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ABSTRACT
Similarity between objects plays an important role in both human cognitive processes and artificial
systems for recognition and categorization. How to appropriately measure such similarities for a
given task is crucial to the performance of many machine learning, pattern recognition and data
mining methods. is book is devoted to metric learning, a set of techniques to automatically
learn similarity and distance functions from data that has attracted a lot of interest in machine
learning and related fields in the past ten years. In this book, we provide a thorough review of
the metric learning literature that covers algorithms, theory and applications for both numerical
and structured data. We first introduce relevant definitions and classic metric functions, as well
as examples of their use in machine learning and data mining. We then review a wide range
of metric learning algorithms, starting with the simple setting of linear distance and similarity
learning. We show how one may scale-up these methods to very large amounts of training data.
To go beyond the linear case, we discuss methods that learn nonlinear metrics or multiple linear
metrics throughout the feature space, and review methods for more complex settings such as
multi-task and semi-supervised learning. Although most of the existing work has focused on
numerical data, we cover the literature on metric learning for structured data like strings, trees,
graphs and time series. In the more technical part of the book, we present some recent statistical
frameworks for analyzing the generalization performance in metric learning and derive results for
some of the algorithms presented earlier. Finally, we illustrate the relevance of metric learning in
real-world problems through a series of successful applications to computer vision, bioinformatics
and information retrieval.

KEYWORDS
metric learning, similarity learning, Mahalanobis distance, edit distance, structured
data, learning theory



ix

Contents
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Metric Learning in a Nutshell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Related Topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 Prerequisites and Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1 General Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Commonly Used Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Metrics for Numerical Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2.2 Metrics for Structured Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Metrics in Machine Learning and Data Mining . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Properties ofMetric Learning Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

4 LinearMetric Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.1 Mahalanobis Distance Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.1.1 Early Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.1.2 Regularized Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 Linear Similarity Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.3 Large-Scale Metric Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.3.1 Large n: Online, Stochastic and Distributed Optimization . . . . . . . . . . . 28
4.3.2 Large d : Metric Learning in High Dimensions . . . . . . . . . . . . . . . . . . . 31
4.3.3 Large n and large d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 Nonlinear and LocalMetric Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.1 Nonlinear Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.1.1 Kernelization of Linear Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.1.2 Learning Nonlinear Forms of Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Learning Multiple Local Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37



x

6 Metric Learning for Special Settings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
6.1 Multi-Task and Transfer Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
6.2 Learning to Rank . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
6.3 Semi-Supervised Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.3.1 Classic Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
6.3.2 Domain Adaptation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.4 Histogram Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

7 Metric Learning for StructuredData . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
7.1 String Edit Distance Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

7.1.1 Probabilistic Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
7.1.2 Gradient Descent Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

7.2 Tree and Graph Edit Distance Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
7.3 Metric Learning for Time Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

8 GeneralizationGuarantees forMetric Learning . . . . . . . . . . . . . . . . . . . . . . . . . 61
8.1 Overview of Existing Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
8.2 Consistency Bounds for Metric Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

8.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
8.2.2 Bounds based on Uniform Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
8.2.3 Bounds based on Algorithmic Robustness . . . . . . . . . . . . . . . . . . . . . . . . 68

8.3 Guarantees on Classification Performance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
8.3.1 Good Similarity Learning for Linear Classification . . . . . . . . . . . . . . . . . 75
8.3.2 Bounds based on Rademacher Complexity . . . . . . . . . . . . . . . . . . . . . . . 80

9 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
9.1 Computer Vision . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
9.2 Bioinformatics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
9.3 Information Retrieval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
10.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
10.2 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

A Proofs of Chapter 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
A.1 Uniform Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
A.2 Algorithmic Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
A.3 Similarity-based Linear Classifiers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112



xi

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Authors’ Biographies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139





1

C H A P T E R 1

Introduction
Many cognitive processes, such as recognition and categorization, are assumed to require forming
similarity and distance judgments between perceptual or conceptual representations. Essentially,
when facing stimuli or situations similar to what we have encountered before, we expect similar
responses and take similar actions.is has led psychologists to develop a variety of cognitive theo-
ries and mathematical models of similarity [Ashby and Perrin, 1988, Hahn et al., 2003, Markman
and Gentner, 1993, Medin et al., 1993, Nosofsky, 1986, Shepard, 1987, Tversky, 1977]. Given its
intuitive appeal as an explanatory notion, it comes as no surprise that the concept of similarity un-
derlies most of the machine learning, pattern recognition and data mining techniques. Prominent
examples include nearest-neighbor classification [Cover and Hart, 1967], data clustering [Lloyd,
1982], kernel methods [Schölkopf and Smola, 2001] and many information retrieval methods
[Manning et al., 2008].

A question of crucial importance to the performance of the above methods is how to appro-
priately measure the similarity or distance between objects. Assuming that they are represented
by a set of numerical features, the Euclidean distance can be used but often leads to suboptimal
performance, arguably because of its inability to take into account the relevance degree of differ-
ent features. is hypothesis is supported by psychological studies that suggest humans weight
features differently depending on the context [Goldstone et al., 1997, Nosofsky, 1986]. To illus-
trate this, consider a database of face images. If the goal is to do facial identification, the similarity
between two images should be based on features such as hair color, face shape and proportions,
etc. On the other hand, if the goal is to determine the facial expression, the similarity should
rather focus on a different set of features, such as position of eyebrows, mouth, cheeks, etc. In
practice, it is difficult to define the optimal similarity measure for a particular task, even for a
domain expert.

It is often much easier to collect pairs of objects that are similar/dissimilar, or triplets of the
form “x is more similar to y than to z.” Metric learning consists in automatically learning how
to appropriately measure similarity and distance from this type of side information. Although
its origins can be traced back to some earlier work [e.g., Baxter and Bartlett, 1997, Friedman,
1994, Fukunaga, 1990, Hastie and Tibshirani, 1996, Short and Fukunaga, 1981], this line of
research truly emerged with the pioneering work of Xing et al. [2002] that formulates metric
learning as a convex optimization problem. It has since been a hot research topic, with numerous
papers published at top machine learning, computer vision and data mining venues, as well as the
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organization of several tutorials (ICML 2010, ECCV 2010, SDM 2012) and workshops (ICCV
2011, NIPS 2011, ICML 2013).

1.1 METRIC LEARNING INANUTSHELL
e goal of metric learning is to adapt some pairwise real-valued metric,¹ say the Mahalanobis
distance dM .x;x0/ D

p
.x � x0/TM .x � x0/, to the problem of interest using the information

brought by training examples. Most methods learn the metric from side information of the fol-
lowing form:

• Must-link / cannot-link constraints (sometimes called positive / negative pairs):

S D f.xi ; xj / W xi and xj should be similarg;
D D f.xi ; xj / W xi and xj should be dissimilarg:

• Relative constraints (sometimes called training triplets):

R D f.xi ; xj ; xk/ W xi should be more similar to xj than to xkg:

A metric learning algorithm basically aims at finding the parameters of the metric (here, the ma-
trix M ) such that it best agrees with these constraints, in an effort to approximate the underlying
semantic metric (see Figure 1.1 for an illustration).

1.2 RELATEDTOPICS
We briefly present three research topics that are related to metric learning but are outside the
scope of this book.

Kernel learning While metric learning is parametric (one learns the parameters of a given form
of metric), kernel learning is usually nonparametric: the kernel matrix is learned without any
assumption on the form of the kernel that implicitly generated it. ese approaches are thus
powerful but limited to the transductive setting: the resulting kernel is difficult to use on new
data. e interested reader may refer to the recent survey on kernel learning by Abbasnejad et al.
[2012].

Multiple kernel learning Unlike kernel learning, Multiple Kernel Learning (MKL) is paramet-
ric: it learns a combination of predefined base kernels. In this regard, it can be seen as more
restrictive than metric learning, but as opposed to kernel learning, MKL can be applied in the
inductive setting. e interested reader may refer to the recent survey on MKL by Gönen and
Alpaydin [2011].
¹By a common abuse of terminology, we will use the term metric to refer to any pairwise function measuring a distance or
similarity between objects.
²http://www.vision.caltech.edu/html-files/archive.html.

http://www.vision.caltech.edu/html-files/archive.html


1.3. PREREQUISITESANDNOTATIONS 3

Figure 1.1: Illustration of metric learning applied to a face recognition task. For simplicity, images are
represented as points in two dimensions. Pairwise constraints, shown in the left pane, are composed
of images representing the same person (must-link, shown in green) or different persons (cannot-link,
shown in red). We wish to adapt the metric so that there are fewer constraint violations (right pane).
Images are taken from the Caltech Faces dataset.²

Dimensionality reduction Supervised dimensionality reduction aims at finding a low-
dimensional representation that maximizes the separation of labeled data. As we shall see later,
this has connections with metric learning, although the primary objective is different. Unsuper-
vised dimensionality reduction, or manifold learning, usually assumes that the (unlabeled) data
lie on an embedded low-dimensional manifold within the higher-dimensional space and aim at
“unfolding” it. ese methods aim at capturing or preserving some properties of the original data
(such as the variance or local distance measurements) in the low-dimensional representation.³ e
interested reader may refer to the surveys by Fodor [2002] and van der Maaten et al. [2009].

1.3 PREREQUISITESANDNOTATIONS

We tried to make this book as self-contained as possible. Basic knowledge of convex optimization
is required: the reader may refer to the classic convex optimization book of Boyd and Vanden-
berghe [2004] as well as the recent book on optimization for machine learning edited by Sra et al.
[2011]. We also assume that the reader has some knowledge of linear algebra as well as some fa-
miliarity with probability theory, statistics and machine learning. e notations used throughout
this book are summarized in Table 1.1.

³ese approaches are sometimes referred to as “unsupervised metric learning,” which is somewhat misleading because they do
not optimize a notion of metric.
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Table 1.1: Summary of the main notations.

Notation Description

R Set of real numbers

R
d Set of d-dimensional real-valued vectors

R
c×d Set of c × d real-valued matrices

S
d
+ Cone of symmetric PSD d × d real-valued matrices

X Input (instance) space
Y Output (label) space
S Set of must-link constraints
D Set of cannot-link constraints
R Set of relative constraints
z = (x, y) ∈ X × Y An arbitrary labeled instance
x An arbitrary vector
M An arbitrary matrix
I Identity matrix
M � 0 PSD matrix M

‖ · ‖p p-norm
‖ · ‖F Frobenius norm
‖ · ‖∗ Nuclear norm
tr(M) Trace of matrix M

[t]+ = max(0, t) Hinge loss function
ξ Slack variable
Σ Finite alphabet
x String of finite size

1.4 OUTLINE
e book proposes a wide overview of the metric learning literature, covering algorithms, theory
and applications for both numerical and structured data.

We begin with the introduction of preliminary notions. Chapter 2 is devoted to metrics,
with important definitions, examples of popular metrics for numerical and structured data, and
a brief summary of their use in machine learning and data mining. Chapter 3 introduces five
key properties of metric learning algorithms that form the basis of a taxonomy of the algorithms
studied in this book (summarized in Chapter 10).

e next four chapters of the book take the form of a review of existingmetric learning algo-
rithms. We take a tutorial-like approach: we focus on the most important methods and promising
recent trends, describing them in much detail. In that sense, the book is complementary to our
recent survey [Bellet et al., 2013] which covers a wider range of work in less depth. Chapter 4 is
devoted to learning linear metrics, some of them in the form of proper distance functions, others
in the form of arbitrary similarity functions that do not satisfy the distance axioms.We also discuss
how to scale-up metric learning to the large-scale setting, where the number of training samples
and/or the dimensionality of the data is very large. Chapter 5 investigates how one can go beyond
learning simple linear metrics to improve the performance. In particular, we present strategies to
make a linear metric learning algorithm nonlinear. We also cover methods that directly learn non-
linear metrics, as well as those learning multiple local metrics that vary across the feature space.
Chapter 6 presents extensions of metric learning to a few special settings: multi-task and transfer
learning, ranking, semi-supervised learning, domain adaptation and histogram data. Chapter 7
deals with metric learning for structured data such as strings, trees, graphs and time series. We
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mainly focus on methods that learn metrics in the form of edit distances or structural/temporal
alignments.

Chapter 8 is devoted to the question of generalization in metric learning. Relying on sta-
tistical learning theory, the goal is to derive formal guarantees for the performance of the learned
metric on unseen data. We introduce several useful frameworks (e.g., uniform stability, algorith-
mic robustness) and show how they can be used to obtain generalization results for a wide range of
metric learning algorithms. We show that one may not only obtain guarantees for the consistency
of learned metric itself, but also in some cases for its performance in a classification task.

Chapter 9 illustrates the fact that metric learning has been successfully applied to many
real-world problems. We review some important applications in the fields of computer vision,
bioinformatics and information retrieval.

Finally, Chapter 10 provides a brief summary along with a taxonomy of the algorithms
studied in the book, and attempts to draw promising lines for future research.
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C H A P T E R 2

Metrics
is chapter introduces some background knowledge on metrics and their applications. Sec-
tion 2.1 provides definitions for distance, similarity and kernel functions. Some standard metrics
are presented in Section 2.2. We conclude this chapter by briefly discussing the use of metrics in
machine learning and data mining in Section 2.3.

2.1 GENERALDEFINITIONS
A distance function satisfies four essential conditions, that we recall below.

Definition 2.1 A distance over a set X is a pairwise function d W X � X ! R which satisfies
the following conditions 8x; x0; x00 2 X :

1. d.x; x0/ � 0 (nonnegativity),

2. d.x; x0/ D 0 if and only if x D x0 (identity of indiscernibles),

3. d.x; x0/ D d.x0; x/ (symmetry),

4. d.x; x00/ � d.x; x0/C d.x0; x00/ (triangle inequality).

ese conditions, referred to as the distance axioms, reflect intuitive properties about the concept of
distance. A pseudo-distance is required to satisfy these properties, except that instead of condition
2, only d.x; x/ D 0 needs to be satisfied.

While a distance function is a well-defined mathematical object, there is no general agree-
ment on the definition of a similarity function, which can essentially be any pairwise function.
We will use the following definition.

Definition 2.2 A similarity function is a pairwise function S W X � X ! R. We say that S is a
symmetric similarity function if 8x; x0 2 X , S.x; x0/ D S.x0; x/.
By convention, the larger the value of a similarity function, the more similar the pair of inputs
(otherwise wewill use the term dissimilarity function). Trivially, distance functions are dissimilarity
functions.

We also introduce the notion of kernel.

Definition 2.3 A symmetric similarity function K is a kernel if there exists a mapping function
� W X ! H from the instance space X to a vector space H equipped with an inner product h�; �i
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Figure 2.1: Minkowski distances: unit circles for various values of p.

(H is called a Hilbert space) such that K can be written as

K.x; x0/ D
˝
�.x/; �.x0/

˛
:

Equivalently, K is a kernel if it is positive semi-definite (PSD), i.e.,

nX
iD1

nX
jD1

cicjK.xi ; xj / � 0

for all finite sequences of x1; : : : ; xn 2 X and c1; : : : ; cn 2 R.
In other words, a kernel is a function that takes the form of an inner product in H, and can thus
be interpreted as a measure of similarity [Schölkopf and Smola, 2001].

2.2 COMMONLYUSEDMETRICS
In this section, we give some examples of popular metrics.

2.2.1 METRICS FORNUMERICALDATA
We first focus on the case where data points lie in a vector space X � Rd .

Minkowski distances Minkowski distances are a family of distances induced by Lp norms. For-
mally, for p � 1,

dp.x;x
0/ D kx � x0

kp D

 
dX
iD1

jxi � x0
i j
p

!1=p
: (2.1)

Figure 2.1 shows the corresponding unit circles for several values of p. From (2.1) we can recover
three widely used distances:

• When p D 1, we get the Manhattan distance:

dman.x;x
0/ D kx � x0

k1 D

dX
iD1

jxi � x0
i j:
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• When p D 2, (2.1) becomes the “ordinary” Euclidean distance:

deuc.x;x
0/ D kx � x0

k2 D

 
dX
iD1

jxi � x0
i j
2

!1=2
D

q
.x � x0/T .x � x0/:

• When p ! 1, we get the Chebyshev distance:

dche.x;x
0/ D kx � x0

k1 D max
i

jxi � x0
i j:

Note that when 0 < p < 1, dp is not a proper distance (it violates the triangle inequality).

Mahalanobis distances e term Mahalanobis distance comes from Mahalanobis [1936] and
originally refers to a distance measure that incorporates the correlation between features:

dΣ�1.x;x0/ D

q
.x � x0/TΣ�1.x � x0/;

where x and x0 are random vectors from the same distribution with covariance matrix Σ.
By an abuse of terminology common in the metric learning literature, we will use Maha-

lanobis distance to refer to generalized quadratic distances, defined as

dM .x;x0/ D

q
.x � x0/TM .x � x0/

and parameterized by M 2 SdC, where SdC is the cone of symmetric positive semi-definite (PSD)
d � d real-valued matrices (see Figure 2.2). e conditionM 2 SdC ensures that dM is a pseudo-
distance.
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When M is the identity matrix, we recover the Euclidean distance. Otherwise, one can
express M as LTL, where L 2 Rk�d where k is the rank of M . We can then rewrite dM .x;x0/

as follows:

dM .x;x0/ D

q
.x � x0/TM .x � x0/

D

q
.x � x0/TLTL.x � x0/

D

q
.Lx � Lx0/T .Lx � Lx0/:

us, a Mahalanobis distance implicitly corresponds to computing the Euclidean distance after
the linear projection of the data defined by the transformation matrix L. Note that if M is low-
rank, i.e., rank.M / D k < d , then it induces a linear projection of the data into a space of lower
dimension r . It thus allows a more compact representation of the data and cheaper distance com-
putations, especially when the original feature space is high-dimensional. ese nice properties
explain why Mahalanobis distances have attracted a lot of interest in metric learning, as we shall
see in Chapter 4.

Cosine similarity e cosine similarity measures the cosine of the angle between its inputs, and
can be computed as

Scos.x;x
0/  D

xTx0

kxk2kx0k2
:

e cosine similarity is widely used in data mining, in particular in text retrieval [Baeza-Yates and
Ribeiro-Neto, 1999] and more recently in image retrieval [see for instance Sivic and Zisserman,
2009] when data are represented as term vectors [Salton et al., 1975].

Bilinear similarity e bilinear similarity is related to the cosine similarity but does not include
normalization by the norms of the inputs and is parameterized by a matrix M :

SM .x;x0/  D xTMx0;

where M 2 Rd�d is typically not required to be PSD nor symmetric. e bilinear similarity has
been used for instance in image retrieval [Deng et al., 2011]. When M is the identity matrix,
SM amounts to an unnormalized cosine similarity.

e bilinear similarity has two main advantages. First, it is efficiently computable for sparse
inputs: if x and x0 have respectively k and k0 nonzero entries, SM .x;x0/ can be computed in
O.k � k0/ operations. Second, it can be used as a similarity measure between instances of different
dimension (for example, a document and a query in web search) by using a nonsquare matrix M .

Linear kernel e linear kernel is simply the inner product in the original space X :

Klin.x;x
0/ D

˝
x;x0

˛
D xTx0:

In other words, the corresponding space H D X and � is an identity map: 8x 2 X ; �.x/ D x.
Note that Klin corresponds to the bilinear similarity with M D I .
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Polynomial kernels  e polynomial kernel of degree p 2 N is defined as:

Kpoly.x;x
0/ D .

˝
x;x0

˛
C 1/p:

It can be shown that the space H corresponding to Kpoly is the space of all monomials of degree
up to p.

Gaussian RBF kernel  e Gaussian RBF kernel is a widely used kernel function defined as

Krbf .x;x
0/ D exp

�
�

kx � x0k22

2�2

�
;

where �2 > 0 is called the width parameter. For this kernel, it can be shown that H is infinite-
dimensional.

Histogram distances A (normalized) histogram is a feature vector on the probability simplex
Sd D fx 2 Rd W x � 0;

P
i xi D 1g. Such representation is common in text processing and com-

puter vision, where documents are represented as a frequency vector of (visual) words [Li and
Perona, 2005, Salton et al., 1975].

e �2 distance [Hafner et al., 1995] is a histogram pseudo-distance derived from the �2
statistical test and defined as¹

�2.x;x0/ D
1

2

dX
iD1

.xi � x0
i /
2

xi C x0
i

: (2.2)

e �2 is bin-to-bin histogram distance. A popular cross-bin distance is the Earth Mover’s
Distance (EMD) introduced by Rubner et al. [2000]. Due to its rather complex form, we defer
its exposition to Section 6.4.

2.2.2 METRICS FOR STRUCTUREDDATA
We now turn to the case where data instances are structured objects, such as strings, trees or
graphs. We first give a few definitions.

Definition 2.4 An alphabet ˙ is a finite nonempty set of symbols.

Definition 2.5 A string x is a finite sequence of symbols from ˙ . e empty string/symbol is
denoted by $ and ˙� is the set of all finite strings (including $) that can be generated from ˙ .
Finally, the length of a string x is denoted by jxj.

Definition 2.6 Let T be a rooted tree. We call T a labeled tree if each node in T is assigned a
symbol from an alphabet ˙ . We call T an ordered tree if a left-to-right order among siblings in
T is given.
¹e sum in (2.2) must be restricted to entries that are nonzero in either x or x0 to avoid division by zero.
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Table 2.1: Example of edit cost matrix C. Here, ˙ D fa; bg.

C $ a b

$ 0 2 10

a 2 0 4

b 10 4 0

Definition 2.7 A graph G D .V;E/ is composed of a set of vertices V and a set of edges E �

V � V , where .e; e0/ 2 E indicates that there is an edge between e and e0.
In the following, we introduce some commonly used metrics on structured data.

Hamming distance e Hamming distance is a distance between strings of identical length and
is equal to the number of positions at which the symbols differ. It is used mostly for binary strings
and is defined by

dham.x; x’/ D jfi W xi ¤ x0
igj:

String edit distance e string edit distance [Levenshtein, 1966] is a distance between strings of
possibly different length built from an alphabet˙ . It is based on three elementary edit operations:
insertion, deletion and substitution of a symbol. Each operation has a specific cost, gathered
in a nonnegative .j˙ j C 1/ � .j˙ j C 1/ matrix C (the additional row and column account for
insertion and deletion costs respectively). A sequence of operations transforming a string x into
a string x’ is called an edit script. e edit distance between x and x’ is defined as the cost of
the cheapest edit script that turns x into x’ and can be computed in O.jxj � jx’j/ time by dynamic
programming.²

e classic edit distance, known as the Levenshtein distance, uses a unit cost matrix and
thus corresponds to the minimum number of operations turning one string into another. For
instance, the Levenshtein distance between abb and aa is equal to 2, since turning abb into aa
requires at least two operations (e.g., substitution of b with a and deletion of b). On the other
hand, using the cost matrix given in Table 2.1, the edit distance between abb and aa is equal to 10
(deletion of a and two substitutions of b with a is the cheapest edit script). Using task-specific
costs is a key to the performance of the edit distance in many applications. As we shall see in
Chapter 7, there exist several methods to automatically learning these costs from data.

Sequence alignment Sequence alignment is a way of computing the similarity between two
strings, mostly used in bioinformatics to identify regions of similarity in DNA or protein se-
quences [Mount, 2004]. It corresponds to the score of the best alignment, where an alignment
score is based on the same elementary operations as the edit distance and on a score matrix for
substitutions, but simply penalizes gaps in alignments using a linear or affine penalty function of
the gap length instead of insertion and deletion costs. e most prominent sequence alignment

²Note that in the case of strings of equal length, the edit distance is upper bounded by the Hamming distance.
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(a) (b) (c)

Figure 2.3: Strategies to delete a node within a tree: (a) original tree, (b) after deletion of the <UL>
node as defined by Zhang & Shasha, and (c) after deletion of the <UL> node as defined by Selkow.

measures are the Needleman-Wunsch score [Needleman and Wunsch, 1970] for global align-
ments and the Smith-Waterman score [Smith and Waterman, 1981] for local alignments. ey
can be computed by dynamic programming.

Tree edit distance Because of the growing interest in applications that naturally involve tree-
structured data (such as the secondary structure of RNA in biology, XML documents on the
web or parse trees in natural language processing), several works have extended the string edit
distance to trees, resorting to similar elementary edit operations [see Bille, 2005, for a survey on
the matter]. e operations are the insertion, deletion and relabeling of a node.

ere exist two main variants of the tree edit distance that differ in the way the deletion
of a node is handled. In Zhang and Shasha [1989], when a node is deleted all its children are
connected to its parent node. e best algorithms for computing this distance have an O.n3/
worst-case complexity, where n is the number of nodes of the largest tree [see Pawlik and Augsten,
2011, for an empirical evaluation of several algorithms]. Another variant is due to Selkow [1977],
where insertions and deletions are restricted to the leaves of the tree. Such a distance is relevant to
specific applications. For instance, deleting a <UL> tag (i.e., a nonleaf node) of an unordered list
in an HTML document would require the iterative deletion of the <LI> items (i.e., the subtree)
first, which is a sensible thing to do in this context (see Figure 2.3). is version can be computed
in quadratic time.³

Graph edit distance ere also exist extensions of the edit distance to general graphs [Gao et al.,
2010], but like many problems on graphs, computing a graph edit distance is NP-hard, making
it impractical for real-world tasks.

Spectrum, subsequence and mismatch kernels ese string kernels represent strings by fixed-
length feature vectors and rely on explicit mapping functions �. e spectrum kernel [Leslie et al.,

³Note that tree edit distance computations can be made significantly faster (especially for large trees) by exploiting lower bounds
on the distance between two trees that are cheap to obtain [see for instance Yang et al., 2005].
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2002a] maps each string to a vector of frequencies of all contiguous subsequences of length p and
computes the inner product between these vectors. e subsequence kernel [Lodhi et al., 2002]
and the mismatch kernel [Leslie et al., 2002b] extend the spectrum kernel to inexact subsequence
matching: the former considers all (possibly noncontiguous) subsequences of length p while the
latter allows a number of mismatches in the subsequences.

String edit kernels String edit kernels are derived from the string edit distance (or related mea-
sures). e classic edit kernel [Li and Jiang, 2004] has the following form:

KL&J .x; x’/ D e�t �dlev.x;x’/;

where dlev is the Levenshtein distance and t > 0 is a parameter. However, Cortes et al. [2004]
have shown that this function is not PSD (and thus not a valid kernel) in general, so t must be
carefully chosen.

Saigo et al. [2004] build a kernel from the sum of scores over all possible Smith-Waterman
local alignments between two strings instead of the alignment of highest score only. ey show
that if the score matrix is PSD, then the kernel is valid in general.

2.3 METRICS INMACHINELEARNINGANDDATA
MINING

Metrics play an important role in many machine learning and data mining methods. We briefly
review a few important examples. In all cases, the choice of the metric is key to the performance,
providing a good motivation for metric learning.

Nearest neighbor methods Perhaps the most obvious use of metrics is in k-Nearest Neigh-
bors (k-NN) for classification [Cover and Hart, 1967] and regression [Altman, 1992], where the
prediction for a test instance corresponds to the majority class (or average value in the case of re-
gression) among its k-nearest neighbors in the training set. e neighbors are determined based
on a metric chosen by the user.

Kernel methods e key idea behind kernel methods [Schölkopf and Smola, 2001] is to use
a kernel function to implicitly map data to a high-dimensional nonlinear space while allow-
ing cheap computations of inner products in that space through the kernel. is is known as
the “kernel trick” and has been used to obtain powerful and efficient nonlinear versions of vari-
ous linear methods for classification, regression, dimensionality reduction, etc. Prominent exam-
ples include Support Vector Machines (SVM) classification [Cortes and Vapnik, 1995], where a
large-margin linear classifier is learned implicitly in kernel space, the nonlinear regression algo-
rithm kernel ridge [Saunders et al., 1998] as well as kernel Principal Component Analysis (PCA)
[Schölkopf et al., 1998], a kernelized version of the popular dimensionality reduction method
[Pearson, 1901].
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Clustering Clustering [Xu and Wunsch, 2008] is the task of grouping objects such that those in
the same group are more similar to each other than those in different groups. For instance, given
a number of clusters, algorithms such asK-Means [Lloyd, 1982] and K-Medoids [Kaufman and
Rousseeuw, 1987] essentially aim at minimizing the distance between points assigned to a cluster
and the center of that cluster.

Information retrieval A key task in information retrieval [Manning et al., 2008] is to retrieve
information from a database that is most relevant to a given query. For instance, internet search
engines aim at retrieving webpages that are relevant to a user’s text query. Another example is
image search, where the goal is to find the images in the database that are the most similar to a
query image. In all cases, one can use a similarity measure to rank the documents by relevance
[see for instance Baeza-Yates and Ribeiro-Neto, 1999, Salton et al., 1975, Sivic and Zisserman,
2009].

Data visualization Data in high dimensions are difficult to visualize. One way to discover in-
teresting patterns in such data is to use a metric to plot data points based on their distance to one
another [see for instance Bertini et al., 2011, van der Maaten and Hinton, 2008, Venna et al.,
2010].

Structured data Metrics are especially convenient when dealing with structured data because
they can be used as a proxy to manipulate these complex objects. Indeed, any algorithm that only
accesses data through a metric (such as those presented above) may be used as if the data consisted
of feature vectors. For instance, the development of structured kernels [Gärtner, 2003] allowed
kernel methods to be readily applicable to various types of structured objects.
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C H A P T E R 3

Properties ofMetric Learning
Algorithms

Before delving into specific methods, this chapter introduces five key properties of metric learning
algorithms: type of metric, form of supervision, scalability, optimality guarantees and ability to
perform dimensionality reduction (Figure 3.1). When deciding which method to apply, emphasis
should be placed on these properties, depending on the characteristics of the problem at hand.
ey provide the basis for a taxonomy of all the algorithms covered in this book that we will use
to summarize the literature in Chapter 10.

