(b,d);
...
subject to inflow(a) = flow(s,a);
subject to inflow(b) = flow(s,b)+ flow(c,b);
...
subject to outflow(a) - inflow(a) = 0;
...
subject to 4 - flow(s, a) >= 0;
subject to 2 - flow(s, c) >= 0;
...
subject to flow(s, a) >= 0;
...

us, it is sufficient to change the LogKB—e.g., we may encode a different network with differ-
ent capacity values—to induce different flow LPs; we do not have to touch the “LP logic” any-
more. In turn, relational mathematical programming—actually nothing prevents us from spec-
ifying quadratic or other mathematical programs in the same fashion—allows a more intuitive
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Figure 9.4: Construction of the coefficient graph GL of the linear program L in the top panel. On the
left-hand side, the coloring of the LP is shown. is turns into the colored coefficient graph shown
on the right-hand side.

representation of optimization problems over relational domains where we have to reason about
a varying number of objects and relations among them, without enumerating them.

Moreover, as shown in Kersting et al. [2015], linear programs can also be lifted, i.e., com-
pressed using color refinement, as already discussed in Chapter 6. We will not go into the math-
ematical details of lifted linear programming but just present the the graphical representation
GL of the linear program L D .A; b; c/, called the coefficient graph of L, on which one runs color
refinement.

To construct the coefficient graph GL, we add a vertex to GL for every of the m constraints
and n variables in the linear program L. en, we connect a constraint vertex i and variable
vertex j if and only if Aij ¤ 0. Furthermore, we assign colors to the edges fi; jg in such a way
that color.fi; jg/ D color.fu; vg/ ” Aij D Auv. Finally, to ensure that c and b are preserved by
any automorphism we find, we color the vertices in a similar manner, i.e., for row vertices i; j
color.i/ D color.j/ ” bi D bj and color.u/ D color.v/ ” cu D cv for column vertices. We
must also choose the colors in a way that no pair of row and column vertices share the same
color; this is always possible. One can verify that an coloring of GL yields coloring of L. From the
complexity of color refinement and the fact that our graphical construction grows only linearly
with the size of the LP, it follows that LPs can be lifted, i.e., compressed in quasilinear time in
terms of the number of variables and constraints.
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Several experimental results have demonstrated empirically that color refinement can in-
deed greatly reduce the cost of solving linear programs, see, e.g., Mladenov et al. [2012], Kersting
et al. [2015], Grohe et al. [2014], and variants have been explored in several ways for lifted infer-
ence approaches for (relational) graphical models [Bui et al., 2013, Noessner et al., 2013, Mlade-
nov et al., 2014b,a, Apsel et al., 2014, Mladenov and Kersting, 2015]. Very recently, Lu and
Boutilier [2015] presented a value-directed compression technique for propositional assignment
LPs. ey dynamically segment the individuals into blocks using a form of column generation,
constructing groups of individuals who can provably be treated identically in the optimal assign-
ment solution.
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C H A P T E R 10

Conclusions
Real agents need to deal with uncertainty and reason about individuals and relations. ey need to
learn how the world works before they have encountered all the individuals they need to reason
about. If we accept these premises, then we need to get serious about relational (probabilistic)
models.

is book has provided an introduction and overview of this new and exciting area that is
known as statistical relational AI. It combines principles of statistical and logical AI into a co-
herent whole. e representations were reviewed starting from a logically parametrized perspec-
tive. is turned out to be quite useful as it provides a unifying scheme to talk about relational
models. e techniques of statistical relational learning were analyzed starting from a logical (or
inductive logic programming) perspective. is turned out to be quite useful for obtaining an ap-
preciation of the differences and similarities among the various frameworks and formalisms. In
particular, the distinction between a model- and a proof-theoretic view was used for clarifying
the relation among the logical upgrades of graphical models such as MLNs and grammars such
as ProbLog. is distinction turned out to be useful for obtaining an appreciation of the differ-
ences and similarities among the different learning approaches. e dominating learning setting
considers (probabilistic) interpretations as data but there are cases where learning from entail-
ment and from traces are more appropriate. Furthermore, principles of both statistical learning
and inductive logic programming are employed for learning the parameters and structure of the
relational probabilistic models. Finally, it was illustrated that statistical relational approaches go
beyond probabilities and actually cover the whole AI spectrum.

