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ABSTRACT
Covariance matrices play important roles in many areas of mathematics, statistics, and machine
learning, as well as their applications. In computer vision and image processing, they give rise
to a powerful data representation, namely the covariance descriptor, with numerous practical
applications.

In this book, we begin by presenting an overview of the finite-dimensional covariance ma-
trix representation approach of images, along with its statistical interpretation. In particular, we
discuss the various distances and divergences that arise from the intrinsic geometrical structures
of the set of Symmetric Positive Definite (SPD) matrices, namely Riemannian manifold and
convex cone structures. Computationally, we focus on kernel methods on covariance matrices,
especially using the Log-Euclidean distance.

We then show some of the latest developments in the generalization of the finite-
dimensional covariance matrix representation to the infinite-dimensional covariance operator rep-
resentation via positive definite kernels. We present the generalization of the affine-invariant
Riemannianmetric and the Log-Hilbert-Schmidt metric, which generalizes the Log-Euclidean
distance. Computationally, we focus on kernel methods on covariance operators, especially using
the Log-Hilbert-Schmidt distance. Specifically, we present a two-layer kernel machine, using
the Log-Hilbert-Schmidt distance and its finite-dimensional approximation, which reduces the
computational complexity of the exact formulation while largely preserving its capability. The-
oretical analysis shows that, mathematically, the approximate Log-Hilbert-Schmidt distance
should be preferred over the approximate Log-Hilbert-Schmidt inner product and, computa-
tionally, it should be preferred over the approximate affine-invariant Riemannian distance.

Numerical experiments on image classification demonstrate significant improvements of
the infinite-dimensional formulation over the finite-dimensional counterpart. Given the numer-
ous applications of covariance matrices in many areas of mathematics, statistics, and machine
learning, just to name a few, we expect that the infinite-dimensional covariance operator for-
mulation presented here will have many more applications beyond those in computer vision.

KEYWORDS
covariance descriptors in computer vision, positive definite matrices, infinite-
dimensional covariance operators, positive definite operators, Hilbert-Schmidt
operators, Riemannian manifolds, affine-invariant Riemannian distance, Log-
Euclidean distance, Log-Hilbert-Schmidt distance, convex cone, Bregman diver-
gences, kernel methods on Riemannian manifolds, visual object recognition, image
classification
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1

Introduction
Symmetric Positive Definite (SPD) matrices, in particular covariance matrices, play an impor-
tant role in many areas of mathematics, statistics, and their applications in many disciplines
in science and engineering. The practical applications of SPD matrices are numerous, includ-
ing Diffusion Tensor Imaging (DTI) in brain imaging [5, 29, 66, 95], kernel learning [2, 60]
in machine learning, radar signal processing [3, 9, 40], and Brain Computer Interface (BCI)
applications [7, 8, 24, 100].

In the field of computer vision and image processing, covariance matrices have recently
emerged as a powerful approach for data representation. In the simplest setting in this approach,
a 2D image is represented by a covariance matrix, called its covariance descriptor, encoding corre-
lations between different, typically low-level, features extracted from that image. This represen-
tation is compact, robust to noise, and is flexible in its ability to combine various different image
features together. Practically, the covariance matrix representation of images has been demon-
strated to work very well and as a consequence, it has been generalized for representing videos,
3D shapes, and 3D point clouds. The successful applications of the covariance matrix represen-
tation are many, including tracking [50, 94], object detection and classification [120, 122, 123],
face recognition [20, 46, 72, 73, 90, 108, 125, 127], emotion recognition [134], texture classi-
fication [19, 20, 72, 108], image retrieval [21], image set classification [34, 51, 52, 127], video
surveillance [119, 120], action recognition [41, 46, 101, 133], activity recognition [125], person
re-identification [19, 20, 46, 73], and 3D vision [20, 23, 35, 36, 48, 115, 116]. Recently, apart
from low-level features, covariance matrices of convolutional features have also been employed,
both directly [126], and as parts of deep networks with end-to-end-learning [53, 131].

Finite-dimensional covariancematrices. Mathematically, covariance matrices, properly reg-
ularized if necessary, are SPDmatrices, whose properties must be considered for optimal design
of numerical algorithms. Our focus here is on the geometrical structures of SPD matrices and
how to exploit them algorithmically.The set SymCC.n/ of all n � n SPDmatrices is not a vector
subspace of Euclidean space under the standard matrix addition and scalar multiplication oper-
ations. Instead, it is an open convex cone, since it is only closed under positive scalar multiplica-
tion. At the same time, it also admits a smooth manifold structure and can be endowed with a
Riemannian metric. Consequently, in general, the optimal measure of similarity between covari-
ance matrices is not the Euclidean distance, but a distance/similarity measure that captures the
intrinsic geometrical structures of SymCC.n/. Among themost widely used Riemannianmetrics
for SymCC.n/ is the classical affine-invariant Riemannian metric [10, 11, 65, 86, 92, 123], under
which SymCC.n/ becomes a Riemannian manifold with nonpositive sectional curvature. An-
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other commonly used Riemannian metric for SymCC.n/ is the recently introduced bi-invariant
Log-Euclidean metric [5, 6], under which the manifold is flat, that is having zero sectional
curvature. Compared to the affine-invariant Riemaian metric, the Log-Euclidean metric is
faster to compute, especially on large datasets. Furthermore, the Log-Euclidean metric endows
SymCC.n/ with a vector space and inner product structure, turning it into an inner product
space. Thus, it can be used to define many positive definite kernels, such as the Gaussian kernel,
allowing kernel methods to be applied directly on the manifold [55, 72, 120]. Another approach
that is different from the Riemannian metric approach utilizes the Bregman divergences, e.g.,
Alpha Log-Det divergences [18], with the symmetric Stein divergence [110] as a special case,
which exploit the convex cone structure of SymCC.n/. These divergences are not Riemannian
metrics but also possess desirable theoretical properties, are efficient to compute, and have been
shown to work well on various applications, see, e.g., [21, 60, 128].