Learning paradigm We will consider three learning paradigms:

• Fully supervised: the metric learning algorithm has access to a set of labeled training in-
stances fzi D .xi ; yi /g

n
iD1, where each training example zi 2 Z D X � Y is composed of

an instance xi 2 X and a label (or class) yi 2 Y . Y is a discrete and finite set of jYj labels
(unless stated otherwise). In practice, the label information is often used to generate specific
sets of pair/triplet constraints S , D, R, for instance based on a notion of neighborhood.

• Weakly supervised: the algorithm has no access to the labels of training instances: it is only
provided with side information in the form of sets of constraints S , D and R. is setting
is common in a variety of applications where labeled data is costly to obtain while such
side information is cheap: examples include users’ implicit feedback (e.g., clicks on search
engine results), citations among articles or links in a network. is can be seen as having
label information only at the pair/triplet level.

• Semi-supervised: besides the (full or weak) supervision, the algorithm has access to a (typi-
cally large) sample of unlabeled instances for which no side information is available. Such
data can be useful to avoid overfitting when the labeled data or side information are scarce.

Form of metric e form of the metric is a key choice in metric learning and belongs to three
main cases:

• Linear metrics, such as the Mahalanobis distance. eir expressive power is limited but they
are typically easy to optimize (formulations are typically convex with global optimality of
the solution) and suffer little overfitting.
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Figure 3.1: Five key properties of metric learning algorithms.

• Nonlinear metrics, such as the �2 histogram distance. ey often give rise to nonconvex
formulations (subject to local optimality) and may overfit, but they can capture nonlinear
variations in the data.

• Local metrics, where multiple (typically linear) metrics are learned in several regions of the
feature space to better deal with complex problems, such as heterogeneous data. ey are
however prone to overfitting since the number of parameters to learn can be very large.

Scalability With the fast increasing amounts of data available for training in many domains,
the problem of scalability arises in all areas of machine learning. First, it is desirable for a metric
learning algorithm to scale well with the number of training examples/constraints. Second, it
should scale reasonably well with the dimensionality d of the data, which is often difficult since
metric learning is often phrased as learning a d � d matrix.

Optimality of the solution is property refers to the ability of the algorithm to find the pa-
rameters that optimize the objective function of interest. Ideally, the solution is guaranteed to be
the global optimum, which is essentially the case for convex formulations of metric learning. On
the other hand, for nonconvex formulations, the solution may only be a local optimum.

Dimensionality reduction Metric learning is sometimes formulated as finding a projection of
the data into a new feature space. An interesting byproduct in this case is to learn a metric that in-
duces a low-dimensional space, resulting in faster distance computations as well as more compact
representations of data.
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C H A P T E R 4

LinearMetric Learning
is chapter reviews the literature on learning a linear metric, i.e., computed as a linear function of
its inputs. Suchmetrics are amenable to efficient learning thanks to their simple form.e chapter
is organized as follows. In the first part, we focus on Malahanobis distance learning (Section 4.1),
where the learned metric satisfies the distance axioms. en, motivated by psychological evidence
and computational benefits, the second part is devoted to learning more flexible linear similarity
functions (Section 4.2). Finally, Section 4.3 discusses how to scale-up these methods to large
amounts of training data (both in number of samples and number of features).

4.1 MAHALANOBISDISTANCELEARNING
is section deals with Malahanobis distance learning, which has attracted a lot of interest due to
its nice interpretation in terms of a linear projection (see Section 2.2.1). Recall that a Mahalanobis
distance has the form

dM .x;x0/ D

q
.x � x0/TM .x � x0/

and is parameterized by M 2 SdC, where SdC is the cone of PSD d � d real-valued matrices. In
practice, a Mahalanobis distance is learned in its more convenient squared form:

d2M .x;x0/ D .x � x0/TM .x � x0/:

e goal of Mahalanobis distance learning is to learn M 2 SdC. Maintaining the PSD constraint
in an efficient way during the optimization process is a key issue that attracted significant interest,
as we shall see later.

e rest of this section is a review of the main Mahalanobis distance learning methods of
the literature. We first present in Section 4.1.1 three early approaches of historical and practical
importance. In Section 4.1.2, we focus on regularization-basedmethods forMahalanobis distance
learning.

4.1.1 EARLYAPPROACHES
is section presents some early influential work that largely contributed to the popularity of
metric learning and paved the way for subsequent research in the field.

MMC (Xing et al.) e seminal work of Xing et al. [2002] is the first Mahalanobis distance
learning method.¹ e goal is to learn a distance function for use in clustering based on two
¹Source code available at: http://www.cs.cmu.edu/~epxing/papers/.

http://www.cs.cmu.edu/~epxing/papers/
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sets of pairs of similar and dissimilar examples (S and D respectively). e idea builds on the
between- and within-cluster variation: maximize the sum of distances between dissimilar points
while keeping the sum of distances between similar examples small. is can be formulated as
follows:

max
M2Sd

C

X
.xi ;xj /2D

dM .xi ;xj /

s.t.
X

.xi ;xj /2S

d2M .xi ;xj / � 1:
(4.1)

e problem (4.1) is convex and always feasible (setting for instance M D ). e authors pro-
pose to solve it using a projected gradient descent algorithm. At each iteration, a gradient as-
cent step is taken on the objective function, followed by a projection onto the sets C1 D fM WP
.xi ;xj /2S d

2
M .xi ;xj / � 1g and C2 D fM W M 2 SdCg. e first projection step can be done in

O.d2/ time by solving a system of linear equations. e second one is a projection onto the PSD
cone, which is done by setting the negative eigenvalues ofM to zero. One thus needs to compute
the eigenvalue decomposition of M , which requires O.d3/ time. ese steps are repeated until
convergence. Because of the PSD projection cost, the approach becomes quite inefficient when
d is larger than a few hundreds.

Experiments on standard low-dimensional datasets show that the learned distance consis-
tently improves K-Means clustering performance. MMC can also be combined with clustering
algorithms that incorporate distance constraints such as Constrained K-Means [Wagstaff et al.,
2001].

Recent work [Cao et al., 2012b, Ying and Li, 2012] revisited MMC by casting it as an
eigenvalue optimization problem and showed that it can be solved by an algorithm that only
requires the computation of the largest eigenvalue of M at each iteration. is reduces the time
complexity in d of an iteration to O.d2/.

NCA (Goldberger et al.) e idea of neighborhood Component Analysis² (NCA), introduced
by Goldberger et al. [2004], is to optimize the expected leave-one-out error of a stochastic nearest
neighbor classifier in the projection space induced by dM . Given a training sample fxi ; yigniD1,
they define the probability that xi is the neighbor of xj by

pij D
exp.�kLxi � Lxj k22/P
l¤i exp.�kLxi � Lxl

k
2
2/; pi i D 0; (4.2)

where M D LTL. en, the probability that xi is correctly classified is:

pi D
X

j Wyj Dyi

pij :

²Source code available at: http://www.ics.uci.edu/~fowlkes/software/nca/.

http://www.ics.uci.edu/~fowlkes/software/nca/
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Figure 4.1: Illustration of the neighborhood-based constraints used by LMNN (adapted from Wein-
berger and Saul [2009]).

e distance is learned by maximizing the sum of these probabilities:

max
L

nX
iD1

pi : (4.3)

Problem (4.3) is solved using gradient descent, but the formulation is nonconvex and thus the
algorithm can get stuck in bad local optima. Nevertheless, experiments show that the learned
metric outperforms the Euclidean distance in k-NN classification and can be used to reduce
dimensionality by choosing a rectangular L. Note that computing the normalization in (4.2) for
all training instances requires O.n2/ time, preventing the application of NCA to large datasets.

In follow-up work, Globerson and Roweis [2005] proposed an alternative formulation of
NCA based on minimizing a KL divergence between pij and an ideal distribution, which can be
seen as attempting to collapse each class to a single point. e resulting problem is convex, but
requires PSD projections. Finally, note that Tarlow et al. [2013] generalized NCA to k-NN with
k > 1.

LMNN (Weinberger et al.) Large Margin Nearest Neighbors³ (LMNN), introduced by Wein-
berger et al. [2008, 2009, 2005], is probably the most widely known metric learning algorithm
and served as the basis for many extensions (some of which are described in later sections of this
book).

e main reason for its popularity lies in the way the training constraints are defined. Moti-
vated by k-NN classification, they are constructed from a labeled training set fxi ; yigniD1 in a local

³Source code available at: http://www.cse.wustl.edu/~kilian/code/code.html.

http://www.cse.wustl.edu/~kilian/code/code.html
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way. Specifically, for each training instance, the k nearest neighbors of the same class (the “tar-
get neighbors”) should be closer than instances of other classes (the “impostors”)—see Figure 4.1
for an illustration. e Euclidean distance is used to determine target neighbors and impostors.
Formally, the constraints are defined as follows:

Slmnn D f.xi ;xj / W yi D yj and xj belongs to the k-neighborhood of xig;
Rlmnn D f.xi ;xj ;xk/ W .xi ;xj / 2 S; yi ¤ ykg:

e distance is then learned using the following convex program:

min
M2Sd

C
;ξ�0

.1 � �/
X

.xi ;xj /2Slmnn

d2M .xi ;xj / C �
X
i;j;k

�ijk

s.t. d2M .xi ;xk/ � d2M .xi ;xj / � 1 � �ijk 8.xi ;xj ;xk/ 2 Rlmnn;

(4.4)

where� 2 Œ0; 1� controls the trade-off between pulling target neighbors closer together and push-
ing away impostors.

Note that the number of constraints in Problem (4.4) is in the order of kn2 and thus grows
quickly with n. Fortunately, because of the way Rlmnn is built, many constraints are almost triv-
ially satisfied. e subgradient descent algorithm proposed by the authors takes advantage of this
by maintaining a working set of violated contraints through careful book-keeping. Another pop-
ular workaround in subsequent metric learning literature is to consider only the closest impostors
instead of all differently labeled points [see for instance Shen et al., 2009, Shi et al., 2014, Wang
et al., 2012c]. We also point out that alternative algorithms for solving the LMNN problem have
been proposed [Nguyen and Guo, 2008, Park et al., 2011, Torresani and Lee, 2006].

LMNN achieves good practical performance in k-NN classification: it is generally on par
with NCA but is easier to scale to problems with larger n. Unlike NCA, it is however dependent
on the Euclidean distance’s ability to select relevant target neighbors. To conclude, we note that
a relation between LMNN and Support Vector Machines was pointed out by Do et al. [2012].

4.1.2 REGULARIZEDAPPROACHES
A central problem in machine learning is to achieve a good “bias-variance” trade-off. On the one
hand, themodel should be complex enough to performwell on the training data (low bias). On the
other hand, it should be simple enough so that it generalizes well to unseen data (low variance).
A popular way to implement this trade-off to select a model with good bias-variance trade-off is
through the use of regularization. In the context of metric learning, this can be formulated as the
following general form:

min
M

`.M ;S;D;R/ C �R.M /

where `.M ;S;D;R/ is a loss function that incurs a penalty when training constraints are vio-
lated,R.M / is a regularizer that penalizes the complexity of themetric and � � 0 is the parameter
controlling the trade-off (typically tuned on some validation set).
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In recent years, there has been a lot of interest in sparsity-inducing norms for the regular-
ization of machine learning models. ese regularizers favor models that are sparse in some way,
e.g., that have many zero coefficients. A good account of the properties of these regularizers and
the optimization algorithms to solve the resulting problems can be found in [Bach et al., 2012].

e approaches presented in Section 4.1.1 do not explicitly regularize the metric. In this
section, we review a few important methods that rely on regularization to prevent from overfitting
and, in some cases, to make the algorithm more efficient or to favor to metrics with interesting
properties (e.g., sparsity).

S&J (Schultz & Joachims) e method of Schultz and Joachims [2003] proposes to learn a
metric for classification and is inspired by Support Vector Machines [Cortes and Vapnik, 1995].
e “hard-margin” version of the approach can be formulated as follows:

min
M2Sd

C

kMk
2
F

s.t. d2M .xi ;xk/ � d2M .xi ;xj / � 1 8.xi ;xj ;xk/ 2 R;
(4.5)

where kMk2F D
P
i;j M

2
ij is the squared Frobenius norm of M , a simple regularizer to avoid

overfitting (like the L2-norm used in SVM). Notice that Problem (4.5) requires that each triplet
constraint is satisfied with margin 1. Because this may be infeasible, we instead work with a more
flexible “soft-margin” version:

min
M2Sd

C
;ξ�0

X
i;j;k

�ijk C �kMk
2
F

s.t. d2M .xi ;xk/ � d2M .xi ;xj / � 1 � �ijk 8.xi ;xj ;xk/ 2 R;
(4.6)

where the �ijk ’s are nonnegative “slack” variables to penalize the objective function whenever a
constraint is not satisfied with at least margin 1,⁴ and � � 0 is the parameter adjusting the trade-
off between regularization and constraint satisfaction. Note that Problem (4.6) is convex.

Many efficient SVM solvers have been developed. To be able to use them for Problem (4.6),
the authors parameterize M D ATWA, where A is a real matrix fixed in advance, and W is a
diagonal matrix with nonnegative entries. We get:

d2M .xi ;xj / D .Axi � Axj /
TW .Axi � Axj /:

In other words,A linearly projects the data into a new space andW weights the resulting features.
By definition, M is PSD and one can simply optimize over the diagonal matrix W , avoiding the
need for projections onto the PSD cone. is method can thus be applied to relatively high-
dimensional problems. e downside is that it is less general than full Mahalanobis distance
learning, as one only learns a weighting of the features. Furthermore, A must be chosen by the
user and this choice can greatly affect the classification performance.
⁴roughout the book, we will consistently use the symbol � to denote slack variables.
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ITML (Davis et al.) Information-eoretic Metric Learning⁵ (ITML), introduced by Davis
et al. [2007], proposes the use of LogDet regularization for metric learning. e idea is to regu-
larize the matrixM to remain as close as possible to a good prior matrixM0, such as the identity
matrix (Euclidean distance) or the inverse covariance.

e authors propose to measure the “closeness” between two d � d positive definite ma-
trices M D V ΛV T and M0 D UΘUT using a Bregman divergence called the LogDet:

Dld .M ;M0/ D tr.MM�1
0 / � log det.MM�1

0 / � d

D
X
i;j

�i

�j
.vTi ui /

2
�
X
i

log
�
�i

�i

�
� d: (4.7)

It can be shown that Dld .M ;M0/ is equivalent to minimizing the KL divergence between the
multivariate Gaussian distributions parameterized byM andM0. Furthermore, we can see from
(4.7) that Dld .M ;M0/ is finite if and only if the range of M is equal to the range of M0.
erefore minimizing Dld .M ;M0/ provides an automatic way to ensure that M is positive
definite and has the same rank as M0.

Building on these observations, ITML is formulated as a trade-off between minimizing
the LogDet divergence and satisfying pairwise constraints:

min
M2Sd

C

X
i;j

�ij C �Dld .M ;M0/

s.t. d2M .xi ;xj / � uC �ij 8.xi ;xj / 2 S
d2M .xi ;xj / � v � �ij 8.xi ;xj / 2 D;

(4.8)

where u; v; � � 0 are parameters and M0 is a fixed positive definite matrix. Problem (4.8) has
soft constraints to keep distances between similar examples smaller than u and those between dis-
similar examples larger than v. e LogDet divergence is convex in M (because the determinant
of a positive definite matrix is log-concave) and thus the problem is convex.

e proposed algorithm is based on repeatedly performing Bregman projections onto a
single constraint [Kulis et al., 2006]. Namely, at iteration t , we pick a constraint .xi ;xj / in S or
D and update using

M tC1
D M t

C ˇM t .xi � xj /.xi � xj /
TM t ; (4.9)

where ˇ is the projection parameter that essentially depends on �, the constraint type and its
current violation. Computing (4.9) is done inO.d2/ time and no eigen-decomposition is needed.
Experiments on standard datasets show that ITML withM0 D I is on par with LMNN in terms
of k-NN classification performance. A limitation of ITML is that the choice of M0 may have
an important influence on the performance of the learned distance.

Several subsequent metric learning methods adopted LogDet divergence for regularization
[e.g., Jain et al., 2008, Qi et al., 2009]. Finally, note that Kulis et al. [2009] have shown how
hashing can be used together with ITML to achieve fast similarity search.
⁵Source code available at: http://www.cs.utexas.edu/~pjain/itml/.

http://www.cs.utexas.edu/~pjain/itml/
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SML (Ying et al.) SML⁶ [Ying et al., 2009], for Sparse Metric Learning, is a distance learning
approach that regularizes M with the mixed L2;1 norm defined as

kMk2;1 D

dX
iD1

kMik2:

In other words, it is the L1 norm of the L2 norms of the columns. Unlike the L1 norm used in
previous work [Rosales and Fung, 2006] which favors sparsity at the entry level, the L2;1 norm
tends to zero out entire columns of M , and can thus perform feature selection.

Formally, the authors set M D UTWU , where U 2 Od (the set of d � d orthonormal
matrices) and W 2 SdC, and solve the following problem:

min
U2Od ;W2Sd

C

kW k2;1 C �
X
i;j;k

�ijk

s.t. d2M .xi ;xk/ � d2M .xi ;xj / � 1 � �ijk 8.xi ;xj ;xk/ 2 R;
(4.10)

Problem (4.10) is reformulated as a min-max problem and solved using smooth optimization
[Nesterov, 2005]. e proposed algorithm has an iteration cost withO.d3/ complexity, but more
recent optimization techniques such as proximal methods could potentially reduce this cost [see
for instance Bach et al., 2012].

SML achieves slightly better k-NN performance than LMNN or ITML on some UCI
datasets. is is largely due to its ability to ignore irrelevant feature dimensions provided by the
L2;1 norm regularization.

BoostMetric (Shen et al.) BoostMetric⁷ [Shen et al., 2009, 2012] adapts to Mahalanobis dis-
tance learning the ideas of boosting, where a good hypothesis is obtained through a weighted
combination of so-called “weak learners” [Schapire and Freund, 2012]. Inspired from Adaboost
[Freund and Schapire, 1995], they propose a formulation based on the exponential loss:

min
M2Sd

C

log
jRjX
rD1

exp.��r/ C � tr.M /; (4.11)

where for ease of notation, each constraint in R is represented as �r D hAr ;M i with

Ar D .xi � xk/.xi � xk/
T

� .xi � xj /.xi � xj /
T :

e trace of M is used as a regularizer. In the case of PSD matrices, it is equivalent to the
trace norm (also known as the nuclear norm) which favors low-rank solutions [see Kunapuli and
Shavlik, 2012, for another approach based on the trace norm].
⁶Source code is not available but is listed as “coming soon” by the authors. Check:
http://www.enm.bris.ac.uk/staff/xyy/software.html
⁷Source code available at: http://code.google.com/p/boosting/.

http://www.enm.bris.ac.uk/staff/xyy/software.html
http://code.google.com/p/boosting/
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BoostMetric is based on the property that any PSD matrix can be decomposed into a non-
negative linear combination of trace-one rank-one matrices:

M D

JX
jD1

wjZj where 8j W wj � 0;Zj D vjv
T
j ;vj 2 Rd ; kvj k2 D 1:

Instead of solving (4.11), one can solve the dual problem:

max
u2RjRj

�

jRjX
rD1

ur logur

s.t.
jRjX
rD1

ur D 1; ur � 0

jRjX
rD1

ur
˝
Ar ;Zj

˛
� �; 1 � j � J:

(4.12)

Unfortunately, we do not know which Zj ’s have nonzero weight and the set of candidates is in-
finite. To go around this problem, the authors show that one can solve (4.12) by an algorithm
similar to Adaboost, where the weak learners are the trace-one rank-one matrices. At each itera-
tion, the algorithm incorporates a new learner Z to the solution by solving

Z D argmax
Z0

8<: jRjX
rD1

ur
˝
Ar ;Z

0
˛9=; ;

where ur is proportional to the current violation of constraint r . Z can be found by computing
the largest eigenvector of

PjRj

rD1 urAr , which requires O.d2/ time.
In practice, BoostMetric achieves competitive performance but typically requires a very

large number of iterations for high-dimensional datasets. In subsequent work, Bi et al. [2011]
further improve the scalability of the approach, while Liu and Vemuri [2012] introduce regular-
ization on the weights as well as a term to reduce redundancy among weak learners.

4.2 LINEAR SIMILARITY LEARNING
e work reviewed so far has focused on learning a Mahalanobis distance, which satisfies the
distance axioms. While these axioms are intuitive and can be useful in practice, for instance to
speed up neighbor search [Uhlmann, 1991], they impose strict constraints that may be too rigid.
In fact, the question of whether human similarity judgments satisfy the distance axioms has been
extensively debated in cognitive psychology, with some experiments challenging all of them, in-
cluding symmetry and triangle inequality [Ashby and Perrin, 1988, Rosch, 1975, Tversky, 1977,
Tversky and Gati, 1982]. Figure 4.2 illustrates this in the case of visual similarity. ese studies
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Figure 4.2: Visual similarity judgments can violate the triangle inequality. In this example, a man and
a horse are both similar to a centaur, but not to one another.

suggest that more flexible forms of similarity should be used when the goal is to approximate
perceptual similarity. ere can also be a computational benefit: for instance, lifting the PSD
constraint typically leads to more scalable algorithms. In this section, we summarize the existing
work on learning linear similarity functions that do not satisfy the distance axioms.

Qamar et al. [2008] propose to learn a similarity function of the following form:

SM .x;x0/ D
xTMx0

N.x;x0/
;

where M 2 Rd�d is not required to be PSD or symmetric, and N.x;x0/ is a normalization term
which depends on x and x0. is similarity function can be seen as a generalization of the cosine
similarity, widely used in text and image retrieval [see for instance Baeza-Yates and Ribeiro-
Neto, 1999, Sivic and Zisserman, 2009]. To learn M , the authors build on the notion of “target
neighbors” introduced in LMNN. In subsequent work, Qamar and Gaussier [2009] propose a
convex formulation to learn generalized cosine similarities of the form

SM .x;x0/ D
xTMx0

p
xTMx

p
x0TMx0

;

where M 2 SdC. is corresponds to a cosine similarity in the projection space induced by M ,
but is more costly to optimize due to the PSD constraint. Nguyen and Bai [2010] optimize the
same form of similarity based on a nonconvex formulation.

Other work has focused on the even simpler bilinear similarity:

SM .x;x0/  D xTMx0;

whereM 2 Rd�d . OASIS [Chechik et al., 2009, 2010] deals with large-scale problems in image
classification (refer to Section 4.3.1 for details). SLLC [Bellet et al., 2012b] takes an original angle
by learning a similarity for sparse linear classification with generalization guarantees (the approach
is presented and analyzed in Section 8.3.1). Cheng [2013] learn the similarity for pair matching
(predicting whether two examples are similar) when the examples composing the pair may have
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different dimensionality. is is a relevant setting for matching instances from different domains,
such as images with different resolutions, or queries and documents. ey learn a rectangular
matrix with a rank constraint based on techniques from optimization over Riemannianmanifolds.

4.3 LARGE-SCALEMETRICLEARNING
In recent years, the volume of data available for training machine learning models has been in-
creasing dramatically, both in the number of samples n and the number of features d . Dealing
with these massive datasets imposes severe constraints on the time and memory complexity of the
algorithms, introducing different trade-offs in learning [Bottou and Bousquet, 2007]. In this sec-
tion, we discuss several ways to scale-up metric learning. ese techniques could also be applied
to some of the metric learning methods that we will present in Chapter 5 and Chapter 6.

4.3.1 LARGE n: ONLINE, STOCHASTICANDDISTRIBUTED
OPTIMIZATION

We start with the case where the number of training samples n (and therefore the number of
training constraints) is very large, say in the millions. In this case, careful subsampling of the
constraints may be sufficient to achieve near-optimal performance [see for instance Clémençon
et al., 2015]. Otherwise, techniques such as online learning and stochastic optimization can be
used to derive algorithms whose iteration cost is independent of n.

Online Approaches
In online learning [Cesa-Bianchi and Lugosi, 2006, Littlestone, 1988], the algorithm receives
training instances one at a time and updates at each step the current hypothesis. Although the
performance of online algorithms is typically inferior to batch algorithms, they are very useful to
tackle large-scale problems that batch methods fail to address due to time and space complexity
issues. Online learning methods often come with regret bounds, stating that the accumulated loss
suffered along the way is not much worse than that of the best hypothesis chosen in hindsight:

TX
tD1

`.ht ; zt / �

TX
tD1

`.h�; zt / � f .T /;

where T is the number of steps, ht is the hypothesis learned at time t and h� is the best batch
hypothesis. In the following, we present several online algorithms for metric learning.

POLA (Shalev-Shwartz et al.) POLA [Shalev-Shwartz et al., 2004], for Pseudo-metric Online
Learning Algorithm, is the first online Mahalanobis distance learning approach and learns the
matrix M as well as a threshold b � 1. At each step t , POLA receives a pair .xi ;xj ; yij /, where
yij D 1 if .xi ;xj / 2 S and yij D �1 if .xi ;xj / 2 D, and performs two successive orthogonal
projections:



4.3. LARGE-SCALEMETRICLEARNING 29

1. Projection of the current solution .M t�1; bt�1/ onto the set C1 D f.M ; b/ 2 Rd
2C1 W

Œyij .d
2
M .xi ;xj / � b/C 1�C D 0g, which is done efficiently (closed-form solution). e

constraint basically requires that the distance between two instances of same (resp. differ-
ent) labels be below (resp. above) the threshold b with a margin 1. We get an intermediate
solution .M t� 1

2 ; bt�
1
2 / that satisfies this constraint while staying as close as possible to the

previous solution.

2. Projection of .M t� 1
2 ; bt�

1
2 / onto the set C2 D f.M ; b/ 2 Rd

2C1 W M 2 SdC; b � 1g,
which is done rather efficiently (in the worst case, one only needs to compute the mini-
mal eigenvalue of M t� 1

2 ). is projects the matrix back onto the PSD cone. We thus get a
new solution .M t ; bt / that yields a valid Mahalanobis distance.

A regret bound for the algorithm is provided. POLA was further improved by Jain et al. [2008],
which use LogDet divergence regularization and features tighter regret bounds and more efficient
updates. Its practical performance in k-NN classification is similar to (or only slightly worse than)
that of ITML.

RDML ( Jin et al.) RDML [Jin et al., 2009] is similar to POLA in spirit but is more flexible. At
each step t , instead of forcing the margin constraint to be satisfied, it performs a gradient descent
step of the following form (assuming Frobenius regularization):

M t
D �Sd

C

�
M t�1

� �yij .xi � xj /.xi � xj /
T
�
;

where �Sd
C
.�/ is the projection to the PSD cone. e parameter � implements a trade-off between

satisfying the pairwise constraint and staying close to the previous matrixM t�1. Using some lin-
ear algebra, the authors show that this update can be performed by solving a convex quadratic
program instead of resorting to eigenvalue computation like POLA. RDML is evaluated on sev-
eral benchmark datasets and is shown to perform comparably to LMNN and ITML in k-NN
classification.

OASIS (Chechik et al.) OASIS⁸ [Chechik et al., 2009, 2010] learns a bilinear similarity SM

instead of a Mahalanobis distance. Since M 2 Rd�d is not required to be PSD, the authors are
able to optimize SM in an online manner using a simple and efficient procedure, which belongs to
the family of Passive-Aggressive algorithms [Crammer et al., 2006]. e initialization isM D I ,
then at each step t , the algorithm draws a triplet .xi ;xj ;xk/ 2 R and solves the following convex
problem:

M t
D argmin

M ;�

1

2
kM � M t�1

k
2
F C C�

s.t. 1 � SM .xi ;xj /C SM .xi ;xk/ � �

� � 0;

(4.13)

⁸Source code available at: http://ai.stanford.edu/~gal/Research/OASIS/.

http://ai.stanford.edu/~gal/Research/OASIS/
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where C � 0 is the trade-off parameter between minimizing the loss and staying close from the
matrix obtained at the previous step. Clearly, if

`M t�1.xi ;xj ;xk/ D 1 � SM t�1.xi ;xj /C SM t�1.xi ;xk/ � 0;

then the solution of (4.13) is M t D M t�1. Otherwise, it is obtained from a simple closed-form
update:

� D min.C; `M t�1.xi ;xj ;xk/=kV
t
k
2/

M t
D M t�1

C �V t ;

where V t D xi .xj � xk/
T is the gradient matrix.

In practice, OASIS can be applied to problems with millions of training instances and
achieves state-of-the-art performance on an image search task using k-NN. However, it cannot
use complex regularizers such as sparsity-inducing norms. Note that the same authors derived
two other online algorithms as applications of more general frameworks. e first one is based on
online learning in the manifold of low-rank matrices [Shalit et al., 2010, 2012] and the second
on adaptive regularization of weight matrices [Crammer and Chechik, 2012].