While there have been considerable advances in the last two decades, there are more than
enough problems to go around to establish what has come to be called statistical relational AI.
Some of the most important ones include the following.

• Dynamics: An important class of problems for which graphical models have been very suc-
cessful concerns dealing with temporal or sequential information, cf. the use of Hidden
Markov Models, Conditional Random Fields and Dynamic Bayesian networks in domains
such as bio-informatics, speech processing, natural language processing and robotics. While
there has been somework on extending probabilistic graphical models for dealing with time,
e.g., Manfredotti [2009], on et al. [2011], Cattelani et al. [2014], Nitti et al. [2014], we
are still far away from a common use of these methods. One of the reasons is that relational
states typically evolve over time, making it hard to do inference.
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• Relational probabilistic modeling is not an easy task and raises several novel issues when it
comes to knowledge representation. What assumptions are we making? Why should we
choose one representation over another? We may learn a model for some population size(s),
and want to apply it to other population sizes. We want to make modeling assumptions
explicit and know the consequences of these assumptions. If one model fits some data, it is
important to understand why it fits the data better. Kazemi et al. [2014] provided answers
to these questions for the case of the logistic regression model but other probabilistic models
should be explored since determining which models to use is more than fitting the models
to data; we need to understand what we are representing.

• Decision-theory and planning are popular in the machine learnig and uncertainty in artifi-
cial intelligence communities. While there have been initial attempts, some of which have
been sketched in the previous chapter, to obtain decision theoretic statistical relational AI
systems, it is still hard to use these systems in practice.

• Continuous distributions: is book (as statistical relational AI) has focused on the model-
ing of discrete probability distributions, but many applications in robotics, vision or speech
recognition, require the use of continuous probability distributions. While such distribu-
tions are common in contemporary probabilistic programming languages such as Church
[Goodman et al., 2008] and BLOG [Milch et al., 2005], they do require approximate infer-
ence techniques based on sampling. To illustrate the idea, consider the distributional clause
extension of ProbLog [Gutmann et al., 2011, Nitti et al., 2014] in which one can write
expressions such as h � D b1; : : : ; bn which states that whenever .b1; : : : ; bn/� holds the
variable h� will be distributed according to D� . One can then also use the values of the
random variable h� inside clauses as any other term in Prolog. Simpler (typically pairwise)
models have already been used to lift Kalman filters [Choi et al., 2010, 2011b, Ahmadi
et al., 2011]. Alternatively, it might be useful to explore lifting hybrid models to the rela-
tional case [Schiegg et al., 2012, Ravkic et al., 2015].

• Relational optimization: Lifting linear programs to the relational case [Kersting et al., 2015]
as illustrated in this book already paves the way to relational linear assignment, allocation
and many other AI tasks. However, linear programs are only one fragment of the rich world
of mathematical programs used throughout AI. Moving beyond linear programs is a growth
path for statistical relational AI since it would make mathematical models such as quadratic
and semi-definite programs faster to write and easier to understand, reduces development
time as well as the level of expertise necessary to build optimization applications, and speed
up solvers by exploiting relational properties. Cussens [2015] recently showed the benefits
of a relational language for generating and solving mixed integer programs.

• Approximate lifting and counting are another set of directions that can have huge potential
inside statistical relational AI. e key ideas are based on the observation that when lifting
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models for performing inference, one could potentially identify approximate symmetries in
the model instead of exact ones. While this insight has shown to have significant gains in
MAP approximate inference [Bui et al., 2013, Mladenov et al., 2014b,a], the more gen-
eral problem of identifying these symmetries for exact inference and marginal inference
remains an interesting and challenging one. Another type of approximation that can be po-
tentially supported by these statistical models is that of approximate counting. Counting has
been identified as the main bottleneck for several probabilistic operations—from sampling
to message passing to lifting [Shavlik and Natarajan, 2009, Das et al., 2015, Venugopal
et al., 2015]. Obtaining approximate yet reasonable counts can potentially allow for effi-
cient learning and lifting and remains an important but relatively unexplored direction.

• Applications: Modern social and technological trends will continue to increase the amount
of accessible data, with a significant portion of the resources being interrelated in a complex
way and having inherent uncertainty. Making use of this relational data within novel appli-
cations remains an important avenue and is likely to yield substantial social and/or business
value.

We hope that the book will inspire all of you to join us in exploring the frontiers and the
yet unexplored areas of statistical relational AI.
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