Stochastic andDistributedOptimization
Another popular way to scale to large n is to formulate the problem in a way that can be solved
using stochastic and/or distributed optimization. We provide here an informal presentation of
how such methods can be used to scale-up metric learning. Interested readers can refer to [Boyd
et al., 2011, Dekel et al., 2012, Duchi et al., 2011, 2012, Le Roux et al., 2012, Recht et al., 2011,
Shalev-Shwartz and Zhang, 2013] for some recent work on these topics in the context of machine
learning.

For the purpose of this section, we assume that our metric learning problem is formulated
as the minimization of an average of convex (sub)differentiable functions, one for each training
constraint. For instance, in the case of triplet constraints, we would have:

min
M

1

jRj

jRjX
rD1

`.M ; Cr/; (4.14)

where Cr D .xi ;xj ;xk/ 2 R represents a training triplet.⁹ Many of the previously introduced
metric learning methods can be reformulated in this way, often by replacing the soft margin
constraints by hinge loss terms Œt �C D max.0; t/ in the objective. For instance, the constrained
formulation S&J in (4.6) is equivalent to the unconstrained problem

min
M2Sd

C

X
.xi ;xj ;xk/2R

Œ1C d2M .xi ;xj / � d2M .xi ;xk/�C C �kMk
2
F :

⁹For ease of presentation, we ignore any constraint or regularization on M , but these cases can be addressed efficiently with
methods such as (stochastic) projected or proximal gradient.
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We could use a (sub)gradient descent (GD) algorithm to solve (4.14), however computing
the gradient at each step would require O.jRj/ time. One solution is to distribute the training
constraints across several machines of a commodity cluster. Each machine then computes its local
gradient in parallel and a master node collects and averages them to form the full gradient.

However, the number of training constraints can be so large that it is difficult to efficiently
distribute the gradient computation. is could be because there are not enough machines or
because communication costs hinder the use of additional machines. In this case, stochastic op-
timization can be useful. Instead of the full gradient, Stochastic Gradient Descent (SGD) uses
an unbiased estimate of the gradient, for instance based on a single term of the sum (4.14) sam-
pled uniformly at random at each iteration. Like full GD, SGD also converges to an optimum
(in expectation) under appropriate step size. Its convergence rate is typically slower than that of
full GD due to the variance of the gradient estimates, but its very cheap iterations make it very
attractive in the large-scale setting [Bottou and Bousquet, 2007].

To reduce the variance, mini-batch SGD picks a random subset of size m > 1 instead of a
single term to estimate the gradient, providing a middle ground between SGD and full GD. In
this context, Clémençon et al. [2015] have shown, both theoretically and empirically, that ran-
domly sampling pairs or triplets directly to build the mini-batch leads to much faster convergence
than randomly sampling a subset of points and then forming all possible pairs/triplets based on
this subsample. Mini-batch SGD is particularly convenient to combine the benefits of stochas-
tic and distributed optimization, where each machine can compute a local gradient based on a
mini-batch. For instance, Xie and Xing [2014] adapt the idea of distributed mini-batch SGD to
metric learning, allowing asynchronous gradient updates.

4.3.2 LARGE d : METRIC LEARNING INHIGHDIMENSIONS
In many application domains such as text and image processing or bioinformatics, data is often
represented as very high-dimensional vectors (d is in the order of 105 or higher). is is a major
problem for classic metric learning algorithms for at least three reasons. First, a single iteration
typically requires O.d2/ or even O.d3/ time, which is intractable for large d . Second, merely
storing a d � d matrix may be undesirable, if not infeasible. Lastly, learning O.d2/ parameters
is likely to lead to severe overfitting. In this section, we present a few ways to go around the
high-dimensionality problem.

Dimensionality Reduction
Virtually all metric learning methods presented earlier (for instance, LMNN and ITML) resort
to dimensionality reduction (such as PCA or random projections) to preprocess the data when it
has more than a few hundred dimensions, and learn the metric in the reduced space. e resulting
metric generally achieves good practical performance (often superior to a standard metric in the
original space), but there is a potential loss of performance and interpretability.
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Very recently, Qian et al. [2014] proposed a strategy to learn the metric in a reduced space
generated by random projections, and yet to be able to recover a full metric in the original space.
e approach is promising but the recovery is costly and it is not clear how much the proposed
method improves upon simply using the metric learned in the reduced space.

DiagonalMetric
A drastic solution is to learn a diagonal matrix M as done by Schultz and Joachims [2003] (see
Section 4.1.2) and more recently by Gao et al. [2014]. is can work well in practice but is very
restrictive as it amounts to learning a simple weighting of the features.

Matrix Decompositions
Another strategy is to work with an explicit decomposition of the matrixM to reduce the number
of parameters to learn. A popular choice is the low-rank decomposition M D LLT with L 2

Rr�d . However, this leads to nonconvex formulations with possibly many bad local optima, and
requires r to be tuned carefully.

Instead, one can decompose M as a sum of rank-one matrices. Unlike BoostMetric (Sec-
tion 4.1.2), Shi et al. [2014] generate a set of rank-one matrices before training and only need to
learn the combining weights. However, a larger dictionary is typically needed as the dimension-
ality increases, which can be expensive to build and/or cause memory issues. Finally, Liu et al.
[2014] build on the observation that when data is very high-dimensional, it is often sparse (i.e.,
each point has many zero features). In this context, they propose to decompose M as a con-
vex combination of rank-one 4-sparse matrices, each involving only two features. Exploiting the
sparsity structure of the problem, they derive a greedy algorithm that incorporates a single such
basis into the metric at each iteration, with computational cost independent of d . is allows ex-
plicit control of the complexity of the metric to avoid overfitting, and results in extremely sparse
high-dimensional metrics that are fast to compute.

4.3.3 LARGE nANDLARGE d
We note that the techniques presented in Section 4.3.1 and Section 4.3.2 may be combined to
obtain algorithms that can efficiently deal with simultaneously large n and d .
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C H A P T E R 5

Nonlinear and LocalMetric
Learning

As we have seen in the previous chapter, a lot of work has focused on learning a linear metric. Such
formulations are convenient to optimize (they are typically convex with the guarantee of finding
the global optimum) and the learned metric rarely overfit. For some problems, however, the data
has some nonlinear structure that a linear metric is unable to capture. In such cases, a nonlinear
metric has the potential to achieve much better performance. In this chapter, we present the two
main lines of research in nonlinear metric learning: learn a nonlinear form of metric (Section 5.1)
or multiple linear metrics (Section 5.2), as illustrated in Figure 5.1.

5.1 NONLINEARMETHODS
ere are two main approaches to nonlinear metric learning. Section 5.1.1 shows how one can
learn a linear metric in the feature space induced by a nonlinear kernel. One may also learn a
nonlinear metric directly: these approaches are discussed in Section 5.1.2.

5.1.1 KERNELIZATIONOFLINEARMETHODS
Inspired by other kernel methods [Schölkopf and Smola, 2001], the motivation for kernelized
metric learning is to get the best of both worlds: by learning a linear metric in an implicit nonlinear
space, one can combine the expressiveness of a nonlinear metric with the convexity and efficiency
of linear metric learning.

e kernel trick for metric learning is derived as follows. Let K.x;x0/ D h�.x/; �.x0/i be
a kernel, where �.x/ 2 RD . Let fxigniD1 be the training instances and denote ϕi D �.xi / for
simplicity. Consider a (squared) Mahalanobis distance in kernel space:

d2M .ϕi ;ϕj / D .ϕi � ϕj /
TM .ϕi � ϕj / D .ϕi � ϕj /

TLTL.ϕi � ϕj /:

Let Φ D Œϕ1; : : : ;ϕn� and use the parameterization LT D ΦUT , where U 2 RD�n. We get:

d2M .�.x/; �.x0// D .k � k0/TM .k � k0/; (5.1)

where M 2 Rn�n, k D ΦT �.x/ D ŒK.x1;x/; : : : ; K.xn;x/�T and likewise for k0. Note that
(5.1) can be computed for any two inputs x;x′ based on the training instances and the kernel
function without ever operating in theD-dimensional kernel space. is allows efficient distance



34 5. NONLINEARANDLOCALMETRICLEARNING

(a) Linear metric (b) Kernelized metric (c) Multiple local metrics

Figure 5.1: When data is not linearly separable, a linear metric cannot capture well the structure of
the problem (Figure 5.1(a)). Instead, one can use a kernel to implicitly project data into a nonlinear
space where a linear metric performs well (Figure 5.1(b)) or learn multiple linear metrics at several
locations of the original feature space (Figure 5.1(c)). Metrics are shown as ellipses representing the
set of point at unit distance of the center.

computations in kernel space even when that space is infinite-dimensional (for the Gaussian RBF
kernel for instance). Moreover, the distance can be learned by estimating n2 parameters, which is
independent from both the original feature space and the kernel space dimensions.e framework
is theoretically supported by a representer theorem [Chatpatanasiri et al., 2010].

In general, kernelizing a metric learning algorithm is however nontrivial, because the in-
terface to the data must be limited to inner products only, so that efficient computation can be
achieved through the kernel function. Some metric learning approaches have been shown to be
kernelizable using method-specific arguments [see for instance Davis et al., 2007, Hoi et al.,
2006, Schultz and Joachims, 2003, Shalev-Shwartz et al., 2004, Torresani and Lee, 2006]. More
recently, several authors [Chatpatanasiri et al., 2010, Zhang et al., 2010] have proposed general
kernelization results based on Kernel Principal Component Analysis [Schölkopf et al., 1998], a
nonlinear extension of PCA [Pearson, 1901]. In short, KPCA implicitly projects the data into
the nonlinear (potentially infinite-dimensional) feature space induced by a kernel and performs
dimensionality reduction in that space. e (unchanged) linear metric learning algorithm can
then be used to learn a metric in the resulting reduced nonlinear space. is is referred to as the
“KPCA trick” and can also be used to avoid learning n2 parameters, which can be difficult when
n is large. Chatpatanasiri et al. [2010] showed that the KPCA trick is theoretically sound for
unconstrained metric learning algorithms.

Another trick (similar in spirit in the sense that it involves some nonlinear preprocessing of
the feature space) is based on kernel density estimation and allows one to deal with both numeri-
cal and categorical attributes [He et al., 2013]. General kernelization results can also be obtained
from the equivalence between Mahalanobis distance learning in kernel space and linear transfor-
mation kernel learning [Jain et al., 2010, 2012], but are restricted to spectral regularizers. Lastly,
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Wang et al. [2011] address the problem of choosing an appropriate kernel function by proposing
a multiple kernel framework for metric learning.

5.1.2 LEARNINGNONLINEARFORMSOFMETRICS
A few approaches have tackled the direct optimization of nonlinear forms of metrics. ese ap-
proaches are typically nonconvex (thus subject to local optima) but potentially more flexible than
kernelized methods, and also more scalable on large datasets.

LSMD (Chopra et al.) Chopra et al. [2005] pioneered the nonlinear metric learning literature.
ey learn a nonlinear projectionGW .x/ parameterized by a vectorW such that the L2 distance
in the low-dimensional target space dW .x;x0/ D kGW .x/ �GW .x0/k2 is small for positive pairs
and large for negative pairs. Precisely, they use the following loss fonction (ignoring constants):

`.W ;xi ;xj / D .1 � yij /d
2
W .xi ;xj /C yij e

�dW .xi ;xj /;

where yij D 0 if .xi ;xj / 2 S and 1 if .xi ;xj / 2 D. is choice of loss function is justified by a
separation criterion.

No assumption is made about the nature of the nonlinear projection GW : the parameter
W corresponds to the weights in a deep learning model (more precisely, a multilayer convolu-
tional neural network) and can thus be an arbitrarily complex nonlinear mapping.¹ ese weights
are learned so as to minimize the loss function through classic neural network techniques, namely
back-propagation and stochastic gradient descent. e approach is subject to local optima and re-
quires careful tuning of themany hyperparameters. A significant amount of validation data should
thus be used in order to avoid overfitting. Nevertheless, the authors demonstrate the usefulness
of LSMD on face verification tasks.

Although deep learning is not yet very well understood and has a number of apparent short-
comings (in particular local optima and a large number of hyperparameters), there has been recent
progress in efficiently training such models on very large-scale data, which has led to state-of-
the-art performance in many application domains such as computer vision and speech recognition
[Deng and Yu, 2014]. Several other metric learning methods based on deep learning have thus
been recently proposed. Salakhutdinov and Hinton [2007] use a deep belief network to learn a
nonlinear low-dimensional representation of the data and train the last layer to optimize the NCA
objective (cf. Section 4.1.1). Hu et al. [2014] propose another deep metric learning architecture
to optimize a hinge loss on pairs of instances.

GB-LMNN (Kedem et al.) Kedem et al. [2012] propose Gradient-Boosted LMNN,² a gen-
eralization of LMNN to learn a distance in a nonlinear projection space defined by �:

d�.x;x
0/ D k�.x/ � �.x0/k2:

¹An introduction to deep learning is outside the scope of this book. e interested reader may refer to Bengio [2009] and
Schmidhuber [2014] for recent surveys.
²Source code available at: http://www.cse.wustl.edu/~kilian/code/code.html.

http://www.cse.wustl.edu/~kilian/code/code.html
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Unlike LSMD, this nonlinear mapping takes the form of an additive function

�.x/ D �0.x/C ˛

TX
tD1

ht .x/;

where h1; : : : ; hT are gradient boosted regression trees [Friedman, 2001] of limited depth p and
d-dimensional output, �0.x/ is the linear mapping learned by the original LMNN and ˛ a learn-
ing rate.

e authors use the LMNNobjective (4.4) reformulated as an unconstrained problem using
the hinge loss Œt �C D max.0; t/. Denoting ϕi D �.xi /:

f .�/ D
X

.xi ;xj /2Slmnn

kϕi � ϕj k
2
2 C �

X
.xi ;xj ;xk/2Rlmnn

�
1C kϕi � ϕj k

2
2 � kϕi � ϕkk

2
2

�
C
:

e proposed algorithm aims at iteratively adding a new tree ht at each step t . Ideally, we
would like to select the tree that minimizes the above objective upon its addition to the ensemble:

�t .x/ D �t�1.x/C ˛ht .x/; where ht D argmin
h2Tp

f .�t�1 C ˛h/;

where Tp is the set of all regression trees of depth p. To avoid the computational cost of mini-
mizing f at each iteration, ht is chosen so as to approximate the negative gradient direction of
the current objective in the least-square sense:

ht D argmin
h2Tp

nX
iD1

kgt .xi /C h.xi /k
2
2;

where gt .xi / is the gradient of f .�t�1/ with respect to �t�1.xi /. e trees are learned greedily
using a classic CART implementation. On an intuitive level, each tree divides the space into 2p
regions, and instances falling in the same region are translated by the same vector—thus examples
in different regions are translated in different directions.

Dimensionality reduction can be achieved by learning trees with r-dimensional output.
In practice, GB-LMNN appears to be robust to overfitting and often outperforms LMNN and
ITML significantly in k-NN classification.

HDML (Norouzi et al.) e originality of HammingDistanceMetric Learning [Norouzi et al.,
2012a] is to learn mappings from real-valued vectors to binary codes on which the Hamming
distance performs well.³ Recall that the Hamming distance dH between two binary codes of
same length is simply the number of bits on which they disagree. A great advantage of working
with binary codes is their small storage cost and the fact that exact neighbor search can be done
in sublinear time [Norouzi et al., 2012b].
³Source code available at: https://github.com/norouzi/hdml.

https://github.com/norouzi/hdml
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e goal here is to optimize a mapping b.x/ that projects a d-dimensional real-valued
input x to a q-dimensional binary code. e mapping takes the general form:

b.xIw/ D sign .f .xIw// ;

where f W Rd ! Rq can be any function differentiable in w (e.g., a linear or a nonlinear trans-
formation), sign.�/ is the element-wise sign function and w is a real-valued vector representing
the parameters to be learned.

Given a relative constraint .xi ;xj ;xk/ 2 R, denote by hi , hj and hk their corresponding
binary codes given by b. e loss is then given by

`.hi ;hj ;hk/ D
�
1 � dH .hi ;hk/C dH

�
hi ;hj

��
C
:

In other words, the loss is zero when the Hamming distance between hi and hj is at least one
bit smaller than the distance between hi and hk . HDML is formalized as a loss minimization
problem with L2 norm regularization on w:

min
w

X
.xi ;xj ;xk/2R

`.b.xi Iw/; b.xj Iw/; b.xkIw// C
�

2
kwk

2
2 (5.2)

is objective function is nonconvex and discontinuous, and thus optimization is very challenging.
To mitigate the discontinuity problem, the authors rely on a continuous upper bound on the
loss function which can be used in a stochastic gradient descent algorithm. Specifically, at each
iteration, the algorithm draws a random triplet .xi ;xj ;xk/ 2 R and finds the binary codes given
by:

. Ohi ; Ohj ; Ohk/ D argmax
hi ;hj ;hk

f`.hi ;hj ;hk/C hTi f .xi /C hTj f .xj /C hTk f .xk/g:

e authors show that this can be done inO.q2/ time, which is efficient as long as the code length
q remains small.

Experiments show that relatively short codes obtained by nonlinear mapping are sufficient
to achieve few constraint violations, and that a k-NN classifier based on these codes can achieve
competitive performance with state-of-the-art classifiers. Neyshabur et al. [2013] later showed
that using asymmetric codes can lead to shorter encodings whilemaintaining similar performance.

5.2 LEARNINGMULTIPLELOCALMETRICS
e methods studied so far learn a single (linear or nonlinear) metric. However, if the data is
heterogeneous, the learned metric may not capture well the complexity of the task and it might be
beneficial to learn multiple (linear) metrics that vary across the space (e.g., one for each class or for
each instance). is can often be seen as approximating the geodesic distance defined by a metric
tensor [see Ramanan and Baker, 2011, for a review on this matter]. It is typically crucial that
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the local metrics be learned simultaneously in order to make them meaningfully comparable and
also to alleviate overfitting. Learning multiple metrics has been shown to significantly outperform
single-metric methods on some problems, but typically comes at the expense of higher time and
memory requirements. Furthermore, they usually do not give rise to a consistent global metric,
although some recent work partially addresses this issue [Hauberg et al., 2012, Zhan et al., 2009].

M2-LMNN (Weinberger & Saul) Multiple Metrics LMNN⁴ [Weinberger and Saul, 2008,
2009] is an extension of LMNN to learn several Mahalanobis distances in different parts of the
feature space. As a preprocessing step, training data is partitioned in C clusters. ese can be ob-
tained either in a supervised way (using class labels) or without supervision (e.g., usingK-Means).
Let C.x/ 2 f1; : : : ; C g denote the cluster associated with an instance x. M2-LMNN learns C
metrics M1; : : : ;MC (one for each cluster) based on LMNN’s objective, with the modification
that the distance to a target neighbor or an impostor x is measured under its local metric MC.x/.
Specifically, the formulation is as follows:

min
M1;:::;MC 2Sd

C
;ξ�0

.1 � �/
X

.xi ;xj /2Slmnn

d2MC.xj /
.xi ;xj / C �

X
i;j;k

�ijk

s.t. d2MC.xk/
.xi ;xk/ � d2MC.xj /

.xi ;xj / � 1 � �ijk 8.xi ;xj ;xk/ 2 Rlmnn:

e problem remains convex and in practice, M2-LMNN can yield significant improvements
over standard LMNN (especially when supervised clustering is used to determine the clusters).
However, this comes at the expense of a higher computational cost as there are C times more
parameters to learn. It is also prone to overfitting (since each local metric can be overly specific
to its region) unless a large validation set is used [Wang et al., 2012c].

PLML (Wang et al.) Wang et al. [2012c] propose PLML,⁵ a Parametric LocalMetric Learning
method where a Mahalanobis metric d2Mi

is learned for each training instance xi :

d2Mi
.xi ;xj / D .xi � xj /

TMi .xi � xj /:

In order to avoid overfitting and excessive training cost, Mi is parameterized to be a weighted
linear combination of a few metric bases Mb1

; : : : ;Mbm
, where Mbj

� 0 is associated with an
anchor point uj .⁶ In other words, Mi is defined as:

Mi D

mX
jD1

Wibj
Mbj

; Wibj
� 0;

mX
jD1

Wibj
D 1;

where the nonnegativity of the weights ensures that the combination is PSD. e proposed al-
gorithm first learns these weights based on a manifold assumption, then learns the basis metrics
⁴Source code available at: http://www.cse.wustl.edu/~kilian/code/code.html.
⁵Source code available at: http://cui.unige.ch/~wangjun/papers/PLML.zip.
⁶In practice, these anchor points are defined as the means of clusters constructed by theK-Means algorithm.

http://www.cse.wustl.edu/~kilian/code/code.html
http://cui.unige.ch/~wangjun/papers/PLML.zip
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in a second step. More precisely, the weight learning is formulated as follows:

min
W

kX � WUk
2
F C �1 tr.WG/C �2 tr.W TLW /

s.t. Wibj
� 0;

mX
jD1

Wibj
D 1 8i; bj ;

(5.3)

where X 2 Rn�d and U 2 Rm�d are the training data and anchor point matrices respectively,
G 2 Rm�n is the Euclidean distance matrix between anchor points and training points, and
L 2 Rn�n is the Laplacian matrix constructed using a k-nearest neighbor graph of the train-
ing instances. e objective of (5.3) is a trade-off between three terms: (i) each point xi should
be close to its linear approximation

Pm
jD1Wibj

uj , (ii) the weighting scheme should be local (i.e.,
Wibj

should be large if xi and ui are similar), and (iii) the weights should vary smoothly over the
data manifold (i.e., similar training instances should be assigned similar weights).⁷

Given the weights, the basis metrics Mb1
; : : : ;Mbm

are then learned based on the follow-
ing formulation:

min
Mb1

;:::;Mbm 2Sd
C
;ξ�0

X
i;j;k

�ijk C ˛1
X

.xi ;xj /2S

X
bl

Wibl
d2Mbl

.xi ;xj /C ˛2
X
bl

kMbl
k
2
F

s.t.
X
bl

Wibl

�
d2Mbl

.xi ;xk/ � d2Mbl
.xi ;xj /

�
� 1 � �ijk 8.xi ;xj ;xk/ 2 R:

is is essentially an LMNN formulation with additional Frobenius norm regularization. In
terms of scalability, the weight learning procedure is fairly efficient, but computing and stor-
ing L is very expensive for large datasets. e basis metric learning procedure requires m full
eigen-decompositions at each step, making the approach intractable for problems of moderate to
high dimensionality. In practice, PLML outperforms M2-LMNN on the evaluated datasets, and
is quite robust to overfitting due to its global manifold regularization. However, it is sensitive to
the relevance of the Euclidean distance to assess the similarity between data points and anchor
points. Note that PLML has many hyper-parameters, although in the experiments the authors
use default values for most of them.

SCML (Shi et al.) SCML (Sparse Compositional Metric Learning), proposed by Shi et al.
[2014], is a general framework to learn Mahalanobis metrics as sparse combinations of a set of
bases.⁸ Like BoostMetric (Section 4.1.2), it relies on a decomposition of M 2 SdC as a sum of
rank-one matrices:

M D

KX
iD1

wibib
T
i ; w � 0:

⁷e weights of a test instance can be learned by optimizing the same trade-off given the weights of the training instances, or
simply set to the weights of the nearest training instance.
⁸Source code available at: http://mloss.org/software/view/553/.

http://mloss.org/software/view/553/
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e basis set B D fbibTi gKiD1 is provided as input to the algorithm and consists of rank-one ma-
trices that are locally discriminative. Such elements can be efficiently generated from the training
data at several local regions (the authors propose to cluster the data and apply Fisher discriminant
analysis to each cluster).

For learning multiple local metrics, the idea of SCML is to learn a mappingW W Rd ! RKC
that maps any point x 2 Rd to a vector of weights W.x/ 2 RKC defining its local metric:

dW .x;x
0/ D .x � x0/T

 
KX
iD1

ŒW.x/�ibib
T
i

!
.x � x0/;

where ŒW.x/�i is the i-th entry ofW.x/. is formulation has several advantages. First, learning
such a mapping amounts to implicitly learning a local metric not only for each cluster or each
training point (like in M2-LMNN and PLML) but for any x 2 Rd . Second, ifW is constrained
to be smooth, then similar points are assigned similar weights, providing natural “manifold” reg-
ularization. e authors propose the following parameterization:

ŒW.x/�i D
�
aTi P.x/C ci

�2
;

where A D Œa1 : : :aK �T is a d 0 �K real-valued matrix, c 2 RK and P W Rd ! Rd
0 is a smooth

mapping. Taking the square guarantees that the weights are nonnegative 8x 2 Rd . Note that the
number of parameters to learn is K.d 0 C 1/. In principle, P could be the identity mapping, but
the authors use a kernel PCA projection so that the weights can vary nonlinearly and to allow
dimensionality reduction (d 0 < d ) to reduce the number of parameters to learn. e learning
problem is formulated as follows:

min
QA2R.d 0C1/�K

1

jRj

X
.xi ;xj ;xk/2R

�
1C dW .xi ;xj / � dW .xi ;xk/

�
C

C �k QAk2;1; (5.4)

where Œt �C D max.0; t/ is the hinge loss, k � k2;1 is the mixed L2;1 norm used in SML (see Sec-
tion 4.1.2) and QA denotes the concatenation ofA and c. eL2;1 norm introduces sparsity at the
column level, regularizing the local metrics to use the same basis subset. Problem (5.4) is noncon-
vex and is thus subject to local minima. e authors ensure a good solution is found by initializing
the parameters to the optimal solution of their single-metric formulation (which is convex). e
problem is solved using stochastic optimization (see Section 4.3.1) and can thus deal with a large
number of triplet constraints. In practice, SCML is shown to be superior to M2-LMNN and
PLML in k-NN classification on several benchmark datasets.

Bk-means (Wu et al.) Wu et al. [2009, 2012] propose to learn Bregman distances (or Bregman
divergences), a family of metrics that do not necessarily satisfy the triangle inequality or symmetry
[Bregman, 1967]. Given the strictly convex and twice differentiable function ' W Rd ! R, the
Bregman distance is defined as:

d'.x;x
0/ D '.x/ � '.x0/ � .x � x0/Tr'.x0/:
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It generalizes many widely used measures: the Mahalanobis distance is recovered by set-
ting '.x/ D

1
2
xTMx, the KL divergence [Kullback and Leibler, 1951] by choosing '.p/ DPd

iD1 pi logpi (here, p is a discrete probability distribution), etc. e authors consider the fol-
lowing symmetrized version:

d'.x;x
0/ D

�
r'.x/ � r'.x0/

�T
.x � x0/

D .x � x0/Tr
2'. Qx/.x � x0/;

where Qx is a point on the line segment between x and x0. erefore, d' amounts to a Maha-
lanobis distance parameterized by the Hessian matrix of ' which depends on the location of x
and x0. In this respect, learning ' can be seen as learning an infinite number of local Mahalanobis
distances. ey take a nonparametric approach by assuming � to belong to a Reproducing Kernel
Hilbert Space HK associated to a kernel function K.x;x0/ D h.xTx0/ where h.z/ is a strictly
convex function (set to exp.z/ in the experiments). is allows the derivation of a representer
theorem. Setting '.x/ D

Pn
iD1 ˛ih.x

T
i x/ leads to the following formulation based on classic

positive/negative pairs:

min
α2Rn

C
;b

1

2
αTKα C C

X
.xi ;xj /2S[D

�
1 � yij

�
d'.xi ;xj / � b

��
C
; (5.5)

where K is the Gram matrix, Œt �C D max.0; t/ is the hinge loss and C is the trade-off parameter.
Problem (5.5) is solved by a simple subgradient descent approach where each iteration has a com-
putational complexity linear in the number of training pairs. Note that (5.5) only has nC 1 vari-
ables instead of d2 in most metric learning formulations, which can be beneficial when n < d2.
On the other hand, the approach does not scale well to large datasets: it requires the computa-
tion of the n � n matrix K, and computing the learned distance requires n kernel evaluations.
e method is evaluated on clustering problems and exhibits good performance, matching or
improving that of other metric learning approaches such as ITML or BoostMetric.

RFD (Xiong et al.) e originality of the Random Forest Distance [Xiong et al., 2012] is to
cast the metric learning problem as a pair classification problem.⁹ Each pair of examples .x;x′/

is mapped to the following feature space:

�.x;x′/ D

�
jx � x′j
1
2
.x C x′/

�
2 R2d :

e first part of �.x;x′/ encodes the relative position of the examples and the second part their
absolute position, as opposed to the implicit mapping of the Mahalanobis distance which only
encodes relative information. e learned metric is based on a random forest F [Breiman, 2001],

⁹Source code available at: http://www.cse.buffalo.edu/~cxiong/RFD_Package.zip.

http://www.cse.buffalo.edu/~cxiong/RFD_Package.zip
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i.e., an ensemble of decision trees:

dRFD.x;x
′/ D F.�.x;x′// D

1

T

TX
tD1

ft .�.x;x
′//;

where ft .�/ 2 f0; 1g is the output of decision tree t . RFD is thus highly nonlinear and is able to
implicitly adapt the metric throughout the space: when a decision tree in F selects a node split
based on a value of the absolute position part, then the entire sub-tree is specific to that region
of R2d . As compared to other local metric learning methods, training is very efficient: each tree
takes O.n logn/ time to generate and trees can be constructed in parallel. A drawback is that
a distance evaluation requires computing the output of the T trees. e experiments highlight
the importance of encoding absolute information, and show that RFD is fast to train and clearly
outperforms some single metric learning methods (LMNN, ITML) on several datasets in k-NN
classification.
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C H A P T E R 6

Metric Learning for Special
Settings

In the previous two chapters, we have reviewed methods to learn metrics in a standard supervised
classification setup. In this chapter, we present extensions of metric learning to more complex
settings that require specific formulations. Section 6.1 deals with multi-task and transfer learning,
while Section 6.2 is devoted to learning a metric for ranking. Section 6.3 addresses the problem of
learning ametric from semi-supervised data or in a domain adaptation setting. Finally, Section 6.4
presents approaches to learn metrics specifically for histogram data.

6.1 MULTI-TASKANDTRANSFERLEARNING
In the multi-task learning framework [Caruana, 1997], we consider a set of T different but related
tasks, each of these modeled by a probability distribution over X � Y . e learner has access to
T learning samples, one for each task, and the objective is to improve the performance on all the
tasks at the same time by making use of the existing relationships between the tasks. Multi-task
transfer learning corresponds to the case where the goal is to improve only one target task with
the help of the others. In this section, we cover several Mahalanobis distance learning methods
for the multi-task setting where the general trend consists in learning a metric for each task in a
coupled fashion in order to improve the performance on all tasks.

mt-LMNN (Parameswaran & Weinberger) Multi-Task LMNN¹ [Parameswaran and Wein-
berger, 2010] is a straightforward adaptation of the ideas of Multi-Task SVM [Evgeniou and
Pontil, 2004] to metric learning. Given T related tasks, they model the problem as learning a
shared Mahalanobis metric dM0

as well as task-specific metrics dM1
; : : : ; dMt

and define the
metric for task t as

dt .x;x
0/ D .x � x0/T .M0 C Mt /.x � x0/:

Note that M0 C Mt � 0, hence dt is a valid pseudo-metric. e LMNN formulation (see Sec-
tion 4.1.1) is easily generalized to this multi-task setting so as to learn the metrics jointly, with a
specific regularization term defined as follows:


0kM0 � Ik
2
F C

TX
tD1


tkMtk
2
F ;

¹Source code available at: http://www.cse.wustl.edu/~kilian/code/code.html.

http://www.cse.wustl.edu/~kilian/code/code.html
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where 
t controls the regularization of Mt . When 
0 ! 1, the shared metric dM0
is simply

the Euclidean distance, and the formulation reduces to T independent LMNN formulations.
On the other hand, when 
t>0 ! 1, the task-specific matrices are simply zero matrices and the
formulation reduces to LMNN on the union of all data. In-between these extreme cases, these
parameters can be used to adjust the relative importance of each metric: 
0 to set the overall level
of shared information, and 
t to set the importance of Mt with respect to the shared metric.
e formulation remains convex and can be solved using the same solver as LMNN (but there
is T times more parameters to learn). In the multi-task setting with limited training data for
each task, mt-LMNN clearly outperforms single-task LMNN and other multi-task classification
techniques such as mt-SVM.

MLCS (Yang et al.) MLCS (Metric Learning based on Common Subspace) [Yang et al., 2011]
is a different approach to the problem of multi-task metric learning. For each task t 2 f1; : : : ; T g,
the authors consider learning a Mahalanobis metric

d2
LT

t Lt
.x;x0/ D .x � x0/TLTt Lt .x � x0/ D .Ltx � Ltx

0/T .Ltx � Ltx
0/

parameterized by the transformation matrix Lt 2 Rr�d . ey show that Lt can be decomposed
into a “subspace” part Lt0 2 Rr�d and a “low-dimensional metric” part Rt 2 Rr�r such that
Lt D RtLt0. e main assumption of MLCS is that all tasks share a common subspace, i.e., 8t ,
Lt0 D L0. is parameterization can be used to extend most existing metric learning methods to
the multi-task setting, although it breaks the convexity of the formulation and is thus subject to
local optima. However, as opposed to mt-LMNN, it can be made low-rank by setting r < d and
thus has many less parameters to learn. In their work,MLCS is applied to an alternative algorithm
to solve LMNN proposed by Torresani and Lee [2006]. e resulting method is evaluated on
problems with very scarce training data and study the performance for different values of r . It is
shown to outperform mt-LMNN, but the setup is a bit unfair since mt-LMNN is forced to be
low-rank by eigenvalue thresholding.

GPML (Yang et al.) e work of Yang et al. [2012] identifies two drawbacks of previous
multi-task metric learning approaches: (i) MLCS’s assumption of common subspace is some-
times too strict and leads to a nonconvex formulation, and (ii) the Frobenius regularization of
mt-LMNN does not preserve geometry. is property is defined as being the ability to propagate
side-information: the task-specific metrics should be regularized so as to preserve the relative dis-
tance between training pairs. ey introduce GPML (Geometry Preserving Metric Learning),
which extends any metric learning algorithm to the multi-task setting:

min
M0;:::;Mt 2Sd

C

tX
iD1

�
`.Mt ;St ;Dt ;Rt /C 
d'.Mt ;M0/

�
C 
0d'.A0;M0/; (6.1)

where `.Mt ;St ;Dt ;Rt / is the loss function for the task t based on the training pairs/triplets
(depending on the chosen algorithm), d'.A;B/ D '.A/ � '.B/ � tr

�
.r'B/T .A � B/

�
is a
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Bregman matrix divergence [Dhillon and Tropp, 2007] and A0 is a predefined metric (e.g., the
identity matrix I). mt-LMNN can essentially be recovered from (6.1) by setting '.A/ D kAk2F
and additional constraints Mt � M0. e authors focus on the von Neumann divergence:

dVN .A;B/ D tr.A logA � A logB � A C B/;

where logA is the matrix logarithm of A. Like the LogDet divergence mentioned earlier (Sec-
tion 4.1.2), the von Neumann divergence is known to be rank-preserving and to provide auto-
matic enforcement of positive-semidefiniteness. e authors further show that minimizing this
divergence encourages geometry preservation between the learned metrics. Problem (6.1) remains
convex as long as the original algorithm used for solving each task is convex, and can be solved
efficiently using gradient descent methods. In the experiments, the method is adapted to LMNN
and outperforms single-task LMNN as well as mt-LMNN, especially when training data is very
scarce.

TML (Zhang & Yeung) Zhang and Yeung [2010] propose a transfer metric learning (TML)
approach.² ey assume that we are given S independent source tasks with enough labeled data
and that a Mahalanobis distance Ms has been learned for each task s. e goal is to leverage
the information of the source metrics to learn a distance Mt for a target task, for which we only
have a small amount nt of labeled data. No assumption is made about the relation between the
source tasks and the target task: they may be positively/negatively correlated or uncorrelated. e
problem is formulated as follows:

min
Mt 2Sd

C
;Ω�0

2

n2t

X
i<j

`
�
1 � yiyj

�
1 � d2Mt

.xi ;xj /
��

C
�1

2
kMtk

2
F C

�2

2
tr. QMΩ�1 QMT /

s.t. tr.Ω/ D 1;

(6.2)
where `.t/ D max.0; t/ is the hinge loss, QM D .vec.M1/; : : : ; vec.Ms/; vec.Mt //. e first two
terms are standard (a loss on all possible pairs and Frobenius regularization) while the third one
models the relation between tasks based on a positive definite covariance matrix Ω. Assuming
that the source tasks are independent and of equal importance, Ω can be expressed as

Ω D

�
˛I.m�1/�.m�1/ ωm

ωm !

�
;

whereωm denotes the task covariances between the target task and the source tasks, and! denotes
the variance of the target task. Problem (6.2) is convex and is solved using an alternating procedure
that is guaranteed to converge to the global optimum: (i) fixing Ω and solving for Mt , which is
done online with an algorithm similar to RDML, and (ii) fixingMt and solving forΩ, leading to
a second-order cone program whose number of variables and constraints is linear in the number
of tasks. In practice, TML consistently outperforms metric learning methods without transfer
when training data is scarce.
²Source code available at: http://www.cse.ust.hk/~dyyeung/.

http://www.cse.ust.hk/~dyyeung/
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6.2 LEARNINGTORANK
Learning to rank is a recent topic in machine learning with applications in information retrieval,
collaborative filtering and ad placement among others [Liu, 2009]. e goal is to learn how to
rank items (for instance by relevance to a query) based on some (partial) order on the training
data. ere are various performance criteria in ranking. For example, the Area Under the ROC
Curve (AUC) corresponds to the probability that a classifier will rank a randomly chosen positive
instance higher than a randomly chosen negative one, while the Precision-at-k is only concerned
with the quality of the ranking of the top k items.

MLR (McFee & Lankriet) e idea of MLR (Metric Learning to Rank) [McFee and Lanck-
riet, 2010] is to learn a metric for ranking items with respect to queries.³ Using a distance function
between the query and an item as the score to rank the items is a natural approach. Let P be the
set of all permutations (i.e., possible rankings) over the training set. Given a Mahalanobis distance
d2M and a query q (which can be seen as an element of the instance space), the predicted ranking
p 2 P consists in sorting the instances by ascending d2M .q; �/. e idea is that if an instance xi
is more relevant than another xj with respect to q, then one must have d2M .q;xi / < d2M .q;xj /.
e approach to learn M is based on Structural SVM [Tsochantaridis et al., 2005]. It works
directly on d2M but rather use a feature map encoding the relation between a query and instance
rankings as follows:

min
M2Sd

C

kMk� C C
X
i

�i

s.t. hM ;  .xi ; pi / �  .xi ; p/iF � �.pi ; p/ � �i 8i 2 f1; : : : ; ng; p 2 P ;
(6.3)

where kMk� D tr.M / is the nuclear norm, C � 0 the trade-off parameter, hA;BiF DP
i;j AijBij the Frobenius inner product,  W Rd � P ! Sd the feature encoding of an input-

output pair .xi ; p/,⁴ and�.pi ; p/ 2 Œ0; 1� the “margin” representing the loss of predicting ranking
p instead of the true ranking pi . In other words, �.pi ; p/ assesses the quality of ranking p with
respect to the best ranking pi and can be evaluated using several measures, such as the AUC,
Precision-at-k or Mean Average Precision.

Since the number of constraints is super-exponential in the number of training instances,
the authors solve (6.3) using a 1-slack cutting-plane approach [Joachims et al., 2009] which es-
sentially iteratively optimizes over a small set of active constraints (adding the most violated ones
at each step) using subgradient descent. However, the algorithm requires a full eigendecompo-
sition of M at each iteration, incurring an O.d3/ cost. In practice, it is competitive with other
metric learning algorithms for k-NN classification and a structural SVM algorithm for ranking,
and can induce low-rank solutions thanks to the nuclear norm regularization.

³Source code is available at: http://www-cse.ucsd.edu/~bmcfee/code/mlr.
⁴e feature map  is designed such that the ranking p which maximizes hM ; .q; p/iF is the one given by ascending
d2
M .q; �/.

http://www-cse.ucsd.edu/~bmcfee/code/mlr
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In follow-up work, Lim and Lanckriet [2014] use simpler Frobenius norm regularization
and provide a more efficient algorithm. Lim et al. [2013] propose R-MLR, an extension to MLR
to deal with the presence of noisy features using the mixed L2;1 norm as in SML (see Sec-
tion 4.1.2). R-MLR is shown to be able to ignore most of the irrelevant features and outperforms
MLR in this situation.

6.3 SEMI-SUPERVISEDLEARNING
In this section, we present two categories ofmetric learningmethods that are designed to deal with
semi-supervised learning tasks. e first one corresponds to the standard semi-supervised setting,
where the learner makes use of unlabeled pairs in addition to positive and negative constraints.
e second one deals with semi-supervised domain adaptation problems where the learner has
access to labeled data drawn according to a source distribution and unlabeled data generated from
a different (but related) target distribution.

6.3.1 CLASSIC SETTING
e metric learning methods presented in this section leverage the information brought by the
set of unlabeled pairs, i.e., pairs of training examples that do not belong to the sets of positive and
negative pairs:

U D f.xi ;xj / W i ¤ j; .xi ;xj / … S [ Dg:

An early approach by Bilenko et al. [2004] combined semi-supervised clustering with metric
learning. In the following, we review general metric learning formulations that incorporate infor-
mation from the set of unlabeled pairs U .

LRML (Hoi et al.) Hoi et al. [2008, 2010] propose to follow the principles of manifold regular-
ization for semi-supervised learning [Belkin and Niyogi, 2004] by resorting to a weight matrixW
that encodes the similarity between pairs of points.⁵ Hoi et al. construct W using the Euclidean
distance as follows:

Wij D

�
1 if xi 2 N .xj / or xj 2 N .xi /
0 otherwise

where N .xj / denotes the nearest neighbor list of xj . Using W , they use the following regular-
ization known as the graph Laplacian regularizer:

1

2

nX
i;jD1

d2M .xi ;xj /Wij D tr.XLXTM /; (6.4)

where X is the data matrix and L D D � W is the graph Laplacian matrix with D a diagonal
matrix such that Di i D

P
j Wij . Intuitively, (6.4) favors an “affinity-preserving” metric: the dis-

tance between points that are similar according toW should remain small according to the learned
⁵Source code available at: http://www.ee.columbia.edu/~wliu/.

http://www.ee.columbia.edu/~wliu/
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metric. is regularizer can be added to any metric learning algorithm. Experiments show that
LRML (Laplacian Regularized Metric Learning) significantly outperforms supervised methods
when the side information is scarce. An obvious drawback is that computing W exactly may be
intractable for large-scale datasets. is work has inspired a number of extensions and improve-
ments: Liu et al. [2010] introduce a refined way of constructingW while Baghshah and Shouraki
[2009], Zhong et al. [2011] and Wang et al. [2013a] use a different (but similar in spirit) manifold
regularizer.

M-DML (Zha et al.) e idea of Zha et al. [2009] is to augment the Laplacian regularization
(6.4) using metrics M1; : : : ;MK learned from auxiliary datasets. Formally, for each available
auxiliary metric, a weight matrix Wk is constructed following Hoi et al. [2008, 2010] but using
metric Mk instead of the Euclidean distance. ese are then combined to obtain the following
regularizer:

KX
kD1

˛k tr.XLkX
TM /;

where Lk is the Laplacian matrix associated with weight matrix Wk and ˛k is the weight re-
flecting the utility of auxiliary metric Mk . As such weights are difficult to set in practice, Zha et
al. propose to learn them together with the metric M by alternating optimization (which only
converges to a local minimum). Experiments on a face recognition task show that metrics learned
from auxiliary datasets can be successfully used to improve performance over LRML.

6.3.2 DOMAINADAPTATION
In the context of supervised learning, domain adaptation (DA) [Ben-David et al., 2010, Mansour
et al., 2009, Quiñonero-Candela, 2009] refers to a setting where the labeled training data and the
test data come from different (but somehow related) distributions over X � Y , referred to as the
source pS and target pT distributions respectively. is situation occurs very often in real-world
applications (such as speech recognition, spam detection and object recognition). e learner is
generally provided a sample of labeled examples coming from the source distribution with a sam-
ple of unlabeled examples and/or few labeled instances coming from the target distribution. e
objective is then to learn a good predictive model on the target domain with the help of the data
coming from the source domain. is is generally tackled by trying to move closer the two distri-
butions while ensuring a good predictive performance on the source domain. Metric learning can
provide interesting solutions to this problem. e first method presented in this section requires
a small sample of target labeled data, while the others address the more challenging case where
only a sample unlabeled target data is available.

ARC-t (Kulis et al.) ARC-t [Kulis et al., 2011], for Asymmetric Regularized Cross-domain
transformation, is a domain adaptation approach requiring a labeled source sample and a (small)
labeled target sample. It optimizes a bilinear similarity SM .x;y/ D xTMy where x 2 Rs be-
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longs to the source domain, y 2 Rt belongs to the target domain and M 2 Rs�t . Note that x
and y do not need to have the same dimensionality, in which case M is a rectangular matrix.

e sets of similar (resp. dissimilar) pairs are constructed by pairing source and target ex-
amples that have the same (resp. different) label. e goal is essentially to map points from one
domain to another. e problem formulation is quite straightforward:

min
M2Rs�t

X
.x;y/2S

max.0; u � SM .x;y//C
X

.x;y/2D

max.0; SM .x;y/ � v/C �kMkF : (6.5)

A kernelized version is also proposed. e proposed method is shown to outperform several do-
main adaptation baselines on object recognition tasks.

is method is an extension of a previous approach [Saenko et al., 2010] which optimizes
a Mahalanobis distance instead of a similarity based on ITML formulation. is formulation is
restricted to the case where x and y have the same dimensionality.

CDML (Cao et al.) CDML [Cao et al., 2011], for Consistent Distance Metric Learning, deals
with the setting of covariate shift, which assumes that source and target data distributions pS .x/
and pT .x/ are different but the conditional distribution of the labels given the features remains
the same, i.e., pS .yjx/ D pT .yjx/. In the context of metric learning, the assumption is made
at the pair level, i.e., p.yij jxi ;xj / is stable across domains S and T . Cao et al. show that if
some metric learning algorithm minimizing some training loss

P
.xi ;xj /2S[D `.d

2
M ;xi ;xj ; yij /

is asymptotically consistent without covariate shift, then the following algorithm is consistent
under covariate shift:

min
M2Sd

C

X
.xi ;xj /2S[D

wij `.d
2
M ;xi ;xj ; yij /; where wij D

pT .xi /pT .xj /

pS .xi /pS .xj /
: (6.6)

Problem (6.6) can be seen as cost-sensitive metric learning, where the cost of each pair is given
by the importance weight wij . erefore, adapting a metric learning algorithm to covariate shift
boils down to computing the importance weights, which can be done reliably using unlabeled data
from the target domain [Tsuboi et al., 2008]. e authors experiment with ITML and show that
their adapted version outperforms standard ITML in situations of (real or simulated) covariate
shift.

DAML (Geng et al.) DAML [Geng et al., 2011], for Domain Adaptation Metric Learning,
tackles the general domain adaptation setting. In this case, a classic strategy in DA is to use a
term that brings the source and target distribution closer. Following this line of work, Geng et al.
regularize the metric using the empirical Maximum Mean Discrepancy [MMD, Gretton et al.,
2006], a nonparametric way of measuring the difference in distribution between the source sample



50 6. METRIC LEARNINGFOR SPECIAL SETTINGS

S and the target sample T :

MMD.S; T / D







 1jS j

jS jX
iD1
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jT j

jT jX
iD1

'.x0
i /








2

H

;

where '.x/ is a nonlinear feature mapping function that maps x to the Reproducing Kernel
Hilbert Space H. e MMD can be computed efficiently using the kernel trick and can thus be
used as a (convex) regularizer in kernelizedmetric learning algorithms (see Section 5.1.1). DAML
is thus a trade-off between satisfying the constraints on the labeled source data and finding a pro-
jection that minimizes the discrepancy between the source and target distribution. Experiments
on face recognition and image annotation tasks in the DA setting highlight the effectiveness of
DAML compared to classic metric learning methods.

6.4 HISTOGRAMDATA
We present here three metric learning methods designed specifically for histograms.

�2-LMNN (Kedem et al.) Kedem et al. [2012] propose �2-LMNN, which is based on the
prominent �2 histogram distance (see Chapter 2, Eq. 2.2). ey propose to generalize this dis-
tance with a linear transformation, introducing the following pseudo-distance:

�2L.x;x
0/ D �2.Lx;Lx′/;

where L 2 Rr�d , with the constraint that L preserves the simplex property of the data:

L 2 P D fL 2 Rr�d
W 8x 2 Sd ;Lx 2 Srg:

e objective function is the same as LMNN:

min
L2P

X
.xi ;xj /2Slmnn

�2L.xi ;xj /C �
X

.xi ;xj ;xk/2Rlmnn

�

 C �2L.xi ;xj / � �2L.xi ;xk/

�
C
; (6.7)

where Œt �C D max.0; t/ is the hinge loss and 
 the margin parameter.⁶ It can be shown thatL 2 P
if and only if L is element-wise nonnegative and each column sums to 1. is can be enforced by
using a change of variable L D f .A/ where f is the column-wise soft-max operator:

f W Rr�d
! P ; Œf .A/�ij D

eAijP
k e

Akj
:

e resulting unconstrained problem is solved using a standard subgradient descent procedure.
Although (6.7) is nonconvex and thus subject to local optima, experiments show great improve-
ments on histogram data compared to standard histogram metrics and Mahalanobis distance
learning methods, as well as promising results for dimensionality reduction (when r < d ).
⁶In standard LMNN, due to the linearity of the Mahalanobis distance, solutions obtained with different values of the margin
only differ up to a scaling factor. e margin can thus be fixed to 1. Here, �2 is nonlinear and therefore this value must be
tuned.
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GML (Cuturi & Avis) While �2-LMNN optimizes a simple bin-to-bin histogram distance,
Cuturi and Avis [2011] propose to consider the more powerful cross-bin Earth Mover’s Distance
(EMD) introduced by Rubner et al. [2000], which can be seen as the distance between a source
histogram x and a destination histogram x0. On an intuitive level, x is viewed as piles of earth
at several locations (bins) and x0 as several holes, where the value of each feature represents the
amount of earth and the capacity of the hole respectively. e EMD is then equal to the minimum
amount of effort needed to move all the earth from x to x0. e costs of moving one unit of earth
from bin i of x to bin j of x0 is encoded in the so-called ground distance matrix D 2 Rd�d .⁷
e computation of EMD amounts to finding the optimal flow matrix F , where fij corresponds
to the amount of earth moved from bin i of x to bin j of x0. Given the ground distance matrix
D, EMDD.x;x0/ is linear and can be formulated as a linear program:

EMDD.x;x
0/ D min

f2C.x;x0/
dTf ;

where f andd are respectively the flow and the groundmatrices rewritten as vectors for notational
simplicity, and C.x;x0/ is the convex set of feasible flows (which can be represented as linear
constraints).

Ground Metric Learning (GML) aims at learning D based on training histograms
x1; : : : ;xn and side-information fwij g1�i;j�n which quantifies how similar xi and xj are. We
assume wij > 0 for similar pairs and wij < 0 for dissimilar pairs. Given xi , we denote by NC

ik
its

k-nearest similar histograms using distance EMDD, and N�
ik

is defined likewise as its k-nearest
dissimilar histograms. e objective function minimized by GML is

fk.D/ D

nX
iD1

X
j2N

C

ik
[N�

ik

wijEMDD.xi ;xj /: (6.8)

Problem (6.8) is nonlinear in D, and a local minima is found efficiently by a subgradient descent
approach. Experiments on image datasets show that GML outperforms standard histogram dis-
tances as well as Mahalanobis distance methods.

EMDL (Wang & Guibas) Building on GML and successful Mahalanobis distance learning
approaches such as LMNN, Wang and Guibas [2012] aim at learning the ground matrix of
EMD in the more flexible setting where the algorithm is given a set of relative constraints R that
must be satisfied with a large margin. e problem is formulated as

min
D2D

kDk
2
F C C

X
i;j;k

�ijk

s.t. EMDD.xi ;xk/ � EMDD.xi ;xj / � 1 � �ijk 8.xi ;xj ;xk/ 2 R;
(6.9)

⁷For EMD to be proper distance,Dmust satisfy the following 8i; j; k 2 f1; : : : ; dg: (i)dij � 0, (ii)dii D 0, (iii)dij D dji

and (iv) dij � dik C dkj .



52 6. METRIC LEARNINGFOR SPECIAL SETTINGS

where D D
˚
D 2 Rd�d W 8i; j 2 f1; : : : ; dg; dij � 0; di i D 0

	
and C � 0 is the trade-off pa-

rameter.⁸ e authors also propose a pair-based formulation. Problem (6.9) is bi-convex and is
solved using an alternating procedure: first fix the ground metric and solve for the flow matrices
(this amounts to a set of standard EMD problems), then solve for the ground matrix given the
flows (this is a quadratic program). e algorithm stops when the changes in the ground matrix
are sufficiently small. e procedure is subject to local optima (because (6.9) is not jointly con-
vex) and is not guaranteed to converge: there is a need for a trade-off parameter ˛ between stable
but conservative updates (i.e., staying close to the previous ground matrix) and aggressive but
less stable updates. Experiments on face verification datasets confirm that EMDL improves upon
standard histogram distances and Mahalanobis distance learning methods, but no comparison to
GML is provided.

⁸Note that unlike in GML, D 2 D may not be a valid distance matrix. In this case, EMDD is not a proper distance.
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C H A P T E R 7

Metric Learning for Structured
Data

In many application domains, data naturally come structured, as opposed to the “flat” feature vec-
tor representation we have focused on so far. Indeed, instances can be in the form of strings, such
as words, text documents or DNA sequences; trees like XML documents, secondary structure
of RNA or parse trees; and graphs, such as networks, 3D objects or molecules. In the context
of structured data, metrics are especially appealing because they can be used as a proxy to access
data without having to directly manipulate these complex objects. Many metrics used for struc-
tured data actually rely on representing structured objects as feature vectors, such as some string
kernels [see Lodhi et al., 2002, and variants] or bags-of-(visual)-words [Li and Perona, 2005,
Salton et al., 1975]. In this case, metric learning can simply be performed on the feature vector
representation, but this strategy can imply a significant loss of structural information.

On the other hand, there exist metrics that operate directly on the structured objects and
can thus capture more structural distortions. However, learning such metrics is challenging be-
cause most of structured metrics are combinatorial by nature, which explains why it has received
less attention than metric learning for feature vectors. In this chapter, we mainly focus on edit
distances, which basically measure (in terms of number of operations) the cost of turning an object
into another (see Section 2.2.2). Edit distances have attractedmost of the interest in the context of
metric learning for structured data because (i) they are variants for a variety of objects (sequences,
trees and graphs), and (ii) they are naturally amenable to learning due to their parameterization
by a cost matrix.

is chapter is organized as follows. We review string edit distance learning in Section 7.1,
while methods for trees and graphs are covered in Section 7.2. We end this chapter with a short
overview of metric learning for time series (Section 7.3).

7.1 STRINGEDITDISTANCELEARNING

e standard string edit distance, often called Levenshtein edit distance, is based on a unit cost
for all operations. However, this might not reflect the reality of the considered task: for example,
in typographical error correction, the probability that a user hits the Q key instead of W on a
QWERTY keyboard is much higher than the probability that he/she hits Q instead of Y. For
some applications, such as protein alignment or handwritten digit recognition, hand-tuned cost
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Figure 7.1: A memoryless stochastic transducer that models the edit probability of any pair of strings
built from ˙ D fa; bg. Edit probabilities assigned to each transition are not shown here for the sake
of readability.

matrices may be available [Dayhoff et al., 1978, Henikoff and Henikoff, 1992, Micó and Oncina,
1998].

In this section, we review methods to automatically learn the cost matrix C of the string
edit distance.

7.1.1 PROBABILISTICMETHODS
Optimizing the edit distance is challenging because the optimal sequence of operations depends
on the edit costs themselves, and therefore updating the costs may change the optimal edit script.
Most general-purpose approaches get around this problem by considering a stochastic variant of
the edit distance, where the cost matrix defines a probability distribution over the edit operations.
One can then define an edit similarity as the posterior probability pe.x’jx/ that an input string x
is turned into an output string x’. is corresponds to summing over all possible edit scripts that
turn x into x’ instead of only considering the optimal script. Such a stochastic edit process can
be represented as a probabilistic model, such as a stochastic transducer (Figure 7.1), and one can
estimate the parameters of the model (i.e., the cost matrix C) that maximize the expected log-
likelihood of positive pairs. is is typically done via an EM-like iterative procedure [Dempster
et al., 1977]. Note that unlike the standard edit distance, the obtained edit similarity does not
usually satisfy the properties of a distance (in fact, it is often not symmetric and rarely satisfies
the triangular inequality).

Ristad and Yianilos e first method for learning a string edit metric, in the form of a gen-
erative model, was proposed by Ristad and Yianilos [1998].¹ ey use a memoryless stochastic
transducer which models the joint probability of a pair pe.x; x’/ from which pe.x’jx/ can be es-
timated. Parameter estimation is performed with an EM procedure. e Expectation step takes
the form of a probabilistic version of the dynamic programing algorithm of the standard edit dis-
tance. e M-step aims at maximizing the likelihood of the training pairs of strings built from

¹An implementation is available within the SEDiL platform [Boyer et al., 2008]:
http://labh-curien.univ-st-etienne.fr/SEDiL/.

http://labh-curien.univ-st-etienne.fr/SEDiL/
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Figure 7.2: Comparison between generative and discriminative edit distance models. On the left,
Ristadt and Yianilos’s model which learns a joint distribution induces a bias on the input distribution,
while Oncina and Sebban’s model (on the right) overcomes this shortcoming by learning a conditional
distribution.

an alphabet � so as to define a joint distribution over the edit operations:X
.u;v/2.� [f$g/2nf$;$g

Cuv C c.#/ D 1; with c.#/ > 0 and Cuv � 0;

where $ is the empty symbol, # is a termination symbol and c.#/ the associated cost (probability).
Note that Bilenko and Mooney [2003] extended this approach to the Needleman-Wunsch

score with affine gap penalty and applied it to duplicate detection. To deal with the tendency
of Maximum Likelihood estimators to overfit when the number of parameters is large (in this
case, when the alphabet size is large), Takasu [2009] proposes a Bayesian parameter estimation
of pair-HMM providing a way to smooth the estimation.

Oncina and Sebban e work of Oncina and Sebban [2006] describes three levels of bias
induced by the use of generative models: (i) dependence between edit operations, (ii) dependence
between the costs and the prior distribution of strings pe.x/, and (iii) the fact that to obtain
the posterior probability one must divide by the empirical estimate of pe.x/. ese biases
are highlighted by empirical experiments conducted with the method of Ristad and Yianilos
[1998] and that are reported in Figure 7.2 (on the left). e authors simulate a memory-
less transducer representing a target joint distribution (matrix) C �

uv over the edit operations
.u; v/ 2 .fa; b; c; d; g [ f$g/2nf$; $g. From C �

uv, the marginal target input distribution C �
u: can

be deduced as follows: C �
u: D

P
vC

�
uv, that corresponds to the sum of the edit probabilities over

the output alphabet. Generating a growing set of input strings according to different random
marginal distributions Cu:, the authors show that the only way to approximately recover the
joint target transducer (i.e., C �

uv) is to set Cu: D C �
u: (solid line on the Figure). Said differently,
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this means that the stochastic distance learned by Ristad and Yianilos depends on the a priori
distribution of the input strings, which is undesirable.

To address these limitations, Oncina and Sebban propose the use of a conditional trans-
ducer as a discriminative model that directly encodes the posterior probability p.x’jx/ that an
input string x is turned into an output string x’ using edit operations. Parameter estimation is also
done with EM where the maximization step differs from that of Ristad and Yianilos [1998] as
shown below:

8u 2 ˙;
X

v2˙[f$g

Cvju C
X
v2˙

Cvj$ D 1; with
X
v2˙

Cvj$ C c.#/ D 1:

Figure 7.2 (on the right) shows that using this discriminative model allows one to overcome
the drawback of Ristad and Yianilos’s model. Regardless of the marginal input distribution, the
learned conditional transducer converges toward the target one.

Note that in order to allow the use of negative pairs, McCallum et al. [2005] consider
another discriminative model, conditional random fields, that can deal with positive and negative
pairs in specific states, still using EM for parameter estimation.

7.1.2 GRADIENTDESCENTMETHODS
e use of EM has two main drawbacks: (i) it may converge to a local optimum, and (ii) distance
calculations must be done at each iteration, which can be very costly if the size of the alphabet
and/or the length of the strings are large. e following methods get around one or both of these
drawbacks by formulating the learning problem in the form of an optimization problem that can
be efficiently solved by a gradient descent procedure.

Saigo et al. Saigo et al. [2006] manage to avoid the need for an iterative procedure like EM in
the context of detecting remote homology in protein sequences.² ey learn the parameters of
the Smith-Waterman score which is plugged in their local alignment kernel kLA where all the
possible local alignments � for changing x into x0 are taken into account [Saigo et al., 2004]:

kLA.x; x0/ D
X
�

et �s.x;x
0;�/: (7.1)

In the above formula, t is a parameter and s.x; x0; �/ is the corresponding score of � and defined
as follows:

s.x; x0; �/ D
X
u;v2˙

nu;v.x; x0; �/ � Cuv � ngd
.x; x0; �/ � gd � nge

.x; x0; �/ � ge; (7.2)

²Source code available at: http://sunflower.kuicr.kyoto-u.ac.jp/~hiroto/project/optaa.html.

http://sunflower.kuicr.kyoto-u.ac.jp/~hiroto/project/optaa.html
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where nu;v.x; x0; �/ is the number of times that symbol u is aligned with v while gd and ge,
along with their corresponding number of occurrences ngd

.x; x0; �/ and nge
.x; x0; �/, are two

parameters dealing respectively with the opening and extension of gaps.
Unlike the Smith-Waterman score, kLA is differentiable and can be optimized by a gradient

descent procedure. e objective function that they optimize is meant to favor the discrimination
between positive and negative examples, but this is done by only using positive pairs of distant
homologs. e approach has two additional drawbacks: (i) the objective function is nonconvex
and thus subject to local minima, and (ii) in general, kLA does not fulfill the properties of a kernel.

GESL (Bellet et al.) Bellet et al. [2011, 2012a] propose a convex programming approach to
learn edit similarity functions from both positive and negative pairs without requiring a costly
iterative procedure.³ ey use the following simplified edit function:

eC.x; x’/ D
X

.u;v/2.˙[f$g/2nf$;$g

Cuv � #uv.x; x’/;

where #uv.x; x’/ is the number of times the operation u ! v appears in the Levenshtein
script. erefore, eC can be optimized directly since the sequence of operations is fixed (it
does not depend on the costs). e authors optimize the nonlinear similarity KC.x; x’/ D

2 exp.�eC.x; x’// � 1, derived from eC . Note that KC is not required to be PSD nor symmetric.
GESL (Good Edit Similarity Learning) is expressed as follows:

min
C;B1;B2

1

n2

X
zi ;zj

`.C; zi ; zj / C ˇkCk
2
F

s.t. B1 � � log.1
2
/; 0 � B2 � � log.1

2
/; B1 � B2 D �
 ;

where ˇ � 0 is a regularization parameter, �
 � 0 a parameter corresponding to a desired “margin”
and

`.C; zi ; zj / D

�
ŒB1 � eC.xi ; xj /�C if yi ¤ yj
ŒeC.xi ; xj / � B2�C if yi D yj :

GESL essentially learns the edit cost matrix C so as to optimize the .�; 
; �/-goodness [Balcan
et al., 2008a] of the similarityKC.x; x’/ and thereby enjoys generalization guarantees both for the
learned similarity and for the resulting linear classifier (see Chapter 8). A potential drawback of
GESL is that it optimized a simplified variant of the edit distance, although this does not seem to
be an issue in practice. Note that GESL can be straightforwardly adapted to learn tree or graph
edit similarities [Bellet et al., 2012a].

³Source code available at: http://www-bcf.usc.edu/~bellet/.

http://www-bcf.usc.edu/~bellet/


58 7. METRIC LEARNINGFOR STRUCTUREDDATA

7.2 TREEANDGRAPHEDITDISTANCELEARNING
In this section, we briefly review the main approaches in tree/graph edit distance learning. We
do not delve into the details of these approaches as they are essentially adaptations of stochastic
string edit distance learning presented in Section 7.1.1.

Bernard et al. Extending the work of Ristad and Yianilos [1998] andOncina and Sebban [2006]
on string edit similarity learning, Bernard et al. [2006, 2008] propose both a generative and a
discriminative model for learning tree edit costs. ey rely on the tree edit distance by Selkow
[1977]—which is cheaper to compute than that of Zhang and Shasha [1989]—and adapt the
updates of EM to this case.

Boyer et al. e work of Boyer et al. [2007] tackles the more complex variant of the tree edit dis-
tance [Zhang and Shasha, 1989], which allows the insertion and deletion of single nodes instead
of entire subtrees only. Parameter estimation in the generative model is also based on EM.

Dalvi et al. e work of Dalvi et al. [2009] points out a limitation of the approach of Bernard
et al. [2006, 2008]: they model a distribution over tree edit scripts rather than over the trees
themselves, and unlike the case of strings, there is no bijection between the edit scripts and the
trees. Recovering the correct conditional probability with respect to trees requires a careful and
costly procedure.ey propose amore complex conditional transducer thatmodels the conditional
probability over trees and use again EM for parameter estimation.

Emms e work of Emms [2012] points out a theoretical limitation of the approach of Boyer
et al. [2007]: the authors use a factorization that turns out to be incorrect in some cases. Emms
shows that a correct factorization exists when only considering the edit script of highest probabil-
ity instead of all possible scripts, and derives the correspondingEMupdates. An obvious drawback
is that the output of the model is not the probability p.x’jx/. Moreover, the approach is prone
to overfitting and requires smoothing and other heuristics (such as a final step of zeroing-out the
diagonal of the cost matrix).

Neuhaus and Bunke In their paper, Neuhaus and Bunke [2007] learn a (more general) graph
edit similarity, where each edit operation is modeled by a Gaussian mixture density. Parameter
estimation is done using an EM-like algorithm. Unfortunately, the approach is intractable: the
complexity of the EM procedure is exponential in the number of nodes (and so is the computation
of the distance).

7.3 METRIC LEARNINGFORTIME SERIES
Temporal sequences are another kind of structured data where the structuring depends on time
information. In this context, dynamic time warping (DTW) [Kruskall and Liberman, 1983] is
the most commonly used method for aligning two time series x and x0. It consists in warping the
time axis so as to find the shortest path to go from x to x0 (see Figure 7.3).
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x

x’

Figure 7.3: On the left: two time series that are optimally aligned by warping the time axis. On the
right, the optimal alignment corresponding to the shortest path to change the sequence x into x0.

As done for the edit distance, DTW optimization has received great interest during the
past few years to capture the specificities of the tasks at hand. In order to enhance its behavior to
deal with classification (mostly in nearest-neighbor classification) or clustering tasks, efforts have
been made to constrain time warping to avoid pathological alignment, to handle dynamics or to
focus on local events rather than the entire time series values. Such an optimization is achieved
by assessing the parameters of the measure, namely the warping constraints, the time weight-
ing, or the underlying cost function. Since the pioneering work of Sakoe [1978], several methods
have been developed in the literature, generally based on multiple bands global path estimation
[Ratanamahatana and Keogh, 2004, Yu et al., 2011], genetic algorithms [Gaudin and Nicoloy-
annis, 2006], warping-based penalization [Jeong et al., 2010] or adaptive weighted (linear) cost
functions [Wu et al., 2009].

Note that most of the previous approaches assume that (i) the time series of a given class
share a similar global behavior and (ii) two different classes do not partly share similar shapes.
To overcome this limitation, Frambourg et al. [2013] present a multiple temporal matching ap-
proach which uses a criterion based on the variance/covariance to reweight matched observations
according to the induced variability within and between classes.

MLTSA (Lajugie et al.) Very recently, Lajugie et al. [2014b] cast the problem of optimizing
multivariate time series alignment as a Mahalanobis distance learning problem and proposed
MLTSA (Metric Learning for Temporal Sequence Alignment). Let X D .A;B/ be a pair of
multivariate time series of same dimension p but of possibly different lengths TA and TB , where
A 2 RTA�p, B 2 RTB �p and rows of A (resp. B) are denoted by a1; :::; aTA

(resp. b1; :::; bTB
).

e pairwise affinity matrix C.X;W /i;j , parameterized by a PSD matrix W , is given as follows:

C.X;W /i;j D �.ai � bj /
TW.ai � bj /:



60 7. METRIC LEARNINGFOR STRUCTUREDDATA

Using groundtruth in the form of a set S of n training pairs of time series .X i ; Y i /niD1 for which
the true alignment Y i is known, they optimize an area loss to find W which allows the mini-
mization over S of the area between Y i and the predited alignment parameterized by W . An
approximation of the area loss between two alignment matrices Y1 and Y2 is defined as follows:

l.Y1; Y2/ D
1

2
ŒT r.Y T1 .L

T
TA
LTA

�DTA
/Y1/C T r.DTA

Y1TB
TTA

/C T r.LTA
Y2TB

TTA
/

� 2T r.Y T2 .L
T
TA
LTA

�DTA
/Y1/C T r.Y1.LTB

LTTB
�DTB

/Y2/

C T r.Y1DTB
TB

TTA
/C T r.Y T2 LTB

LTTB
Y2/ � 2T r.Y2LTB

LTTB
Y T1 /�;

where DT D �max.L
T
TLT /IT�T with �max.U / the largest eigenvalue of U . Note that l.Y1; Y2/

is concave. e authors plug it in a margin-rescaled problem which is solved efficiently using a
Frank-Wolfe algorithm. Experiments are conducted on audio signal alignment, for which the
proposed method leads to improvements in the alignment performance.
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C H A P T E R 8

GeneralizationGuarantees for
Metric Learning

e derivation of guarantees on the generalization performance of the learned model is a wide
topic in statistical learning theory [Valiant, 1984, Vapnik and Chervonenkis, 1971]. Assuming
that data points are independent and identically distributed (i.i.d.) according to some (unknown
but fixed) distribution �, one essentially aims at bounding the deviation of the true risk of the
learned model (its performance on unseen data) from its empirical risk (its performance on the
training sample). is deviation is typically a function of the number of training examples, and
some notion of complexity of the model such as the VC dimension [Vapnik and Chervonenkis,
1971], the fat-shattering dimension [Alon et al., 1997] or the Rademacher complexity [Bartlett
and Mendelson, 2002, Koltchinskii, 2001].

In the context of metric learning, we claim that the question of generalization can be seen
as two-fold [Bellet, 2012], as illustrated in Figure 8.1:

• e consistency of the learned metric: the goal is to bound the deviation between its perfor-
mance on training pair/triplet constraints and its performance on unseen constraints.

• e prediction performance of the learned metric: when it is used to improve a prediction
model (e.g., k-NN or a linear classifier), the goal is to characterize the generalization per-
formance of this predictor with respect to the learned metric.

We begin this chapter with a high-level overview of existing results in Section 8.1, before
going through some of the key results in more detail. Section 8.2 is dedicated to the derivation
of consistency bounds for metric, with a focus on the frameworks of uniform stability and algo-
rithmic robustness. In Section 8.3, we show how to obtain generalization guarantees for a linear
classifier based on a learned metric.

8.1 OVERVIEWOFEXISTINGWORK
In the literature, the body of work that investigates generalization guarantees for metric learning
can be grouped into three categories.

Consistency bounds for batch methods Given a training sample T D fzi D .xi ; yi /gniD1 drawn
i.i.d. from an unknown distribution �, let us consider fully supervised Mahalanobis metric learn-
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Figure 8.1: e two-fold problem of generalization in metric learning. We may be interested in the
generalization ability of the learned metric itself: can we say anything about its consistency on unseen
data drawn from the same distribution? Furthermore, we may also be interested in the generalization
ability of the predictor using that metric: can we relate its performance on unseen data to the quality
of the learned metric?

ing of the following general form:

min
M2Sd

C

1
n2

X
zi ;zj 2T

`.d2M ;zi ;zj / C �R.M /;

where R.M / is the regularizer, � the regularization parameter and the loss function ` is of the
form `.d2M ;zi ;zj / D g.yiyj Œc � d2M .xi ;xj /�/ with c > 0 a decision threshold variable and g
convex and Lipschitz continuous.e loss function g.�/ should output a small value when its input
is large positive and a large value when it is large negative. is includes popular loss functions
such as the hinge loss.

Some recent work has proposed to study the convergence of the empirical risk (as measured
by ` on pairs from T ) to the true risk over the unknown probability distribution�. e framework
proposed by Bian and Tao [2011, 2012] is somewhat restrictive as it relies on strong assumptions
on the moments of � and cannot accommodate any regularization (a constraint to bound M is
used instead). Jin et al. [2009] introduce a notion of uniform stability [Bousquet and Elisseeff,
2002] adapted to the case of metric learning (where training data consists of pairs) to derive
generalization bounds for the case of Frobenius norm regularization. Bellet and Habrard [2015]
demonstrate how to adapt the more flexible notion of algorithmic robustness [Xu and Mannor,
2012] to the metric learning setting to derive (loose) generalization bounds for any matrix norm
(including sparse-inducing norms) as regularizer. ey also show that a weak notion of robustness
is necessary and sufficient for metric learning algorithms to generalize well. Lastly, Cao et al.
[2012a] propose a notion of Rademacher complexity [Bartlett and Mendelson, 2002] dependent
on the regularizer to derive tighter bounds for several matrix norms. All these results can be easily
adapted to other (non-Mahalanobis) linear metric learning formulations.

Regret bound conversion for online methods Wang et al. [2012d, 2013b] point out that existing
proof techniques to convert regret bounds into generalization bounds [see for instance Cesa-
Bianchi and Gentile, 2008] do not hold for pairwise loss functions such as those used in metric
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learning. ey derive an alternative framework for dealing with a pairwise loss where at each
round, the online algorithm receives a new instance and must pair it with all previously seen data
points. As this is expensive or even infeasible in practice, Kar et al. [2013] propose to use a buffer
containing only a bounded number of the most recent instances. ey are also able to obtain
tighter bounds based on a notion of Rademacher complexity, essentially adapting and extending
the work of Cao et al. [2012a].

Classification performance of a learned metric To the best of our knowledge, the question of
the prediction performance of the learned metric has only been addressed in the context of metric
learning for linear classification. Bellet et al. [2011, 2012a,b] rely on the theory of learning with
.�; 
; �/-good similarity functions [Balcan et al., 2008a], which makes the link between properties
of a similarity function and the generalization of a linear classifier built from this similarity. Bellet
et al. propose to use .�; 
; �/-goodness as the objective function for metric learning, and show
that it is possible to derive consistency bounds for the learned metric that imply generalization
guarantees for the linear classifier. Guo and Ying [2014] extend these results to several ma-
trix norms using a Rademacher complexity analysis, based on techniques from Cao et al. [2012a].

In the rest of this chapter, we focus on two frameworks to show the consistency of batch
metric learning approaches in Section 8.2. en, in Section 8.3, we show how to derive guarantees
for a linear classifier from the consistency guarantees of a learned similarity according to two lines
of work: we first present the approach of Bellet et al. [2012b] and in a second step we provide a
quick overview of the results obtained by Guo and Ying [2014].

8.2 CONSISTENCYBOUNDS FORMETRICLEARNING
is section is devoted to the following question: what can we say about the performance of
the learned metric on unseen constraints? An obvious strategy to obtain generalization bounds
would be to apply existing results for classic supervised learning (where training data consist of
individual labeled instances) by considering each pair or triplet as an i.i.d. sample. However, the
i.i.d. assumption is violated in metric learning since the training pairs/triplets are constructed
from the training sample. For this reason, establishing generalization guarantees for the learned
metric is challenging and only recently has this question been investigated from a theoretical
standpoint.

8.2.1 DEFINITIONS
Our goal throughout this section will be to bound the generalization error of a metric. is is
formalized by the following definition.

Definition 8.1 Let � be a distribution over Z D X � Y . e generalization error of a metric
d W X � X ! R with respect to a pair-based loss function ` is the expected loss suffered by d
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over pairs of examples drawn from the distribution �:

�.d/ D Ez;z0��`.d;z;z
0/:

Bounding the generalization error is generally achieved by bounding its deviation to the
empirical error measured on the training sample.

Definition 8.2 Let T D fzi D .xi ; yi /gniD1 2 Zn be a training sample drawn i.i.d. from some
distribution �. e empirical error of a metric d with respect to a loss function ` over T is the
average loss suffered by d on the pairs constructed from T :

�T .d/ D
1

n2

X
zi ;zj 2T

`.d;zi ;zj /:

e generalization bounds we will derive are known as PAC (Probably Approximately Cor-
rect) bounds [Valiant, 1984] and have the following form:

P.j�.d/ � �T .d/j < �/ > 1 � ı;

where � � 0 and 0 � ı � 1. To obtain a consistency result, we need � to depend on the size of
the learning sample T such that it converges to 0 when T goes to infinity.

In the rest of this section, we show how to obtain such bounds. For simplicity, we assume
that the metric is a squared Mahalanobis distance d2M (the analysis straightforwardly extends to
other metrics). Section 8.2.2 introduces uniform stability analysis, which is restricted to particular
forms of regularizers. Section 8.2.3 focuses on algorithmic robustness, a property that can be used
to derive consistency guarantees for a larger class of metric learning formulations but gives looser
bounds. Note that an approach based on a notion of Rademacher complexity for metric learning
will be presented later in Section 8.3.2.

8.2.2 BOUNDSBASEDONUNIFORMSTABILITY
Uniform stability [Bousquet and Elisseeff, 2002] is a prominent framework in statistical learning
theory to derive generalization guarantees. We present an adaptation of this framework to metric
learning due to Jin et al. [2009] and show how to use it to obtain a generalization bound for a
standard metric learning formulation.
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Preliminaries
We first introduce technical notions that are needed for the analysis. We assume that the loss
function ` is k-Lipschitz (Definition 8.3) with respect to its first argument (which corresponds
to the parameter M of the metric) and is .�;m/-admissible (Definition 8.4).

Definition 8.3 A loss function `.d2M ;z1;z2/ is k-Lipschitz with respect to its first argument if
for any parameter matrices M ;M 0 and any pair of labeled examples .z1;z2/:

j`.d2M ;z1;z2/ � `.d2M 0 ;z1;z2/j � kkM � M 0
kF :

Definition 8.4 A loss function `.d2M ;z1;z2/ is .�;m/-admissible, with respect to d2M , if (i) it
is convex with respect to its first argument and (ii) the following condition holds:

8z1;z2;z3;z4; j`.d2M ;z1;z2/ � `.d2M ;z3;z4/j � � jy12 � y34j Cm

where zi D .xi ; yi /, and yij D 1 if yi D yj and -1 otherwise (i; j D 1; 2; 3; 4).
Definition 8.4 requires that the deviation of the losses between two pairs of examples be

bounded by a value that depends only on the labels and some constants independent from the
examples and M . It follows that the labels must be bounded, which is not a strong assumption
in the classification setting we are interesting in. In our case, we have binary labels yij 2 f�1; 1g

implying that the quantity jy12 � y34j is either 0 or 2.
In this section, we assume the regularizer R.M / to be strictly convex and for simplicity we

set it to be the Frobenius norm R.M / D kMk2F . We consider the following objective function
for Mahalanobis distance learning:

FT D
1

n2

X
zi ;zj 2T

`.d2M ;zi ;zj /C �kMkF

D �T .d
2
M /C �kMkF :

From the convexity of ` with respect to its first argument (the parameter matrix M ) it follows
that FT , � and �T are convex. e associated optimization problem is as follows:

min
M2Sd

C

FT : (8.1)

In the following, we denote by MT the parameter matrix learned from a sample T .

Uniform Stability andGeneralizationGuarantees
We present the notion of uniform stability and derive a generalization bound for the metric learn-
ing formation given in (8.1). Roughly speaking, a learning algorithm is stable [Bousquet and Elis-
seeff, 2002] if its output does not change significantly under a small modification of the training
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sample. We consider the following definition of uniform stability, stating that replacing one ex-
ample must lead to a variation bounded in O.1=n/ in terms of infinite norm.

Definition 8.5 A learning algorithm has a uniform stability in �
n
, where � is a positive constant,

if
8.T ;z/;8i; sup

z1;z2

j`.d2MT ;z1;z2/ � `.d2MT i;z
;z1;z2/j �

�

n
;

where T i;z is the training sample obtained by replacing zi 2 T by a new example z.
To prove the property of uniform stability of formulation (8.1), we need the following

lemma related to the associated regularizer and the k-Lipschitz property of `.

Lemma 8.6 Let FT and FT i;z be the functions to optimize, MT and MT i;z their corresponding
minimizers, and � the regularization parameter. Let �M D .MT � MT i;z /. For any t 2 Œ0; 1�:

kMT k
2
F � kMT � t�Mk

2
F C kMT i;zk

2
F � kMT i;z C t�Mk

2
F �

4kt

�n
k�MkF :

e proof is given in Appendix A.1.1. We can now prove the uniform stability property for
formulation (8.1).

eorem 8.7 Let T be a learning sample of n labeled examples, an algorithm solving (8.1) has a
uniform stability in �

n
, where � D

4k2

�
. e proof is given in Appendix A.1.2.

Now, using the property of stability, we can derive our generalization bound for �.d2MT
/.

is is done by using the McDiarmid inequality [McDiarmid, 1989].

eorem 8.8 Let X1; : : : ; Xn be n independent random variables taking values in X and let Z D

f .X1; : : : ; Xn/. If for each 1 � i � n, there exists a constant ci such that

sup
x1;:::;xn;x

0
i
2X

jf .x1; : : : ; xn/ � f .x1; : : : ; x
0
i ; : : : ; xn/j � ci ;81 � i � n;

then for any ˇ > 0; PrŒjZ � EŒZ�j � ˇ� � 2 exp
�

�2ˇ2Pn
iD1 c

2
i

�
:

To derive our bound on �.d2MT
/, we consider the quantityDT D �.d2MT

/ � �T .d
2
MT

/, and sim-
ply need to replace Z byDT in eorem 8.8 and to bound ET ŒDT � and jDT �DT i;z j, which is
shown by the following lemmas. e proofs can be found in Appendix A.1.3 and Appendix A.1.4.

Lemma 8.9 For any learning method of estimation error DT and satisfying a uniform stability in
�
n
, we haveET ŒDT � �

2�
n
:
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Lemma 8.10 For any parameter matrix M using n training examples, and any loss function `
satisfying .�;m/-admissibility, we have the following bound:

8i; 1 � i � n; 8z; jDT �DT i;z j �
2�

n
C
2.2� Cm/

n
:

We are now able to derive our generalization bound for �.d2MT
/.

eorem 8.11 Generalization bound with uniform stability. Let T be a sample of n randomly
selected training examples and letMT be the parameter matrix learned from Problem (8.1) with sta-
bility �

n
. Assuming that `.d2MT

;z;z0/ is k-Lipschitz and .�;m/-admissible, with probability 1 � ı,
we have the following bound for �.d2MT

/:

�.d2MT / � �T .d
2
MT /C 2

�

n
C .2� C 2 .2� Cm//

r
ln.2=ı/
2n

with � D
4k2

�
.

Proof. Recall that DT D �.d2MT
/ � �T .d

2
MT

/. From Lemma 8.10, we get

jDT �DT i;z j � sup
T ;z0

jDT �DT i;z0 j �
2� C B

n
with B D 2.2� Cm/:

en by applying the McDiarmid inequality, we have

PrŒjDT � ET ŒDT �j � ˇ� � 2 exp
 

�
2ˇ2Pn

iD1
.2�CB/2

n2

!
� 2 exp

 
�

2ˇ2

.2�CB/2

n

!
: (8.2)

By fixing ı D 2 exp
�
�

2ˇ2

.2�CB/2=n

�
, we getˇ D .2� C B/

q
ln.2=ı/
2n

. Finally, from (8.2), Lemma 8.9
and the definition of DT , we have with probability at least 1 � ı:

DT < ET ŒDT �C ˇ ) �.d2MT / < �T .d
2
MT /C 2

�

n
C .2� C B/

r
ln.2=ı/
2n

:

�

Application to the hinge loss
We consider the case where the loss function is the hinge loss: `.d2M ;zi ;zj / D�
yij Œc � d2M .xi ;xj /�

�
C

where yij D 1 if yi D yj and -1 otherwise. To derive a bound for
this specific case, we need to find the constants of k-lipschitzness and .�;m/-admissibility
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related to ` and derive a bound on the norm of MT . is is done in the following lemmas (the
proofs can be found in Appendix A.1.5, Appendix A.1.6 and Appendix A.1.7).

Lemma 8.12 LetMT be an optimal solution of Problem (8.1), then

kMT kF �
c

�
:

Lemma 8.13 e loss function `.d2M ;zi ;zj / D
�
yij Œc � d2M .xi ;xj /�

�
C
is k-lipschitz with k D

4B2.

Lemma8.14 e loss function `.d2M ;zi ;zj / D
�
yij Œc � d2M .xi ;xj /�

�
C
is .�;m/-admissible with

� D c andm D 8B2 c
�
.

Setting k D 4B2, � D c and m D 8B2 c
�

in eorem 8.11 gives us the generalization
bound for the hinge loss case. Applying the same process to other loss functions allows one to
derive similar guarantees.

Uniform stability is a convenient tool to derive generalization guarantees for strictly convex
metric learning formulations, but it cannot deal with sparsity inducing norms. Indeed, it is known
that sparse algorithms are not stable [Xu et al., 2012], and thus stability-based analysis fails to
assess the generalization ability of sparse metric learning approaches presented earlier in this book
[such as McFee and Lanckriet, 2010, Rosales and Fung, 2006, Shi et al., 2014, Ying et al., 2009].
In the next section, we present generalization guarantees obtained with algorithmic robustness,
which can accommodate a larger class of metric learning algorithms.

8.2.3 BOUNDSBASEDONALGORITHMICROBUSTNESS
In this section, we study the generalization ability of metric learning algorithms according to a
notion of algorithmic robustness. is framework, introduced by Xu and Mannor [2010, 2012],
allows one to derive generalization bounds when the variation in the loss associated with two
nearby training and testing examples is bounded. e notion of closeness relies on a partition of
the input space into different regions such that two examples in the same region are considered
close. Unlike uniform stability (Section 8.2.2), which is based on a notion of proximity of two
training sets, robustness is thus based on geometric proximity of individual training examples.

Robustness has been successfully used to derive generalization bounds in the classic super-
vised learning setting, with results for SVM, LASSO, etc. We present here an extension of the
framework of robustness algorithmic tometric learning due to Bellet andHabrard [2015] and give
the associated generalization result. en, we illustrate the wide applicability of the framework
by deriving generalization bounds for a family of problems with various regularizers.
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Robustness andGeneralization forMetric Learning
Let T D fzi D .xi ; yi /gniD1 2 Zn be a training sample drawn i.i.d. from an unknown distri-
bution �. We denote by P.T / the set of all possible pairs that can be built from T : P.T / D

f.z1;z1/; : : : ; .z1;zn/; : : : ; .zn;zn/g.
We assume that X is a compact convex metric space with respect to a norm k � k such that

X � Rd , thus there exists a constant R such that 8x 2 X , kxk � R. When considering metric
spaces, the partition ofZ , that we will use in this section, can be obtained by the notion of covering
number [Kolmogorov and Tikhomirov, 1961].

Definition 8.15 For a metric space .X ; �/, and T � X , we say that OT � T is a 
-cover of T , if
8t 2 T , 9Ot 2 OT such that �.t; t 0/ � 
 . e 
-covering number of T is

N .
; T; �/ D minfj OT j W OT is a 
-cover of T g:

When X is a compact convex space, for any 
 > 0, the quantity N .
;X; �/ is finite,
leading to a finite cover. If we consider the space Z , note that the label set can be partitioned
into jY j sets. us, Z can be partitioned into jY jN .
;X; �/ subsets, i.e., we consider a partition
over X for each class in Y , such that if two instances z1 D .x1; y1/, z2 D .x2; y2/ belong to the
same subset, then y1 D y1 and �.x1;x2/ � 
 .

We now present the notion of robustness for metric learning. e original formulation
for pointwise loss functions [Xu and Mannor, 2012] is based on the deviation between the loss
associated with two training and testing examples that are “close.” e idea of the adaptation to
metric learning is to use the partition of Z at the pair level: if a test pair is close to a training pair,
then the losses associated with each pair must be similar. Two pairs are close when each instance
of the first pair fall into the same subset of the partition of Z as the corresponding instance of
the other pair, as shown in Figure 8.2. A metric learning algorithm with this property is said to
be robust. is notion is formalized as follows.

Definition 8.16 A metric learning algorithm A is .K; !.�//-robust for K 2 N and !.�/ W .Z �

Z/n ! R if Z can be partitioned into K disjoints sets, denoted by fCig
K
iD1, such that for all

sample T 2 Zn and the pair set P.T / associated to this sample, the following holds:
8.z1;z2/ 2 P.T /;8z0

1;z
0
2 2 Z;8i; j D 1; : : : ; K W if z1;z0

1 2 Ci and z2;z0
2 2 Cj then

j`.d2MP.T /
;z1;z2/ � `.d2MP.T /

;z0
1;z

0
2/j � !.P.T //: (8.3)

K and !.�/ quantify the robustness of the algorithm and depend on the training sample. e
property of robustness is required for every training pair of the sample; we will later see that this
property can be relaxed.
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Figure 8.2: Illustration of the robustness property in the classic and metric learning settings. In this
example, we use a cover based on the L1 norm. In the classic definition, if any example z0 falls in the
same region Ci as a training example z, then the deviation between their loss must be bounded. In
the metric learning definition proposed in this work, for any pair .z; z0/ and a training pair .z1; z2/,
if z; z1 belong to some region Ci and z0; z2 to some region Cj , then the deviation between the loss of
these two pairs must be bounded.

Note that this definition of robustness can be easily extended to triplet-based metric
learning algorithms. Instead of considering all the pairs P.T / from an i.i.d. sample T , we
take the admissible triplet set t riP.T / of T such that .z1;z2;z3/ 2 t riP.T / means z1 and
z2 share the same label while z1 and z3 have different ones, with the interpretation that z1
must be more similar to z2 than to z3. e robustness property can then be expressed by:
8.z1;z2;z3/ 2 t riP.T /;8z0

1;z
0
2;z

0
3 2 Z;8i; j; k D 1; : : : ; K W if z1;z0

1 2 Ci , z2;z0
2 2 Cj and

z3;z0
3 2 Ck then

j`.d2triP.T /;z1;z2;z3/ � `.d2triP.T /;z
0
1;z

0
2;z

0
3/j � !.triP.T //: (8.4)

GeneralizationGuarantees of Robust Algorithms
We now give a generalization bound for metric learning algorithms satisfying the property of
robustness (Definition 8.16).

eorem8.17 Generalizationboundwith algorithmic robustness. If a learning algorithmA is
.K; !.�//-robust and the training sample consists of the pairsP.T / obtained from a sampleT generated
by n i.i.d. draws from �, then for any ı > 0, with probability at least 1 � ı we have:

j�.d2MT
/ � �T .d

2
MT
/j � !.P.T //C 2B

r
2K ln 2C 2 ln 1=ı

n
:
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e proof is given in Appendix A.2.2.

e previous bound depends on !.P.T // and K, which depend on the cover chosen for
Z . e former goes to zero as K increases, ensuring the validity of the bound.¹ If for any K,
the associated !.�/ is a constant (i.e., !K.T / D !K) for any T , we can prove a bound that holds
uniformly for all K:

j�.d2MT
/ � �T .d

2
MT
/j � inf

K�1

"
!K C 2B

r
2K ln 2C 2 ln 1=ı

n

#
:

is also gives an insight into the objective of any robust algorithm: according to a partition of
the labeled input space, given two regions, minimize the maximum loss over pairs of examples
belonging to each region.

For triplet-basedmetric learning algorithms, by following the definition of robustness given
by Equation 8.4 and adapting straightforwardly the losses to triplets such that they output zero for
nonadmissible ones, eorem 8.17 can be easily extended to obtain the following generalization
bound:

j�.d2MT
/ � �T .d

2
MT
/j � !.triP.T //C 3B

r
2K ln 2C 2 ln 1=ı

n
: (8.5)

Pseudo-robustness
In the analysis above, we require the robustness property to be satisfied for every training pair. It
is possible to relax this requirement such that it must hold only for a subset of the possible pairs
and still obtain generalization guarantees, as shown below.

Definition 8.18 An algorithm A is .K; !.�/; Opn.�// pseudo-robust for K 2 N, !.�/ W .Z �

Z/n ! R and Opn.�/ W .Z � Z/n ! f1; : : : ; n2g, if Z can be partitioned into K disjoints sets, de-
noted by fCig

K
iD1, such that for all T 2 Zn i.i.d. from �, there exists a subset of training pairs

samples OpT � P.T /, with j OpT j D Opn.P.T //, such that the following holds:
8.z1;z2/ 2 OpT ;8z0

1;z
0
2 2 Z;8i; j D 1; : : : ; K: if z1;z0

1 2 Ci and z2;z0
2 2 Cj then

j`.d2MT
;z1;z2/ � `.d2MT

;z0
1;z

0
2/j � !.P.T //: (8.6)

We can easily observe that .K; !.�//-robust is equivalent to .K; !.�/; n2/ pseudo-robust.
e following theorem gives the generalization guarantees associated with the pseudo-robustness
property.

¹is point will be made clear by the examples provided in Section 8.2.3.
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eorem 8.19 If a learning algorithmA is .K; !.�/; Opn.�// pseudo-robust, the training pairsP.T /
come from a sample generated by n i.i.d. draws from �, then for any ı > 0, with probability at least
1 � ı we have:

j�.d2MT
/ � �T .d

2
MT
/j �

Opn.P.T //
n2

!.P.T //C B

 
n2 � Opn.P.T //

n2
C 2

r
2K ln 2C 2 ln 1=ı

n

!
:

e proof is similar to that of eorem 8.17 and can be found in Bellet and Habrard [2015].
is notion of pseudo-robustness is very relevant to metric learning. Indeed, it is often difficult
and potentially damaging to optimize the metric with respect to all possibles pairs, and it has been
observed in practice that focusing on a subset of carefully selected pairs (e.g., defined according
to nearest-neighbors as in LMNN) gives much better generalization performance. eorem 8.19
confirms that this principle is well-founded: as long as the robustness property is satisfied for a
(large enough) subset of the pairs, the resulting metric has generalization guarantees. Note that
this notion of pseudo-robustness can also be easily adapted to triplet-based metric learning.

Examples of RobustMetric Learning Algorithms
We restrict our attention to Mahalanobis distance learning algorithms of the following form:

min
M2Sd

C

1
n2

X
zi ;zj 2T

`.d2M ;zi ;zj /C �kMk (8.7)

where k � k is some matrix norm and `.d2M ;zi ;zj / D g.yij Œ1 � d2M .xi ;xj /�/ with yij D 1 if
yi D yj and �1 otherwise. We assume g.�/ to be nonnegative and Lipschitz continuous with
Lipschitz constant U . Lastly, g0 D supzi ;zj

g.yij Œ1 � d2 .xi ;xj /�/ is the largest loss when M is
the null matrix.e general form (8.7) encompassesmany existingmetric learning formulations.

To prove the robustness of (8.7), we will need the following theorem, which essentially says
that if a metric learning algorithm achieves approximately the same testing loss for testing pairs
that are close to each other, then it is robust.

eorem 8.20 Fix 
 > 0 and a metric � of Z . SupposeA satisfies:
8z1;z2;z0

1;z
0
2 W z1;z2 2 T ; �.z1;z0

1/ � 
; �.z2;z0
2/ � 
 ,

j`.d2M ;z1;z2/ � `.d2M ;z0
1;z

0
2/j � !.P.T //

andN .
=2;Z; �/ < 1. enA is .N .
=2;Z; �/; !.P.T ///-robust.
e proof is given in Appendix A.2.3. is theorem provides a roadmap for deriving gen-

eralization guarantees based on the robustness framework. Indeed, given a partition of the input
space, one must bound the deviation between the loss for any pair of examples with correspond-
ing elements belonging to the same partitions. is bound is generally a constant that depends



8.2. CONSISTENCYBOUNDS FORMETRICLEARNING 73

on the problem to solve and the thinness of the partition defined by 
 . is bound tends to zero
as 
 ! 0, which ensures the consistency of the approach.

Following eorem 8.20, we now prove the robustness of (8.7) when kMk is the Frobenius
norm.

Example8.21 Frobeniusnorm Formulation (8.7) with the Frobenius norm kMk D kMkF DqPd
iD1

Pd
jD1m

2
ij is .jY jN .
=2;X ; k � k2/;

8UR
g0

�
/-robust.

Proof. Let M∗ be the solution given a training sample T . us, due to optimality of M∗, we
have

1

n2

X
zi ;zj 2T

`.d2M ;zi ;zj /C �kMk �
1

n2

X
zi ;zj 2T

g.yij Œ1 � d2 .xi ;xj /�/C �kkFC D g0;

and thus kM∗kF � g0=�.
We can partitionZ as jY jN .
=2;X ; k � k2/ sets, such that if z and z0 belong to the same set, then
y D y0 and kx � x0k2 � 
 . Now, for z1;z2;z0

1;z
0
y2 2 Z , if y1 D y0

1, kx1 � x0
1k2 � 
 , y2 D y0

2

and kx2 � x0
2k2 � 
 , then:

jg.y12Œ1 � d2M∗.x1;x2/�/ � g.y0
12Œ1 � d2M∗.x0

1;x
0
2/�/j

� U j.x1 � x2/
TM∗.x1 � x2/ � .x0

1 � x0
2/
TM∗.x0

1 � x0
2/j

D U j.x1 � x2/
TM∗.x1 � x2/ � .x1 � x2/

TM∗.x0
1 � x0

2/

C .x1 � x2/
TM∗.x0

1 � x0
2/j � .x0

1 � x0
2/
TM∗.x0

1 � x0
2/j

D U j.x1 � x2/
TM∗.x1 � x2 � .x0

1 C x0
2//C

.x1 � x2 � .x0
1 C x0

2//
TM∗.x0

1 C x0
2/j

� U.j.x1 � x2/
TM∗.x1 � x0

1/j C j.x1 � x2/
TM∗.x0

2 � x2/j
C j.x1 � x0

1/
TM∗.x0

1 C x0
2/j C j.x0

2 � x2/
TM∗.x0

1 C x0
2/j/

� U.kx1 � x2k2kM
∗
kFkx1 � x0

1k2 C kx1 � x2k2kM
∗
kFkx0

2 � x2k2
C kx1 � x0

1k2kM
∗
kFkx0

1 � x0
2k2 C kx0

2 � x2k2kM
∗
kFkx0

1 � x0
2k2/

�
8UR
g0

�
:

Hence, the example holds by eorem 8.20. �

e key advantage of robustness over stability is that it can accommodate arbitrary p-norms
(or even any regularizer which is bounded below by some p-norm), using equivalence of norms
arguments. To illustrate this, we show the robustness when kMk is theL1 norm [used in Rosales
and Fung, 2006] which promotes sparsity at the entry level, theL2;1 norm [used e.g., in Shi et al.,
2014, Ying et al., 2009] which induces sparsity at the column/row level, and the trace norm [used
e.g., in McFee and Lanckriet, 2010] which favors low-rank matrices. e proofs are reminiscent
of that of Example 8.21 and can be found in A.2.4 and A.2.5, respectively.

Example 8.22 L1 norm Formulation (8.7) with kMk D kMk1 is .jY jN .
;X ; k �

k1/;
8UR
g0

c
/-robust.
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Example 8.23 L2;1 norm and trace norm Consider formulation (8.7) with
kMk D kMk2;1 D

Pd
iD1 kmik2, where mi is the i-th column of M . is formulation is

.jY jN .
;X ; k � k2/;
8UR
g0

�
/-robust. e same holds with the trace norm kMk�, which is the

sum of the singular values of M .
We can also derive guarantees for kernelized metric learning (see Section 5.1.1).

Example 8.24 Kernelization Consider the kernelized version of (8.7):

min
M2Sd

C

1
n2

X
.si ;sj /2ps

g.yij Œ1 � d2M .�.xi /; �.xj //�/C �kMkH; (8.8)

where �.�/ is a feature mapping to a kernel space H, k � kH the norm function of H and k.�; �/ the
kernel function. Consider a cover of X by the metric k � k2 (X being compact) and let fH.
/

4
D

maxM ;b2X ;kM�bk2�
 .k.M ;M /C k.b; b/ � 2k.M ; b// and B
 D maxx2X
p
k.x;x/. If the

kernel function is continuous, B
 and fH are finite for any 
 > 0 and thus Algorithm 8.8 is
.jY jN .
;X ; k � k2/;

8UB


p
fHg0

�
/-robust.

e proof is given in Appendix A.2.6.

Example 8.25 We can easily prove similar results for other forms of metrics using the same
technique. For instance, when the function is a bilinear similarity SM .xi ;xj / D xTi Mxj where
M is usually not constrained to be PSD [Bellet et al., 2012b, Chechik et al., 2009, Qamar et al.,
2008], we can improve the robustness to 2UR
g0=�.
e proof follows the same principle of the proof provided for Example 8.21.

Example 8.26 Using triplet-based robustness (Equation 8.4), we can for instance show the ro-
bustness of two popular triplet-based metric learning approaches [Schultz and Joachims, 2003,
Ying et al., 2009] for which no generalization guarantees were known (to the best of our knowl-
edge). ese algorithms have the following form:

min
M2Sd

C

1

jt ripP.T /j
X

.zi ;zj ;zk/2tripP.T /
Œ1 � .xi � xk/

TM .xi � xk/C .xi � xj /
TM .xi � xj /�C C �kMk;

where kMk = kMkF in Schultz and Joachims [2003] and kMk D kMk1;2 in Ying et al. [2009].
ese methods are .N .
;Z; k � k2/;

16UR
g0

�
/-robust.

e proof uses the same techniques as in Examples 8.21 and 8.23, the additional factor 2
comes from the use of triplets instead of pairs.

Note that the price to pay for this general framework is the relative looseness of the resulting
bounds, since they rely on a constants (related to covering numbers) that can be large and/or hard
to estimate.
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8.3 GUARANTEESONCLASSIFICATIONPERFORMANCE
Consistency bounds for the learned metric, such as those obtained in the previous section, do not
directly translate into generalization guarantees on the classification performance. e missing
link is a relationship between the quality of a metric and its performance in classification. In this
section, we present some recent work that managed to design metric learning approaches with
guarantees on the accuracy of a linear classifier based on the learned metric.

8.3.1 GOODSIMILARITY LEARNINGFORLINEARCLASSIFICATION
In this section, we first present the theory of .�; 
; �/-good similarity functions, which makes the
link between some properties of a similarity function and the performance of a linear classifier
based on this similarity. en we show how this framework is leveraged in Bellet et al. [2012b]
to design a similarity learning approach with guarantees on the classification performance.

Good Similarity Function for Linear Classification
In this section, we review the theory of .�; 
; �/-good similarity functions [Balcan and Blum,
2006, Balcan et al., 2008a], which is motivated by two limitations of the notion of good kernel:
(i) a similarity function must be symmetric and PSD to be a valid kernel, which is often vio-
lated by natural measures of similarity, and (ii) the notion of good kernel is defined according
to an implicit, possibly unknown projection space, making it hard to design appropriate kernels
for a given application. To address these drawbacks, they propose the following notion of good
similarity function.

Definition 8.27 A similarity function S W X � X ! Œ�1; 1� is an .�; 
; �/-good similarity func-
tion for a binary classification problem following a distribution � if there exists a (random) indi-
cator function R.x/ defining a (probabilistic) set of “reasonable points” such that the following
conditions hold:

1. A 1 � � probability mass of examples .x; y/ satisfy

E.x0;y0/��Œyy
0S.x;x0/jR.x0/� � 
:

2. Prx0 ŒR.x0/� � � .

e first condition is essentially requiring that a 1 � � proportion of examples x are on average
2
 more similar to random reasonable examples of the same class than to random reasonable examples of
the opposite class and the second condition that at least a � proportion of the examples are reasonable.
Note that the reasonable points may be given by some domain knowledge (they can be viewed
as prototypes) or are automatically selected from a set of so-called landmarks by solving a simple
linear problem which is essentially a 1-norm SVM problem (see Balcan et al. [2008a] for details).

Definition 8.27 is very interesting in two respects. First, it includes all good kernels as well
as some non-PSD similarity functions. In that sense, this is a strict generalization of the notion
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Figure 8.3: Linear separator α learned from a training set
f.A;C1/; .B;C1/; .C;C1/; .D;C1/; .E;�1/; .F;�1/; .G;�1/; .H;�1/g based on a similarity
function S defined as the opposite value of the normalized Euclidean distance. A, B and E are
reasonable points. e linear separator is learned in the 3D-space of the similarities to these reasonable
points with respect to K.

of good kernel [Balcan et al., 2008a]. Second, these conditions are sufficient to learn a good linear
space, i.e., to induce a low-error linear separatorα in the space of the similarities to the reasonable
points: h.�/ D

P
.x0;y0/��jR.x0/ y

0S.�;x0/, as illustrated in Figure 8.3. is is formalized by the
following theorem.

eorem 8.28 Let S be an .�; 
; �/-good similarity function in hinge loss for a binary clas-
sification problem following a distribution �. For any �1 > 0 and 0 � ı � 
�1=4, let L D

fx0
1; : : : ;x

0
dland

g be a (potentially unlabeled) sample of dland D
2
�

�
log.2=ı/C 16

log.2=ı/
.�1
/2

�
land-

marks drawn from �. Consider the mapping �L W Rd ! Rdland defined as follows: �Li .x/ D

S.x;x0
i /, i 2 f1; : : : ; dland g. en, with probability at least 1 � ı over the random sample L, the

induced distribution �L.�/ in Rdland has a linear separator α of error at most � C �1 at margin 
 .
erefore, if we are given an .�; 
; �/-good similarity function for a learning problemP and

enough points, then with high probability there exists a low-error linear separatorα in the explicit
“�-space,” which is essentially the space of the similarities to the dland “landmarks.” As Balcan
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et al. mention, using du (potentially unlabeled) landmark examples and dl labeled examples, we
can efficiently find this separator α 2 Rdu by solving the following linear program (LP):²

min
α

dlX
iD1

241 �

duX
jD1

j̨yiS.xi ;x
0
j /

35
C

C �kαk1: (8.9)

Note that Problem (8.9) is essentially an L1-regularized linear SVM [Zhu et al., 2003] with
an empirical similarity map [Balcan and Blum, 2006], and can be efficiently solved. e L1-
regularization induces sparsity (zero coordinates) in α, which speeds up predictions. One can
control the amount of sparsity by using the parameter � (the larger �, the sparser α).

To sum up, the performance of the linear classifier theoretically depends on how well the
similarity function satisfies Definition 8.27. However, for real-world problems, it may be poorly
satisfied by standard similarity functions. In the case of learned metric, generalization guarantees
proved in Section 8.2 could be used to obtain a loose upper bound on the � error rate of Defini-
tion 8.27, since they focus on the error over any pair of examples while .�; 
; �/-goodness requires
only an average error over reasonable points. Another strategy is to use .�; 
; �/-goodness as a
well-founded objective function for similarity learning to obtain a direct bound on the general-
ization error of the linear classifier. is is the approach taken in the next section.

Generalization Bound for the Linear Classifier
Formulation We consider the bilinear similarity SM W Rd � Rd ! R:

SM .x;x0/ D xTMx0;

parameterized by the matrix M 2 Rd�d , which is not constrained to be PSD nor symmetric. In
order to satisfy the condition SM 2 Œ�1; 1� in Definition 8.27, we assume that inputs are normal-
ized such that jjxjj2 � 1, and we require jjM jjF � 1.

To learn M so as to optimize the .�; 
; �/-goodness of SM , we consider a training sam-
ple of n labeled points T D fzi D .xi ; yi /gniD1 and a sample of nR labeled reasonable points
R D fzk D .xk; yk/g

nR

kD1
. In practice, R is a subset of T with nR D O�n ( O� 2 �0; 1�). In the ab-

sence of background knowledge, it can be drawn randomly or according to a given criterion (e.g.,
diversity [Kar and Jain, 2011]). e formulation, called SLLC for Similarity Learning for Linear
Classification Bellet et al. [2012b], is given by

min
M2Rd�d

1

n

nX
iD1

`.M ;zi ; R/ C �kMk
2
F

s.t. `.M ;zi ; R/ D Œ1 � yi
1


nR

nRX
kD1

ykSM .xi ;xk/�C;

(8.10)

²e original formulation proposed by Balcan et al. [2008a] was actually L1-constrained. We turned it into an equivalent
L1-regularized one.
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where 
 is the margin and � the regularization parameter. Note that SLLC follows directly from
Definition 8.27: given a margin 
 and a set of reasonable points R, it minimizes the amount
of margin violations � over T with respect to R. erefore, O� D

1
n

Pn
iD1 `.M ;zi ; R/ and O� are

empirical estimates for � and � respectively.

Preliminaries We now want to derive a generalization bound that guarantees the consistency of
SLLC and thus the .�; 
; �/-goodness in generalization.e similarity SM is optimized according
to a setR of reasonable points drawn from the training sample. erefore, these reasonable points
may not follow the distribution from which the training sample has been generated. To cope with
this non i.i.d. situation, we derive a generalization bound according to the framework of uniform
stability Bousquet and Elisseeff [2002] previously used in Section 8.2.2, but here the objective is
to derive guarantees for the linear classifier using the learned metric. For this reason, we consider
the stability property with respect to the pointwise loss instead of the pairwise loss.

Definition 8.29 A learning algorithm has a uniform stability in �
n

w.r.t. a loss function `, with �
a positive constant, if

8T ; jT j D n;8i; 1 � i � n; sup
z

j`.MT ;z/ � `.MT i ;z/j �
�

n
;

whereMT is the model learned from the sample T ,MT i the model learned from the sample T i ,
T i is obtained from T by replacing the i th example zi 2 T by another example z0

i independent
from T and drawn from �. `.M ;z/ is the loss for an example z.

When this definition is fulfilled, Bousquet and Elisseeff [2002] have shown that the fol-
lowing generalization bound holds.

eorem 8.30 Let ı > 0 and n > 1. For any algorithm with uniform stability �=n using a loss
function bounded by 1, with probability 1�ı over the random draw of T :

�.MT / < �T .MT /C
�

n
C .2� C 1/

r
ln 1=ı
2n

;

where �.MT / is the generalization loss and �T .MT / its empirical estimate over T .

Analysis For convenience, given a bilinear model SM , we denote by MR both the similarity
defined by the matrix M and its associated set of reasonable points R (when it is clear from the
context we may omit the subscript R). Given a similarity MR, we use ` to define the loss over
one example and we define the error over the true distribution by

�.MR/ D EzD.x;y/��`.M ;z; R/:

e empirical error over the sample T is defined as

�T .MR/ D
1

n

nX
iD1

`.M ;zi ; R/:
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In our context, to prove the uniform stability property we need to show:

8T ;8i; sup
z

j`.M ;z; R/ � `.M i ;z; Ri /j �
�

n
;

where M is learned from T , R � T , M i is the matrix learned from T i and Ri � T i is the
set of reasonable points associated to T i . Note that R and Ri are of equal size and can differ
in at most one example, depending on whether zi or z0

i belong to their corresponding set of
reasonable points and note that ` is bounded by 1. To be able to show the above property, we
need the following results.

Lemma 8.31 For any labeled examples z D .x; y/, z0 D .x0; y0/ and any models MR, M 0
R0 , the

following properties hold:

P1: jSM .x;x0/j � 1,

P2: jSM .x;x0/ � SM 0.x;x0/j � kM � M 0kF ,

P3: j`.M ;z; R/ � `.M 0;z; R0/j � 1j
PnR

kD1
ykSM .x;xk/


nR
�

PnR0

j D1
y0

k
SM 0 .x;x0

k
/


nR0
j (1-admissibility

property of `).

eproof is given inAppendixA.3.1. LetFT D
1
n

Pn
iD1 `.M ;zi ; R/C �kMk2F be the objective

function of (8.10) with respect to a sample T and a set of reasonable pointsR � T . e following
lemma bounds the deviation between M and M i .

Lemma 8.32 For anyM andM i that are minimizers of FT and FT i respectively, we have:

kM � M i
kF �

1

�n

:

e proof is given in Appendix A.3.2.
Applying eorem 8.30 with Lemma 8.32 leads to the main result.

eorem 8.33 Let 
 > 0, ı > 0 and n > 1. With probability at least 1 � ı, for any model MR

learned with SLLC, we have:

�.MR/ � �T .MR/C
1

n

�
O� C 2�


O��
2

�
C

�
2. O� C 2�
/

O��
2
C 1

�r ln 1=ı
2n

:

eorem 8.33 is both a consistency bound for the learned similarity and a generalization
guarantee for the linear classifier using it. Indeed, by minimizing �T , one minimizes � and thus
an upper bound on the true risk of the resulting linear classifier, as stated by eorem 8.28.
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8.3.2 BOUNDSBASEDONRADEMACHERCOMPLEXITY
Another strategy to derive generalization bounds is to use analysis based on Rademacher com-
plexity [Bartlett and Mendelson, 2002]. In statistical learning theory, the Rademacher complex-
ity measures the expressiveness of a hypothesis set composed of real-valued functions. Cao et al.
[2012a] have extended this notion to metric and similarity learning. is framework is very ex-
pressive and allows one to prove generalization bounds for a large class of metric and similarity
learning algorithms with various matrix norm regularizers.

To illustrate this approach, we present briefly the work of Guo and Ying [2014] in the
context of bilinear similarity learning where the guarantees are obtained in two steps. First a
generalization bound over the learned similarity itself is derived. en, this result is used to obtain
generalization guarantees for a linear classifier based on the learned similarity.

Preliminaries
As in the previous section, we consider the bilinear similarity SM but the d � d real matrix
M is constrained to be symmetric PSD.³ Let T D fzi D .xi ; yi /gniD1 be a training sample. We
consider the following similarity learning problem:

min
M2Sd

C

1

n

nX
iD1

`.M ;zi ;T / C �kMk
2
F

s.t. `.M ;zi ;T / D Œ1 � yi
1


n

nX
jD1

yjSM .xi ;xj /�C;

(8.11)

where 
 > 0 is the margin. e slight difference with formulation (8.10) is that the set of
reasonable points is taken to be the entire training sample T .

As usual, the generalization error is of a bilinear similarity represented by a matrix M is
defined with respect to a distribution � over Z D X � Y such that:

�.M / D E.x;y/��Œ1 �
1



E.x0;y0/��yy

0SM .x;x0/�C:

e empirical error of a bilinear similarity represented by a matrix M over a sample T is defined
as follows:

�T .M / D
1

n

nX
iD1

`.M ;zi ;T /:

Before presenting the Rademacher generalization bound associated to a bilinear similarity
learned by Formulation (8.11), we need some notations. For any matrix norm k � k, we define
³is is because Guo and Ying [2014] want SM to be a valid kernel so that it can be used in SVM.
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its dual norm k � k� such that for any matrix B: kBk� D sup
kAk�1 tr.BTA/. We denote X� D

supx;x02Xkx0xT k�. We define the Rademacher average complexity Rn with respect to the dual
matrix norm as follows.

Definition 8.34 Let T D fzi D .xi ; yi /gniD1 be a learning sample of size n i.i.d. from �, and
let σ D f�ig

n
iD1 2 f�1; 1gn be n independent Rademacher random variables such that P.�i D

1/ D P.�i D �1/ D
1
2
, the Rademacher average Rn is defined as

Rn D ET ��Eσ

24supx2X







1n X
.xi ;yi /2T

�iyixix
T








�35 :

GeneralizationGuarantees for Similarity Learning
From Definition 8.34, we can now present the generalization bound based on Rademacher com-
plexity.

eorem 8.35 Generalization boundwith Rademacher complexity. Let ı > 0 and n > 1. For
any similarity MT learned by Formulation (8.11) from a learning sample T of size n i.i.d. from �,
with probability at least 1�ı:

�.MT / < �T .MT /C
6Rm


�
C
2X�


�

r
2 ln 1=ı
n

;

where �.MT / is the generalization loss and �T .MT / its empirical estimate over T .
e proof of this result can be found in [Guo and Ying, 2014]. We give now some applica-

tions of this theorem by providing some estimation of the Rademacher average Rn for different
regularizers frequently used in similarity learning as presented in [Guo and Ying, 2014].

Example 8.36 Frobenius norm We consider the case where the regularizer corresponds to the
Frobenius norm kMk D kMkF D

qPd
iD1

Pd
jD1m

2
ij . e dual norm of the Frobenius norm

is itself. As a consequence, X� D supx;x02Xkx0xT kF D supx2Xkxk2F . e Rademacher average
can then be rewritten as:

Rn D ET ��Eσ

24supx2Xk
1

n

X
.xi ;yi /2T

�iyixix
T

kF

35
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By Cauchy’s inequality, we have:

Rn D ET ��Eσ

24supx2XkxkF k
1

n

X
.xi ;yi /2T

�iyixikF

35
� supx2XkxkF ET ��

264vuutEσk
1

n

X
.xi ;yi /2T

�iyixik2F

375
D supx2XkxkF ET ��

24s X
.xi ;yi /2T

kxik2F
1

n

35
� supx2Xkxk

2
F

1
p
n
:

Note that it can be shown that the trace norm regularization leads to the same quantityRn as the
Frobenius norm [Guo and Ying, 2014].

Example 8.37 L1 norm We take the formulation where kMk D kMk1 D
Pd
iD1

Pd
jD1 jmij j.

e dual norm of L1 norm is the L1 norm and thus

X�
D supx;x02X sup1�l;k�d jxlx0k

j D supx2Xkxk
2
1

where xl denotes the value of the l-th attribute of instance x. en, it can be shown [Guo and
Ying, 2014] that

Rn � 2 supx2Xkxk
2
1

r
e log.d C 1/

n
:

Example 8.38 L2;1 norm We consider the formulation where kMk D kMk2;1 DPd
iD1 kmik2. e dual norm of the L2;1 norm is the L2;1 norm which implies that X� D

supx;x02Xkx0xT k.2;1/ D supx2XkxkF supx02Xkx0k1. en, it can be shown [Guo and Ying,
2014] that

Rn � 2 supx2XkxkF supx02Xkx0
k1

r
e log.d C 1/

n
:

Generalization bound for linear SVM
e generalization bound given in eorem 8.35 provides an upper bound on the generalization
error of a linear classifier produced by a linear Support Vector Machine (SVM) [Vapnik, 1998]
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defined as follows:

min
α

1

n

X
.xi ;yi /2T

241 � yi

nX
.xj ;yj /2T

j̨yjSM .xi ;xj /

35
C

s.t. kαk1 � 1=
: (8.12)

Let fM .�/ be the linear classifier defined by fM .�/ D
Pn
.xj ;yj /2T j̨yjSM .�;xj / and let

�.fM / D E.x;y/��Œ1 � yfM .x/�C be the true generalization error associated with fM . e rela-
tionship between the generalization bound on the learned similarity SMT and the classifier fMT

making use of this similarity is given by the following theorem.

eorem 8.39 Let SMT and fMT be the similarity and the linear classifiers learned from Problems
(8.11) and (8.12) respectively. en, for any 0 < ı < 1, with probability at least 1 � ı, we have:

�.fMT / � �T .MT /C
4Rn

�

C
2X�

�


r
2 log.1=ı/

n
:

is bound is difficult to compare with the bound proved in the previous section with uni-
form stability. Results obtained with uniform stability depend on a specific learning algorithm,
while the bounds based on Rademacher analysis above hold uniformly for the considered hypoth-
esis class.
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C H A P T E R 9

Applications
Metric learning can potentially be beneficial whenever the notion of metric or similarity between
instances plays an important role. Consequently, recent work in many domains have taken ad-
vantage of the algorithmic and theoretical advances in metric learning to cover a large spectrum
of applications, like image retrieval, face recognition, image annotation, music recommendation,
cartoon synthesis, webpage archiving, text retrieval, to name a few. is chapter aims to provide
a brief overview of those main domains of applications of metric learning. As we will see, some
of the proposed methods directly make use of algorithms we already introduced in the previous
chapters of this book (e.g., LMNN, ITML, etc.). ose methods typically differ by the choice of
the constraints the metric has to satisfy, or by slight changes in the objective function (loss func-
tion and/or regularization). On the other hand, other methods design a specific metric learning
algorithm dedicated to deal with the application at hand. For those approaches, we will provide
the necessary material to allow the reader to get the big picture of the considered algorithms, and
refer him/her to the specific papers for further details.

Note that this chapter does not present an exhaustive list of applications. We focus our
attention on three large fields where metric learning has been shown to be the most useful: Com-
puter Vision, Information Retrieval and Bioinformatics. e first two typically deal with numerical
data. Because it is out of the scope of this book, we will not detail the preprocessing needed to
encode data involved in the applications of these fields and simply assume that images, texts or
videos come in the form of feature vectors. On the other hand, Bioinformatics manipulate data
that are often represented in a structured form, like sequences, trees, graphs or time series. In
this field, metric learning algorithms are typically based on structural distances such as the edit
distance or the Dynamic Time Warping distance.

9.1 COMPUTERVISION
Metric learning has indisputably received a lot of attention from the computer vision community
during the past few years, as evidenced by tutorials and workshops organized at ECCV 2010,
ICCV 2011 or ACCV 2014. is trend can be justified by the fact that metrics play a key role
at different steps of the computer vision process. Indeed, there is a great need of appropriate
metrics not only to compare images or videos in ad-hoc representations—such as bags-of-visual-
words [Li and Perona, 2005]—but also in the pre-processing step consisting in building these
representations (for instance, visual words are usually obtained by means of clustering). For this
reason, there exists a large body of metric learning literature dealing specifically with computer
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Figure 9.1: Some face images of the Labeled Faces in theWild database which contains 13,233 labeled
faces of 5,749 people taken from Yahoo!News. For a subset of 1,680 people, we have access to two or
more images that allows the construction of positive pairs.

vision problems, such as image classification, object recognition, face recognition, kinship verifi-
cation, visual tracking or image annotation. We present a brief overview of these methods in the
following.

Face analysis Face analysis is a wide research field that covers many real-world problems, like
face identification, sentiment recognition, gender classification, kinship verification, etc.

e problem of face identification is the visual identification task that aims to determine
whether two face images depict the same person. Figure 9.1 shows some examples of faces drawn
from the well-known Labeled Faces in the Wild dataset¹ [Huang et al., 2007] which contains
(positive and negative) pairs of faces as well as individual labeled examples. We can notice that
images describe a large range of possible variations in appearance (differences in pose, expression,
background, etc.). Moreover, face identification models must be able to generalize to a new person
who did not appear in the training set. is makes face identification a very difficult recognition

¹http://vis-www.cs.umass.edu/lfw.

http://vis-www.cs.umass.edu/lfw
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problem that received a lot of attention during the past few years, in particular in the context of
metric learning.

Guillaumin et al. [2009b] present two Mahalanobis-like metric learning algorithms that
allow a significant improvement on the Labeled Faces in the Wild dataset compared to the state of
the art. e first one, called LDML, learns a linear transformation by optimizing the parameters
of the following linear logistic discriminant model, which can be used to estimate whether two
images depict the same person or not:

p.yi D yj jxi ;xj ;M ; b/ D .1C exp.dM .xi ;xj / � b//�1;

where dM is the Mahalanobis distance between two face images represented by feature vectors
xi and xj , and b is a biased term. Both M and b are learned using a gradient ascent on the
log-likelihood of p.yi D yj jxi ;xj ;M ; b/.

In [Cinbis et al., 2011], the authors use LDML to deal with the problem of face recogni-
tion in TV video. eir objective is to learn metrics that are robust to intra-person appearance
variations. ey apply LDML on tracks from episodes of the TV series “Buffy the Vampire
Slayer” for which the authors annotated 639 face tracks.

It is worth noting that LDML requires labeled pairs of face images. Guillaumin et al.
[2010] extend LDML to a weakly supervised setting, where the supervision occurs only at a bag
level, i.e., where bags of face images are labeled with bags of labels. If two bags share at least one
label, they are considered as being a positive pair.

In order to deal with non-linear face identification problems, Guillaumin et al. [2009b]
present a second method, namely MkNN, based on a k-nearest neighbor (kNN) classifier. In its
standard form, a kNN ckassifier approximates the Bayesian rule in a non-parameric setting by
assigning to any feature vector xi the most probable class c:

argmax
c

p.yi D cjxi / D argmax
k

nic
k
;

where nic corresponds to the number of examples of class c in the k-neighborhood of xi . To
deal with pairs of examples, the authors extend p.yi D cjxi / to the marginal probability p.yi D

yj jxi ;xj /, defined as follows:

p.yi D yj jxi ;xj / D

P
c n

i
cn
j
c

k2
:

Once again, this probability can be used to estimate whether two face images xi and xj depict
the same person or not. To improve the performance of their model, the authors make use of
LMNN (see Section 4.1.1) to determine the neighbors.



88 9. APPLICATIONS

Figure 9.2: Some face images drawn from the KFW-I database (on the left) and KWI-2 database
(ont the right). KFW-I and KFW-II differ by the fact that images of the former are collected from
different photos while face images of KFW-II are collected from the same photo.

An even more challenging problem of face analysis is kinship verification from facial im-
ages (see [Fang et al., 2010]) for which very few databases are available. To address this issue, Lu
et al. [2012a] created two new face datasets dedicated to this task, called KFW-I and KFW-II
(see some examples in Figure 9.2). Moreover, inspired from LMNN, they proposed a neighbor-
hood repulsed metric learning (NRML) method which moves closer pairs of kinship images and
pushes away all the other examples in the neighborhood of the images of the pairs. More for-
mally, given a set of N pairs f.xi ;zi /gNiD1 of kinship images, the optimization problem takes the
following form:

max
M

1

Nk

NX
iD1

kX
jD1

d2M .xi ;zij /C
1

Nk

NX
iD1

kX
jD1

d2M .xij ;zi / �
1

N

NX
iD1

d2.xi ;zi /;

where zij (resp. xij ) corresponds to the j th k-nearest neighbor of zi (resp. xi ), and d2M .xi ;zi /
is the Malahanobis distance between xi and zi .

Note that the authors also propose a multiview NRML method of kinship verification to
learn a common distance metric for measuring multiple feature representations of facial images.

Image classification Image classification is a very challenging task in computer vision that
consists, for example, in identifying objects appearing in images. Many datasets are used by
the community to compare new proposed methods such as PASCAL-VOC,² ImageNet [Deng
²http://pascallin.ecs.soton.ac.uk/challenges/VOC/.
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et al., 2009] (see query images in Figure 9.3),³ Caltech-256,⁴ to cite a few. Metric learning has
been shown to be very beneficial in image classification where distances between objects play an
important role in the classification models.

InWang et al. [2010], the authors present ametric learning algorithm that improves Image-
to-Class (I2C) distance. Unlike Image-to-Image (I2I) distance, I2C distance computes the Eu-
clidean distance between an image and a candidate class c. It typically compares keypoints of an
image request Xi to nearest keypoints from class c, as follows:

d.Xi ; c/ D

mX
jD1

jjXij �NN.Xc
ij /jj

2; (9.1)

whereNN.Xc
ij / is the nearest keypoints from class c of the j th keypointXij ofXi . e authors

suggest learning a Mahalanobis distance Mc per class c and compute the learned I2C distance
as follows:

dMc
.Xi ; c/ D

mX
jD1

.Xij �NN.Xc
ij //

TMc.Xij �NN.Xc
ij //; (9.2)

Eq. (9.2) can be rewritten using matrix operations:

dM .Xi ; c/ D tr.�XicMc�X
T
ic/:

en, using a direct adaptation of LMNN to the context of I2C, matrices
M1; :::;Mc ; :::;MC are learned by solving the following SDP optimization problem:

min
M1;:::;Mc ;:::;MC

.1 � �/
X
i;p!i

tr.�XipMp�X
T
ip/C �

X
i;p!i;n!i

�ipn

s.t. 8i; p; n W tr.�XinMn�X
T
in/ � tr.�XipMp�X

T
ip/ � 1 � �ipn

8i; p; n W �ipn � 0

8c W Mc � 0:

(9.3)

e first constraint in (9.3) tends to ensure that the I2C distance from image Xi to its true class
p is smaller than the distance to any other class n with a margin 1.

Experimental results on datasets Scene-15,⁵ Sports,⁶ Corel⁷ and Caltech 101⁸ show sig-
nificant improvements when compared to the standard I2C distance in a Naive-Bayes Nearest-
Neighbor classifier [Boiman et al., 2008].
³http://www.image-net.org
⁴http://www.vision.caltech.edu/Image_Datasets/Caltech256/
⁵http://www-cvr.ai.uiuc.edu/ponce_grp/data/.
⁶http://vision.stanford.edu/lijiali/event_dataset/
⁷http://vision.stanford.edu/resources_links.html
⁸http://www.vision.caltech.edu/Image_Datasets/Caltech101/

http://www.image-net.org
http://www.vision.caltech.edu/Image_Datasets/Caltech256/
http://www-cvr.ai.uiuc.edu/ponce_grp/data/
http://vision.stanford.edu/lijiali/event_dataset/
http://vision.stanford.edu/resources_links.html
http://www.vision.caltech.edu/Image_Datasets/Caltech101/
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Figure 9.3: Examples of ImageNet query images.

Image Annotation Given an image, image annotation aims at automatically assigning a set of
relevant labels or keywords that can be used, for example, as tags. Mensink et al. [2012] deal
with large-scale annotation by treating it as a multi-label classification problem. Two new metric
learning-basedmethods are presented to deal with this task.e first one aims to improve LMNN
by overcoming the problem of having to a priori select target neighbors using the L2-norm in the
original representation space. To do so, they slightlymodify LMNNand suggestmaking use of the
current learned metric to select those target instances in the projected space. e second is based
on the Nearest-Class Mean (NCM) classifier where mean feature vectors are used to represent
their corresponding classes. e authors introduce a new metric learning algorithm based on
multi-class logistic discrimination which constrains images to be closer to their class mean µ c
than to any other class mean. A stochastic gradient descent algorithm is used to optimize the
parameters using only a small subset of images at each step. More formally, let p.cjx/ be the
probability that an example x belongs to class c:

p.cjx/ D
exp.� d2M .µ c ;x//PC
c0D1 exp. � d2M . µ c ;x//

:

Minimizing the negative log-likelihood of p.cjx/, we get the following gradient

2

N

NX
iD1

CX
cD1

.ŒŒyi D c��� p.cjx//M .µ c � xi /.µ c � xi /
T :

e authors report good results on the ImageNet Large Scale Visual Recognition Challenge
2010 dataset⁹ composed of 1.2M training images belonging to 1,000 classes.

In Guillaumin et al. [2009a], tags are automatically predicted using a weighted nearest-
neighbor model, called TagProp. e weights of the neighbors are optimized via a Mahalanobis
distance learning method which maximizes the likelihood of the tags over the training set. Let
yiw 2 f� 1;C1g describe the presence or absence of keyword w in image xi . e model for pre-
dicting the presence of a keyword in an image is defined as follows:

⁹http://www.image-net.org/challenges/LSVRC/2010/.

http://www.image-net.org/challenges/LSVRC/2010/
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p.yiw D C1/ D
X
j

�ijp.yiw D C1jxj /

with
p.yiw D C1jxj / D

�
1 � �

�

where � is set to a small value and �ij is the weight of image xj for predicting the tags of image
xi . To learn the weights �ij , the authors suggest to define them in the following Mahalanobis
distance-based form:

�ij D
exp.�dM .xi ;xj //P
j 0 exp.�dM .xi ;x0

j //
:

Experiments on three challenging image datasets (Corel 5k, ESP Game, IAPR TC12) show
significant improvements over uniform weighting.

Other methods Note that many other metric learning algorithms have been presented in the
literature and tested on image datasets. Xiao and Madabhushi [2011] propose an aggregated
distance metric learning method, inspired from the boosted BDM method [Yang et al., 2010]
and from bagging, which deals with situations where the number of training images is limited.
Experiments are performed on X-ray images from ImageCLEFmed 2009 dataset.¹⁰ Lu et al.
[2012b] deal with gait-based gender classification from videos. Since point-to-point distances are
known to be irrelevant to characterize gait images, they suggest to optimize a point-to-set distance
that minimizes the intraclass and maximizes the interclass variations. Experiments achieved from
a dataset of gait sequences of 20 subjects captured by a Microsoft Kinect depth camera show
significant improvement in comparison with ITML, LMNN and NCA. In Wang et al. [2012a],
semantic relations of images are used to improve the metric learned by NCA. e authors use a
semantic measure based on the WordNet database. Experiments on Caltech256 and ImageNet
datasets show that the proposed method improves NCA as well as LMNN. In [Yang and Jin,
2006], a local distance metric algorithm (LDM) is introduced that is particularly well-suited
when classes are described by multimodal data distributions. LDM moves closer pairs of points
that belong to the same mode and pushes away pairs from different classes. Experiments on
the Corel dataset shows the interest of learning such local metrics. Metric learning for visual
category recognition is addressed in Frome et al. [2007] where local image-to-image distances,
in the form of weighted sums of distances between patches, are learned and are shown to be
globally consistent. Experiments are performed on the Caltech 101 dataset. Nowak and Jurie
[2007] learn a similarity function between local image patches in order to compare never seen
objects. Experiments are conducted on four datasets: Toy Cars,¹¹ Ferencz & Malik cars,¹² Jain
¹⁰http://www.imageclef.org/.
¹¹http://lear.inrialpes.fr/people/nowak/.
¹²http://www.eecs.berkeley.edu/Research/Projects/CS/vision/shape/vid/dataset.html.

http://www.imageclef.org/
http://lear.inrialpes.fr/people/nowak/
http://www.eecs.berkeley.edu/Research/Projects/CS/vision/shape/vid/dataset.html
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Figure 9.4: e RGB cube has been splitted into 20 regular regions, where the surface of each rep-
resented ellipsoid corresponds to the RGB colors lying at the corresponding learned local perceptual
distance of 1 from the center of the ellipsoid.

Faces¹³ and Coil-100.¹⁴ Li et al. [2012] present an online algorithm to optimize a Mahalanobis
distance used in a visual tracker. Finally, Perrot et al. [2014] propose to learn perceptual color
distances. It is well known that the RGB cube is not perceptually uniform, that is, two equidistant
pairs of pixels do not correspond to the same color difference perceived by human observers. In a
linear regression setting, the authors learn local Mahalanobis distances that allow capturing not
only some non linearity in the data but also local distortions of the RGB cube (see Figure 9.4).

9.2 BIOINFORMATICS
Many problems in bioinformatics involve comparing sequences such as DNA, protein or tempo-
ral series. ese comparisons are based on structured metrics such as edit-based distance measures
(or related to string alignment scores) for strings or Dynamic Time Warping distance for tem-
poral series. Learning these metrics to adapt them to the task of interest can greatly improve the
results. In this context, remote homology detection between protein sequences is a key problem
in computational biology. ere already exist some matrices that are dedicated to score amino
acid matches. For example, the BLOSUM (BLOcks SUbstitution Matrix) matrices are gener-
ated from the Blocks database and are used for sequence alignment of proteins. Several BLO-
SUM matrices, named with numbers, have been constructed according to different alignment
databases. Matrices with high numbers are devoted to compare closely related sequences, while
matrices with small numbers are dedicated to compare distant related sequences (see, for exam-

¹³http://vis-www.cs.umass.edu/fddb/.
¹⁴http://www.cs.columbia.edu/CAVE/software/softlib/coil-100.php.

http://vis-www.cs.umass.edu/fddb/
http://www.cs.columbia.edu/CAVE/software/softlib/coil-100.php
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Figure 9.5: BLOSUM62 matrix. Each row/column corresponds to an amino acid.

ple, Blosum62 matrix in Figure 9.5). On the other hand, the PAM (Point Accepted Mutation)
matrices are based on the probability of single point mutations.

In Saigo et al. [2006], the authors use BLOSUM and PAM as starting matrices for opti-
mizing a string alignment kernel specifically dedicated to detect remote homologies. As already
mentioned in Chapter 7, this LA (Local Alignment) kernel is computed from a matrix of substi-
tution between amino acids. It takes into account all the possible local alignments � for changing
x into x0, where an alignment score s.x; x0; � / is used instead of the standard edit distance:

kLA.x; x0/ D
X
�

et � s.x;x
0;�/;

where t is a parameter. e score s.x; x0; � / of an alignment � is defined as:

s.x; x0; � / D
X
u;v2�

nu;v.x; x0; � / � Cuv � ngd
.x; x0; � / � gd � nge

.x; x0; � / � ge;

where nu;v.x; x0; � / is the number of times that symbol u is aligned with v while gd and ge,
along with their corresponding number of occurrences ngd

.x; x0; � / and nge
.x; x0; � /, are two

parameters dealing respectively with the opening and extension of gaps. e edit costs Cuv as
well as the gap parameters are learned by gradient descent. e optimized substitution matrix is
then used to efficiently separate true homologs from non-homologs in a set of sequences issued
from the COG database.

In Boyer et al. [2009], the authors deal with the detection of Transcription Factor Binding
Sites (TFBS) in sequences of promoters of orthologous genes, i.e., genes having the same function
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and related by descent from a common ancestor. It has been demonstrated that TFBS are under
evolutionary selection, meaning that they should have evolved much more slowly than other non-
coding sequences. is difference in evolution speed can be observed by comparing sequences of
orthologous genes between sufficiently distant species. In terms of edit distance, this means that
such TFBS should be at a closer edit distance than other regions.e authors propose an approach
that learns the parameters (the edit costs) of a Constrained State Machine, where the choice of
a transition between two states of the automaton is driven by constraints fulfilled by the input
string. is allows the model to take into account background knowledge during the learning
step.

Definition 9.1 A Constrained State Machine (CSM) is a tuple h˙;Q; C; T; ı; �i where ˙ is a
finite alphabet,Q is a set of states, C is a set of constraints and:

• T W Q � C �Q ! Œ0; 1� defines the probability of a transition. T .qj jqi ; cqi ;k.X; t//will de-
note the probability of going to state qj given that we are currently in state qi and that the
constraint cqi ;k.X; t/ is satisfied. For a given state qi and a constraint cqi ;k , the outgoing
transitions must fulfill the following condition:X

qj 2Q

T .qj jqi ; cqi ;k/ D 1: (9.4)

• ı is a family of jQj matrices. Each element ıqi
is the matrix of edit probabilities of state qi .

• � W Q ! Œ0; 1� is the initial probability function which must satisfy the following statistical
condition: X

q2Q

�.q/ D 1: (9.5)

e parameters of the CSM are optimized using an EM-based approach from a set of
13,520 pairs of orthologous promoter sequences.

Detecting analogous enzymes based on the local structures of active sites is also a hot re-
search topic in Bioinformatics. Kato and Nagano [2010] proposed a metric learning algorithm
to automatically detect catalytic sites. e goal is to search for proteins X 0 with a local structure
composed of n atoms that is similar to a query template X . e learned metric takes the form of
the following weighted mean square deviation:

E.X;X 0;R;v;w/ D

nX
iD1

wi jjxi � .Rx0
i C v/jj2;

where R is a rotation matrix, v a translation and w the weight vector to be optimized by the
following problem:
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min
�;�;w

1

S
X
i2S

�i C
1

D
X
i2D

�i

s.t. 8i W yi .E.X;X 0i ;Ri ;vi ;w/ � �/ � �i ;

(9.6)

where �i are nonnegative slack variables, and S (resp. D) is a set of site matches (resp. dis-
matches). Problem (9.6) can be reduced to a linear program.

Note also that Wang et al. [2012b] propose a protein-to-protein dissimilarity learn-
ing method that takes into account the contextual information of a protein, i.e., its close-
neighborhood. e notion of similarity relies on the hypothesis that two proteins having close
contexts should have a high similarity score. Finally, Xiong and Chen [2006] introduce a k-
nearest neighbors-based metric learning algorithm for cancer classification using microarray data
which optimizes a data-dependent kernel.

9.3 INFORMATIONRETRIEVAL
e objective of many information retrieval systems, such as search engines, is to provide the
user with the most relevant documents (image, text) according to his/her query. is ranking is
often achieved by using a metric between two documents or between a document and a query.
erefore, optimizing such metrics can be very beneficial. It is shown in Lee et al. [2008] that
the information retrieval (IR) field requires specialized metric learning algorithms. Indeed, as
seen so far, standard approaches assume that the distance between two similar objects has to
be smaller than the distance between two dissimilar objects. It turns out that this assumption
does not hold in IR especially when some queries are far away from all the elements of a given
database while others are close to many of the elements of the same database. To overcome this
problem, Lee et al. [2008] present a rank-based distance metric learning where a Mahalanobis-
likemetric d.x;x0;M / is optimized and regularized bymaking use of the Burgmatrix divergence
D.M ; OM0/ betweenM and amatrixM0 thatmay contain domain knowledge.ismethod only
considers pairwise constraints issued from the same query. In other words, a must-link constraint
(y D C1) has to lead to a smaller distance than a cannot-link constraint (y D �1) only if those
two constraints come from the same query. e optimization problem takes the following form:

min
M�0;ξ�0

NQX
iD1

KX
k;jD1

ı.yij ;�1/ı.yik;C1/�
i
jk C

�

2
D.M ; OM0/

s.t. d.qi ;xij ;M / � d.qi ;xik;M / � 1 � �kjk
� ijk � 0 and M � 0;

where ı.y; a/ is a Dirac function that gives 1 if y D a and 0 otherwise, �i
jk

are slack variables,
NQ is the number of queries used to build the pairwise constraints and K is a parameter which
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corresponds to the top K examples that are retrieved. Experiments are performed in tatoo image
retrieval for suspect or victim identification.

Unlike many other applications, text analysis is a very high dimensional problem where d
can reach the size of tens of thousands of features. As we have seen in Chapter 4, many Ma-
halanobis distance learning algorithms have an O.d3/ complexity due to the PSD constraint,
making intractable in this setting. Similarity learning without PSD constraint has thus attracted
a lot of interest, often with similarity function of the form

SM .x;x0/ D
xTMx0

N.x;x0/
;

where M 2 Rd�d is not required to be PSD nor symmetric, and N.x;x0/ is a normalization
term which depends on x and x0. Note that SM can be seen as a generalization of the cosine
similarity, widely used in text and image retrieval [see for instance Baeza-Yates and Ribeiro-Neto,
1999, Sivic and Zisserman, 2009], where M is the identity matrix and N.x;x0/ D jjxjj2jjx0jj2.

In Qamar et al. [2008], the authors learn SM .x;x0/ by defining “target neighbors”
and using an LMNN-like fashion. ey optimize the similarity in an online manner with an
algorithm based on voted perceptron. ey apply their SiLA algorithm on the 20-newsgroups
dataset, composed of about 20,000 posted articles from 20 newsgroups.

In Mikawa et al. [2011], the authors learn SM .x;x0/ where N.x;x0/ D jjxjj2jjx0jj2. Us-
ing d1; : : : ;dD documents coming from c1; : : : ; cN categories, they optimize the matrix M so
as to maximize the similarities between documents and the centroid gn of their corresponding
categories. e optimization problem is defined as follows:

max
M

NX
nD1

X
di 2cn

SM .di ;gn/

s.t. det.M / D 1:

In order to capture the specificities of each category c1; : : : ; cN of documents, Mikawa
et al. [2012] extend the above work by learning N individual matrices Mi .

To further scale with the dimension, Davis and Dhillon [2008] propose a method that
scales linearly with d by searching for a compressed representation of the data which is only
composed of d parameters. is is achieved by a semi-supervised variant of latent semantic
analysis (LSA) which projects the documents in a lower-dimensional space.

e idea of projecting the data in a lower space is also used by Lebanon [2006] in the
context of classification of text documents. e author learns a Riemannian metric by seeking
a lower dimensional representation of the documents. Assuming that the dimension of the
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submanifold depends on the location of the data, he learns a metric among a parametric family of
metric candidates which can capture local variations. Experiments are performed on the WebKB
dataset where documents are described by a term-frequency representation.

Finally, in order to take into account the semantic relatedness between terms, Yih et al.
[2011] propose a Similarity Learning via Siamese Neural Network (S2Net) that learns a projec-
tion matrix that maps the term-vectors onto the underlying concept space of the text documents.
is is efficiently done, even for high-dimensional problems, by training, w.r.t. the cosine mea-
sure, the parameters of a two layers-neural network. e neurons of the input layer encode the
raw term vector while the output layer represents the learned lower-dimensional concept space.
e authors use the logistic loss over relative constraints � of the following form:

� D SM .xi ;xj / � SM .xk;xl/;

where term vectors xi and xj are supposed to be more similar than xk and xl .
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C H A P T E R 10

Conclusion
In this book, we provided a comprehensive review of the main methods, theoretical frameworks
and applications of metric learning. We briefly summarize the current state of the art, and attempt
to draw promising lines for future research.

10.1 SUMMARY
Numerical data Metric learning for numerical data has reached a good level of maturity. is
is illustrated in Table 10.1, which summarizes the properties of the main algorithms presented in
this book. Indeed, there exist methods to learn various types of distance and similarity functions:
linear and nonlinear, multiple local metrics, histogram distances, etc. Metric learning can also
deal with a large spectrum of practical settings, such as multi-task and transfer learning, semi-
supervised learning and domain adaptation. Furthermore, we have seen that recent efforts have
been put into scaling-up metric learning to big data scenarios where the number of training sam-
ples and/or the dimensionality of the data can be very large. Finally, statistical learning theory
for metric learning has received some attention, with several frameworks to derive generalization
guarantees for the learned metric and, in some particular cases, for the classifier based on the
metric.

Structured data On the other hand, much less work has gone into metric learning for structured
data, as summarized in Table 10.2. We have presented some work on metric learning on strings,
trees, graphs and time series, but much of the recent progress in metric learning for numerical
data has not yet propagated to the structured case. Indeed, most approaches remain based on
EM-like algorithms which make them intractable for large-scale data and hard to analyze theo-
retically due to local optima. Settings of practical importance like multi-task learning and domain
adaptation have not been addressed. Nevertheless, recent work such as GESL [Bellet et al., 2011]
and MLTSA [Lajugie et al., 2014b] have shown that drawing inspiration from successful feature
vector formulations can be beneficial in terms of scalability and flexibility, even though it may re-
quire a simplification of the structured metric. is is a promising direction and probably a good
omen for the development of this research topic.

10.2 OUTLOOK
In light of this book, we can identify the limitations of the current literature and speculate on
where the future of metric learning is going.
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Table 10.2: Main features of metric learning methods for structured data.

53 R&Y 1998 Yes String Gen.+EM All Local No
54 O&S 2006 Yes String Disc.+EM All Local No
55 Saigo 2006 Yes String Gradient All Local No
56 GESL 2011 Yes String/tree/graph Gradient Levenshtein Global Yes
57 Bernard 2006 Yes Tree Both+EM All Local No
57 Boyer 2007 Yes Tree Gen.+EM All Local No
57 Dalvi 2009 No Tree Disc.+EM All Local No
57 Emms 2012 No Tree Disc.+EM Optimal Local No
57 N&B 2007 No Graph Gen.+EM All Local No
58 MLTSA 2014 No Time series Gradient N/A Global N/A

Page Name Year Method Script Optimum
Source

Code

Data

Type

Negative

Pairs

Leveraging the structure e simple example of metric learning designed specifically for his-
togram data [Kedem et al., 2012] has shown that taking the structure of the data into account
when learning the metric can lead to significant improvements in performance. As data is be-
coming more and more structured, using this structure to guide the choice of metric is likely to
receive increasing interest in the near future. An important case, is metric learning on graphs (e.g.,
social networks, knowledge bases) for link prediction, is a promising and under-explored topic.
A preliminary work is due to Shaw et al. [2011]. Another example is to learn distances between
matrices, which has applications for instance in computer vision (covariance region descriptors,
medical imaging). In this case, one could consider a matrix as a large vector or compute distances
based on distances between columns, but this ignores the 2D structure. A preliminary work on
learning distances between PSD matrices is due to Vemulapalli and Jacobs [2015].

Adapting the metric to changing data An important issue is to develop methods robust to
changes in the data. In this line of work, metric learning in the presence of noisy data as well as
for transfer learning and domain adaptation has recently received some interest. However, these
efforts are still insufficient for dealing with lifelong learning (or “learning to learn”) applications,
where the learner experiences concept drift and must detect and adapt the metric to changes in
real time.

Unsupervised metric learning A natural question to ask is whether one can learn a metric in
a purely unsupervised way. So far, this has only been done as a byproduct of dimensionality re-
duction algorithms. Other relevant criteria should be investigated, for instance learning a metric
that is robust to noise or invariant to some transformations of interest, in the spirit of denoising
autoencoders [Chen et al., 2012, Vincent et al., 2008]. Some results in this direction have been
obtained for image transformations [Kumar et al., 2007]. A related problem is to characterize
what it means for a metric to be good for clustering. ere has been preliminary work on this
question [Balcan et al., 2008b, Lajugie et al., 2014a], which probably deserves more attention.

Learning richer metrics e notion of similarity is often richer than what current metric learn-
ing algorithms can encode. For instance, there exist several ways in which two instances may be
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similar (perhaps based on different sets of features), and different degrees of similarity (versus the
simple binary similar/dissimilar view). Being able to model these shades as well as to interpret
what makes things similar would bring the learned metrics closer to the rich human notions of
similarity.

More theoretical understanding Although several recent papers have looked at the generaliza-
tion of metric learning, analyzing the link between the consistency of the learned metric and its
performance in a given algorithm (classifier, clustering procedure, etc.) remains an important open
problem. So far, only results for linear classification have been obtained [Bellet et al., 2012b, Guo
and Ying, 2014], while learned metrics are also widely used in k-NN classification, clustering or
information retrieval, for which no such theoretical result is known.
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A P P E N D I X A

Proofs of Chapter 8
A.1 UNIFORMSTABILITY
A.1.1 PROOFOFLEMMA 8.6
Proof. efirst steps of this proof are similar to the proof of Lemma 20 in [Bousquet andElisseeff,
2002] which we recall for the sake of completeness. Recall that any convex function g verifies

8x; y;8t 2 Œ0; 1�; g.x C t .y � x// � g.x/ � t.g.x/ � g.y//:

�T i;z .�/ is convex and thus for any t 2 Œ0; 1�,

�T i;z .dMT �t�M / � �T i;z .dMT / � t.�T i;z .dMT i;z
/ � �T i;z .dMT //: (A.1)

Switching the role of MT and MT i;z , we get:

�T i;z .dMT i;zCt�M / � �T i;z .dMT i;z
/ � t .�T i;z .dMT / � �T i;z .dMT i;z

//: (A.2)

Summing up inequalities (A.1) and (A.2) yields

�T i;z .dMT �t�M / � �T i;z .MT /C �T i;z .dMT i;zCt�M / � �T i;z .dMT i;z
/ � 0: (A.3)

Now, since MT and MT i;z are minimizers of FT and FT i;z respectively, we have:

FT .dMT / � FT .dMT �t�M / � 0 (A.4)
FT i;z .dMT i;z

/ � FT i;z .dMT i;zCt�M / � 0: (A.5)

By summing up (A.4) and (A.5) we get:

�T .dMT /C �kMT kF �
�
�T .dMT �t�M /C �kMT � t�MkF

�
C

�T i;z .dMT i;z
/C �kMT i;zkF � .�T i;z .dMT i;zCt�M /C �kMT i;z C t�MkF / � 0:

By summing this last inequality with (A.3), we obtain

�T .dMT /C �kMT kF �
�
�T .dMT �t�M /C �kMT � t�MkF

�
C

�kMT i;zkF � .�kMT i;z C t�MkF /C �T i;z .dMT �t�M / � �T i;z .dMT / � 0:

Let B D �T .dMT �t�M / � �T i;z .dMT �t�M / � .�T .dMT / � �T i;z .dMT //, we have then

�.kMT kF � kMT � t.�M /kF C kMT i;zkF � kMT i;z C t .�M /kF / � B: (A.6)
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We now derive a bound for B . zij denotes the j th example of sample T i;z.

B � j�T .dMT �t�M / � �T i;z .dMT �t�M / � .�T .dMT / � �T i;z .dMT //j

�
1

n2

ˇ̌̌̌
ˇ̌ nX
kD1

nX
jD1

`.dMT �t�M ;zk;zj / �

nX
kD1

nX
jD1

`.dMT �t�M ;zik;z
i
j /

�

0@ nX
kD1

nX
jD1

`.dMT ;zk;zj / �

nX
kD1

nX
jD1

`.dMT ;z
i
k;z

i
j /

1Aˇ̌̌̌ˇ̌
�

1

n2

ˇ̌̌̌
ˇ̌ nX
jD1

�
`.dMT �t�M ;zi ;zj / � `.dMT �t�M ;z;zij /

�
C

nX
kD1
k¤i

nX
jD1

�
`.dMT �t�M ;zk;zj / � `.dMT �t�M ;zik;z

i
j /
�

�

0@ nX
kD1

nX
jD1

`.dMT ;zk;zj / �

nX
kD1

nX
jD1

`.dMT ;z
i
k;z

i
j /

1Aˇ̌̌̌ˇ̌
is inequality is obtained by developing the sum of the first two terms of the second line. Note
that the subsamples of n � 1 elements T nfzig and T i;znfzg are the same and thus zk D zi

k
when

k ¤ i . erefore, some terms cancel out and we have:

B �
1

n2

ˇ̌̌̌
ˇ̌ nX
jD1

�
`.dMT �t�M ;zi ;zj / � `.dMT �t�M ;z;zij /

�
C

nX
kD1
k¤i

�
`.dMT �t�M ;zk;zi /

�`.dMT �t�M ;zk;z/
�

�

0@ nX
kD1

nX
jD1

`.dMT ;zk;zj / �

nX
kD1

nX
jD1

`.dMT ;zk;z
i
j /

1Aˇ̌̌̌ˇ̌ :
e first two sums in the absolute value can be bounded by:

.2n � 1/ sup
z1;z22T

z3;z42T i;z

j`.dMT �t�M ;z1;z2/ � `.dMT �t�M ;z3;z4/j:

e same analysis can be done for the part in parentheses of the last line of the absolute value and
we can take the pair of examples in T and in T i;z maximizing the whole absolute value to obtain
the next inequality:
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B �
2n � 1

n2
sup

z1;z22T
z3;z42T i;z

j`.dMT �t�M ;z1;z2/ � `.dMT �t�M ;z3;z4/

�
�
`.dMT ;z1;z2/ � `.dMT ;z3;z4/

�ˇ̌
:

We continue by applying a reordering of the terms and the triangular inequality to get the next
result:

B �
2n � 1

n2

 
sup

z1;z22T
j`.dMT �t�M ;z1;z2/ � `.dMT ;z1;z2/jC

sup
z3;z42T i;z

j`.dMT �t�M ;z3;z4/ � `.dMT ;z3;z4/j

!
:

We then use twice the k-lipschitz property of ` which leads to:

B �
.2n � 1/

n2
2kk � t�MkF

�
.2n/

n2
2ktk�MkF D

4tk

n
k�MkF :

en, by applying this bound on B from inequality (A.6), we get the lemma. �

A.1.2 PROOFOFTHEOREM8.7
Proof. Using t D 1=2 on the left-hand side of Lemma 8.6, we get

kMT k
2
F � kMT �

1

2
�Mk

2
F C kMT i;zk

2
F � kMT i;z C

1

2
�Mk

2
F D

1

2
k�Mk

2
F :

en, applying Lemma 8.6, we get

1

2
k�Mk

2
F �

2k

�n
k�MkF ) k�MkF �

4k

�n
:

Now, from the k-lipschitz property of `, we have for any z;z0

j`.d2MT ;z;z
0/ � `.d2MT ⟩;‡

;z;z0/j � kk�MkF �
4k2

�n
:

�
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A.1.3 PROOFOFLEMMA 8.9
Proof. First recall that for any T ;z;z0, by hypothesis of uniform stability we have:

`.d2MT ;z;z
0/ � `.d2MT k;z

;z;z0/j � sup
z1;z2

j`.d2MT ;z1;z2/ � `.d2MT k;z
;z1;z2/j �

�

n
:

Now, we can derive a bound for ET ŒDT �.

ET ŒDT � � ET ŒEz;z0 Œ`.d2MT ;z;z
0/� � LT .MT /�

� ET ;z;z0 Œj`.d2MT ;z;z
0/ �

1

n

nX
kD1

1

n

nX
jD1

`.d2MT ;zk;z
0
j /j�

� ET ;z;z0 Œj
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nX
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1

n

nX
jD1
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0/ � `.d2MT k;z
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0
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0
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0
j //j�

� ET ;z;z0 Œj
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n

nX
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1

n

nX
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0/ � `.d2MT k;z
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0
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//j�C
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nX
jD1
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1
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nX
jD1

.`.d2MT ;z;z
0/ � `.d2MT k;z

;zk;z
0
j //j�C

�

n
:

e last inequality is obtained by applying the hypothesis of uniform stability to the second part
of the sum. Now, since T ;z and z0 are i.i.d. from distribution �, we do not change the expected
value by replacing one point with another and thus:

ET ;z;z0 Œj`.d2MT ;z;z
0/ � `.d2MT ;zk;z

0/j� D ET ;z;z0 Œj`.d2
M

z;k
T
;zk;z

0/ � `.d2MT ;zk;z
0/j�:

en we get the result by applying this trick twice on the first element of the sum:

ET ŒDT � � ET ;z;z0 Œj
1

n

nX
kD1

1

n

nX
jD1

.`.d2MT k;z
;zk;z

0/ � `.d2MT ;zk;z
0
j //j�C

�
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� ET ;z;z0 Œj
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nX
kD1

1

n

nX
jD1

.`.d2M
fT k;zgj;z0

;zk;z
0
j / � `.d2MT k;z

;zk;z
0
j //j�C

�

n

�
�

n
C
�

n
:

�
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A.1.4 PROOFOFLEMMA 8.10
Proof. First, we derive a bound on jDT �DT i;z j.

jDT �DT i;z j

D j�.d2MT / � �T .d
2
MT / � .�.d2MT i;z

/ � �T i;z .d
2
MT i;z

//j

D j�.d2MT / � �T .d
2
MT / � �.d2MT i;z

/C �T i;z .d
2
MT i;z

/C �T .d
2
MT i;z

/ � �T .d
2
MT i;z

/j

D j�.d2MT / � �.d2MT i;z
/C �T .d

2
MT i;z

/ � �T .d
2
MT /C �T i;z .d

2
MT i;z

/ � �T .d
2
MT i;z

/j

� j�.d2MT / � �.d2MT i;z
/j C j�T .d

2
MT i;z

/ � �T .d
2
MT /j C j�T i;z .d

2
MT i;z

/ � �T .d
2
MT i;z

/j

� Ez1;z2
Œj`.d2MT ;z1;z2/ � `.d2MT i;z

;z1;z2/j�C

1

n

nX
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n

nX
jD1

j`.d2MT i;z
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0
j / � `.d2MT ;zk;z
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j /j C j�T i;z .d
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/ � �T .d
2
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� 2
�

n
C j�T i;z .d

2
MT i;z

/ � �T .d
2
MT i;z

/j by using the hypothesis of stability twice.

Now, proving Lemma 8.10 boils down to bounding the last term above. Using arguments similar
to those used in the second part of the proof of Lemma 8.6, we get

j�T i;z .d
2
MT i;z

/ � �T .d
2
MT i;z

/j �
.2/

n
sup

z1;z22T
z3;z42T i;z

j`.d2MT i;z
;z1;z2/ � `.d2MT i;z

;z3;z4/j:

Now by the .�;m/-admissibility of `, we have that:

j`.d2MT i;z
;z1;z2/ � `.d2MT i;z

;z3;z4/j � �.jy12 � y34j Cm � 2� Cm;

since whatever the labels, jy12 � y34j � 2. is leads us to the desired result. �

A.1.5 PROOFOFLEMMA 8.12
Proof. If MT is an optimal solution, then the value reached by the objective function is lower
than the one obtained with the null matrix :

1

n2

X
zi ;zj 2T

`.d2M ;zi ;zj /C �kMT k
2
F �

1

n2

X
zi ;zj 2T

`.d20 ;zi ;zj /C �k0T k
2
F � c:

For the last inequality, note that regardless of the possible labels of zi and zj , `.d20 ; zi ; zj / is
bounded either by c or 0.
Since 1

n2

P
zi ;zj 2T `.d

2
M ;zi ;zj /, we get �kMT k2F � c. �
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A.1.6 PROOFOFLEMMA 8.13
Proof. We need to bound j`.d2M ;zi ;zj / � `.d2M0 ;zi ;zj /j.

j`.d2M ;zi ;zj / � `.d2M0 ;zi ;zj /j � jyij Œc � d2M .xi ;xj /� � yij Œc � d2M ′.xi ;xj /�j
� jd2M ′.xi ;xj / � d2M .xi ;xj /j D jd2M .xi ;xj / � d2M 0.xi ;xj /j
� j.xi � xj /

T .M � M ′/.xi � xj /j
� k.xi � xj /kk.M � M ′/.xi � xj /k
� k.xi � xj /kk.M � M 0/kk.xi � xj /k
� 4B2k.M � M 0/k:

e first inequality is obtained by the 1-lipschitz property of the hinge loss:

jŒX�C � ŒY �Cj � jX � Y j:

e last inequality is obtained by the fact that each instance x is B-bounded: kxk � B . �

A.1.7 PROOFOFLEMMA 8.14
Proof. First, since the hinge loss is 1-lipschitz we get:

j`.d2M ;z1;z2/ � `.d2M ;z3;z4/j � jy12Œc � d2M .x1;x2/� � y34Œc � d2M .x3;x4/�j
� jc.y12 � y34/C jy34d

2
M .x3;x4/ � y12d

2
M .x1;x2/j

� cjy12 � y34j C 2 � 4B2
c

�
:

For the last inequality, whatever the values of y12 and y34, the right-hand side term of the previous
inequality is bounded by jd2M .x3;x4/j C jd2M .x1;x2/j. Now considering that for any xi and xj ,
kxi � xj k � 2B and by applying the Cauchy-Schwarz inequality, classical result on norms and
Lemma 8.12, we can get that
jd2M .x3;x4/j C jd2M .x1;x2/j � 2 � 4B2 c

�
.

Taking � D c and m D 8B2 c
�

proves the lemma. �

A.2 ALGORITHMICROBUSTNESS
A.2.1 PRELIMINARYRESULT
We need the following concentration inequality that will help us to derive the bound.

Proposition A.1 van der Vaart andWellner [2000] Let .jN1j; : : : ; jNK j/ an i.i.d. multinomial
random variable with parameters n and .�.C1/; : : : ; �.CK//. By the Bretagnolle-Huber-Carol in-
equality we have:

P r

(
KX
iD1

ˇ̌̌̌
jNi j

n
� �.Ci /

ˇ̌̌̌
� �

)
� 2K exp

�
�n�2

2

�
:
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Hence, with probability at least 1 � ı,

KX
iD1

ˇ̌̌̌
Ni

n
� �.Ci /

ˇ̌̌̌
�

r
2K ln 2C 2 ln.1=ı/

n
: (A.7)

A.2.2 PROOFOFTHEOREM8.17
Proof. Let Ni be the set of index of points of T that fall into the Ci . .jN1j; : : : ; jNK j/ is an i.i.d.
random variable with parameters n and .�.C1/; : : : ; �.CK//. We have:

j�.d2MT
/ � �T .d

2
MT
/j

D

ˇ̌̌̌
ˇ̌ KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /�.Cj / �

1

n2

nX
i;jD1

`.d2MT
;zi ;zj /

ˇ̌̌̌
ˇ̌

.a/
�

ˇ̌̌̌
ˇ̌ KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /�.Cj /�

KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /

jNj j

n

ˇ̌̌̌
ˇ̌Cˇ̌̌̌

ˇ̌ KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /

jNj j

n
�
1

n2

nX
i;jD1

l.d2MT
;zi ;zj /

ˇ̌̌̌
ˇ̌

.b/
�

ˇ̌̌̌
ˇ̌ KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /.�.Cj / �

jNj j

n
/

ˇ̌̌̌
ˇ̌Cˇ̌̌̌

ˇ̌ KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

;z0
1;z

0
2/jz

0
1 2 Ci ;z

0
2 2 Cj

�
�.Ci /

jNj j

n
�

KX
i;jD1

Ez0
1
;z0

2
��

�
`.d2MT
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0
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0
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0
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� jNi jjNj j

n
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ˇ̌Cˇ̌̌̌
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i;jD1

Ez0
1
;z0

2
��

�
`.d2MT

/;z0
1;z

0
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0
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0
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� jNi jjNj j
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�
1
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nX
i;jD1

`.d2MT
/;zi ;zj /

ˇ̌̌̌
ˇ̌

.c/
� B

0@ˇ̌̌̌ˇ̌ KX
jD1

�.Cj / �
jNj j

n

ˇ̌̌̌
ˇ̌C

ˇ̌̌̌
ˇ KX
iD1

�.Ci / �
jNi j

n

ˇ̌̌̌
ˇ
1ACˇ̌̌̌

ˇ̌ 1n2 KX
i;jD1

X
zo2Ni

X
zl 2Nj

max
z2Ci

max
z02Cj

j`.d2MT
;z;z0/ � `.d2MT

;zo;zl/j
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.d/
� !.P.T //C 2B

KX
iD1

ˇ̌̌̌
jNi j

n
� �.Ci /

ˇ̌̌̌
.e/
� !.P.T //C 2B

r
2K ln 2C 2 ln 1=ı

n
:

Inequalities .a/ and .b/ are due to the triangle inequality, .c/ uses the fact that ` is bounded by
B , that

PK
iD1 �.Ci / D 1 by definition of a multinomial random variable and that

PK
jD1

jNj j

n
D 1

by definition of the Nj . Lastly, .d/ is due to the hypothesis of robustness (Equation 8.3) and .e/
to the application of Proposition A.1. �

A.2.3 PROOFOFTHEOREM8.20
Proof. By definition of covering number, we can partition X in N .
=2;X ; �/ subsets such that
each subset has a diameter less or equal to 
 . Furthermore, since Y is a finite set, we can parti-
tion Z into jY jN .
=2;X ; �/ subsets fCig such that z1;z0

1 2 Ci ) �.z1;z0
1/ � 
 and y1 D y0

1.
erefore, 8z1;z2;z0

1;z
0
2 W z1;z2 2 T ; �.z1;z0

1/ � 
; �.z2;z0
2/ � 
 ,

j`.d2M ;z1;z2/ � `.d2M ;z0
1;z

0
2/j � !.P.T //;

this implies:
z1;z2 2 s;z1;z0

1 2 Ci ;z2;z0
2 2 Cj ) j`.d2M ;z1;z2/ � `.d2M ;z0

1;z
0
2/j � !.P.T //;

which establishes the theorem. �

A.2.4 PROOFOFEXAMPLE 8.22
Proof. Let M� be the solution given training sample T . Due to the optimality of M�, we have
kM�k1 � g0=�. We can partition Z as jY jN .
=2;X ; k � k1/ sets, such that if z and z0 belong
to the same set, then y D y0 and kx � x0k1 � 
 . Now, for z1;z2;z0

1;z
0
2 2 Z , if y1 D y0

1, kx1 �

x0
1k1 � 
 , y2 D y0

2 and kx2 � x0
2k1 � 
 , then:

jg.y12Œ1 � d2M�.x1;x2/�/ � g.y0
12Œ1 � d2M�.x0

1;x
0
2/�/j

� U.j.x1 � x2/
TM�.x1 � x0

1/j C j.x1 � x2/
TM�.x0

2 � x2/j
C j.x1 � x0

1/
TM�.x0

1 C x0
2/j C j.x0

2 � x2/
TM�.x0

1 C x0
2/j/

� U.kx1 � x2k1kM�
k1kx1 � x0

1k1 C kx1 � x2k1kM�
k1kx

0
2 � x2k1

C kx1 � x0
1k1kM�

k1kx
0
1 � x0

2k1 C kx0
2 � x2k1kM�

k1kx
0
1 � x0

2k1/

�
8UR
g0

�
:

�

A.2.5 PROOFOFEXAMPLE 8.23
Proof. Let M� be the solution given training sample T . Due to optimality of M�, we have
kM�k2;1 � g0=�. We can partition Z in the same way as in the proof of Example 8.21 and
use the inequality kM�kF � kM�k2;1 (from eorem 3 of Feng [2003], Klaus and Li [1995]) to
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derive the same bound:
jg.y12Œ1 � d2M�.x1;x2/�/ � g.y0

12Œ1 � d2M�.x0
1;x

0
2/�/j

� U.kx1 � x2k2kM�
kFkx1 � x0

1k2 C kx1 � x2k2kM�
kFkx0

2 � x2k2
C kx1 � x0

1k2kM�
kFkx0

1 � x0
2k2 C kx0

2 � x2k2kM�
kFkx0

1 � x0
2k2/

� U.kx1 � x2k2kM�
k2;1kx1 � x0

1k2 C kx1 � x2k2kM�
k2;1kx

0
2 � x2k2

C kx1 � x0
1k2kM�

k2;1kx
0
1 � x0

2k2 C kx0
2 � x2k2kM�

k2;1kx
0
1 � x0

2k2/

�
8UR
g0

�
:

For the trace norm, we use the classical result kM�kF � kMk�, which allows us to prove the
same result by replacing k � k2;1 by k � k� in the proof above. �

A.2.6 PROOFOFEXAMPLE 8.24
Proof. We assume H to be a Hilbert space with an inner product operator h�; �i. e mapping
�.�/ is continuous fromX to H. e norm k � kH W H ! R is defined as kwkH D

p
hw;wi for all

w 2 H. For matrices kMkH we take the entry wise norm by considering a matrix as a vector, cor-
responding to the Frobenius norm.e kernel function is defined as k.x1;x2/ D h�.x1/; �.x2/i.

B
 and fH.
/ are finite by the compactness of X and continuity of k.�; �/. Let M� be the
solution given training sample T , by the optimality of M� and using the same trick as the other
examples we have: kM�kH � g0=c. en, by considering a partition of Z into jY jN .
=2;X ; k �

k2/ disjoint subsets such that if .x1; y1/ and .x2; y2/ belong to the same set then y1 D y2 and
kx1 � x2k2 � 
 . We have then,

jg.yij Œ1 � f .M�; �.x1/; �.x2//�/ � g.yij Œ1 � f .M�; �.x0
1/; �.x

0
2//�/j

� U.j.�.x1/ � �.x2//
TM�.�.x1/ � �.x0

1//j C

j.�.x1/ � �.x2//
TM�.�.x0

2/ � �.x2//j C

j.�.x1/ � �.x0
1//

TM�.�.x0
1/C �.x0

2//j C

j.�.x0
2/ � �.x2//

TM�.�.x0
1/C �.x0

2//j/

� U.j�.x1/
TM�.�.x1/ � �.x0

1//j C j�.x2/
TM�.�.x1/ � �.x0

1//j C

j�.x1/
TM�.�.x0

2/�.x2//j C j�.x2/
TM�.�.x0

2/ � �.x2//j C

j.�.x1/ � �.x0
1//

TM��.x0
1/j C j.�.x1/ � �.x0

1//
TM��.x0

2/j C

j.�.x0
2/ � �.x2//

TM��.x0
1/j C j.�.x0

2/ � �.x2//
TM��.x0

2/j/: (A.8)
en, note that

j�.x1/
TM�.�.x1/ � �.x0

1//j �
p

h�.x1/; �.x1/ikM
�
kH

q
h�.x0

1/ � �.x0
2/; �.x

0
1/ � �.x0

2/i

� B

go

�

p
fH.
/:

us, by applying the same principle to all the terms in the right part of inequality (A.8), we
obtain:

jg.yij Œ1 � d2M�.�.x1/; �.x2//�/ � g.yij Œ1 � d2M�.�.x0
1/; �.x

0
2//�/j �

8UB

p
fH.
/g0

�
:
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�

A.3 SIMILARITY-BASEDLINEARCLASSIFIERS

A.3.1 PROOFOFLEMMA 8.31
Proof. P1 comes from jKM .x;x0/j � kxk2kMkFkx0k2, the normalization on examples
(kxk2 � 1) and the requirement on matrices (kMkF � 1).

For P2, jKM .x;x0/ �KM 0.x;x0/j D jKM�M 0.x;x0/j, and we use the normalization kxk2 � 1.

P3 follows directly from jyj D 1 and the 1-lipschitz property of the hinge loss: jŒX�C � ŒY �Cj �

jX � Y j. �

A.3.2 PROOFOFLEMMA 8.32
Proof. We follow closely the beginning of the proof of 8.6, omitting some details to lighten
the proof. Let �M D Ai � M and 0 � t � 1, M1 D kMk2F � kM C t�Mk2F C kM ik2F �

kM i � t�Mk2F and M2 D
1

�NT
.�T .MR/ � �T ..M C t�M /R/C �T i ..M C t�M /R/ �

�T i .MR//. Using the fact that FT and FT i are convex functions, that M and M i are
their respective minimizers and property P3, we have: M1 � M2. Fixing t D 1=2, we obtain
M1 D kM � M ik2F , and using property P3 and the normalization kxk2 � 1, we get:

M2 �
1

�NT 

.k
1

2
�MkF C k �

1

2
�MkF / D

kM � M ikF

�NT 

:

is leads to the inequality kM � M ik2F �
kM�M i kF
�NT 


from which Lemma 8.32 is directly de-
rived. �

We now have all the material needed to prove the stability property of our algorithm.

Lemma A.2 Let n and nR be the number of training examples and reasonable points respectively,
nR D O�nT with O� 2�0; 1�. SLLC has a uniform stability in �

n
with � D

1


. 1
�


C
2
O�
/ D

O�C2�


O��
2 , where
� is the regularization parameter and 
 the margin.
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Proof. For any sample T of size n, any 1 � i � n, any labeled examples z D .x; y/ and z0
i D

.xi ; y
0
i / � �:

j`.M ; z; R/ � `.M i ; z; Ri /j

�

ˇ̌̌̌
ˇ̌ 1


nR

nRX
kD1

ykKM .x;xk/ �
1


NRi

N
RiX

kD1

ykKM i .x;xk/

ˇ̌̌̌
ˇ̌

D

ˇ̌̌̌
ˇ̌ 1


nR

0@0@ nRX
kD1;k¤i

.ykKM .x;xk/ �KM i .x;xk//

1AC yiKM .x;xi / � y0
iKM i .x;x0

i /

1Aˇ̌̌̌ˇ̌
�

1


nR

0@0@ nRX
kD1;k¤i

.jykjkM � M i
kF /

1AC jyiKM i .x;xi /j C jy0
iKM .x;x0

i /j

1A
�

1


nR
.
nR � 1

�n

C 2/

�
1


nR
.
nR

�n

C 2/:

e first inequality follows from P3. e second comes from the fact that R and Ri differ in at
most one element, corresponding to the example zi in R and the example z0

i replacing zi in Ri .
e last inequalities are obtained by the use of the triangle inequality, P1, P2, Lemma 8.32, and
the fact that the labels belong to f�1; 1g. Since nR D O�n, we get j`.M ; z; R/ � `.M i ; z; Ri /j �
1

n
. 1
�


C
2
O�
/: �
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