From finite-dimensional covariance matrices to infinite-dimensional covariance operators.
Despite their effectiveness in many applications, one major limitation of covariance matrices is
that they only encode linear correlations between the original input features.The desire to encode
nonlinear input correlations motivated the generalization of the covariance matrix representation
framework to the infinite-dimensional setting by the use of positive definite kernels, as follows.

As is widely known in kernel-based machine learning [103, 104], each positive definite
kernel on the original input features of an image, such as the Gaussian kernel, induces a feature
map that nonlinearly maps each input point into a high- (generally infinite) dimensional feature
space. The covariance matrix of the infinite-dimensional and highly nonlinear features in the
feature space, which is an infinite-dimensional covariance operator, then encodes the nonlinear
correlations between the original input features. This infinite-dimensional covariance operator
is then used as the representation for the image. In the exact formulation, this representation
is implicit and all necessary computations are carried out via the Gram matrices corresponding
with the given kernels.

As in the finite-dimensional setting, the geometrical structures of infinite-dimensional co-
variance operators play a crucial role in the design of numerical algorithms. Regularized infinite-
dimensional covariance operators are positive definite operators, which form a convex cone and
an infinite-dimensional smooth manifold. The generalizations of the affine-invariant Riemannian
metric, Log-Euclidean metric, and Bregman divergences to the infinite-dimensional setting
have all been mathematically developed recently, with the first due to [64] in the general Hilbert
space setting and [78] in the RKHS setting, and the latter two due to [75, 76, 79, 80] (see also
related work in [44, 135]). In particular, in [76], we introduced the Log-Hilbert-Schmidt met-
ric, which generalizes the Log-Euclidean metric in [6] and allows kernel methods to be applied
directly on the manifold of positive definite operators.

Numerical experiments to date have indicated that the results obtained by kernel methods
using the Log-Hilbert-Schmidt metric and infinite-dimensional covariance operators substan-
tially outperform those obtained using Log-Euclidean metric and finite-dimensional covariance
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matrices. However, this comes with a considerably higher computational cost, especially on large
data sets. To overcome this issue, recently we introduced an approximate version of the Log-
Hilbert-Schmidt metric [84], which is more efficient computationally while at the same time
maintaining an effective discriminative capability.

Aims of the book. The following are the two principal aims of the current book.

1. We aim to provide a methodical overview of the finite-dimensional matrix representation
approach along with the geometry of SPD matrices. Computationally, we focus on kernel
methods on covariance matrices.

2. We aim to present some of the latest developments, both mathematically and computa-
tionally, on the infinite-dimensional covariance operator representation and the geometry
of positive definite operators. Computationally, we focus on kernel methods on covariance
operators. A large portion of the material in this part of the book has been developed by
the authors and collaborators.
It is worth pointing out that, compared to the finite-dimensional case, the mathematical
theory in the infinite-dimensional setting dated from very recently and is still undergoing
active development at the time of writing.

Organization of the book. This book consists of two parts, arranged as follows.

Part I: CovarianceMatrices and Applications.

• In Chapter 1, “Data Representation by Covariance Matrices,” we present an overview of
the finite-dimensional covariance matrix representation, along with its connection to the
estimation of covariance matrices of multivariate Gaussian probability density functions.

• In Chapter 2, “Geometry of SPD Matrices,” we present an overview of the various
distances and divergences between SPD matrices, including Euclidean distance, affine-
invariant Riemannian distance, Log-Euclidean distance, and Alpha Log-Determinant
divergences (which include the symmetric Stein divergence as a special case). We dis-
cuss their different invariance properties, along with the corresponding interpretations,
and their connections to different distances/divergences between multivariate Gaussian
probability density functions. Also briefly discussed are the highly general Alpha-Beta
Log-Det divergences, which include both the affine-invariant Riemannian distance and
Alpha Log-Determinant divergences as special cases, and the power Euclidean distance,
which includes the Log-Euclidean distance as a special case.

• In Chapter 3, “Kernel Methods on Covariance Matrices,” we describe kernel methods on
covariance matrices using the Euclidean distance/inner product, and more importantly,
the Log-Euclidean distance/inner product. Numerical experiments in image classification
are presented.
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Part II: Covariance Operators and Applications.

• In Chapter 4, “Data Representation by Covariance Operators,” we generalize the co-
variance matrix representation in Part I to the infinite-dimensional setting, via infinite-
dimensional feature maps associated with positive definite kernels.

• In Chapter 5, “Geometry of Covariance Operators,” we present several geometrical struc-
tures of positive Hilbert-Schmidt operators and positive trace class operators, along with
the corresponding distances, divergences, and inner products, namely (i) Hilbert-Schmidt
distance and inner product; (ii) Affine-invariant Riemannian distance; (iii) Log-Hilbert-
Schmidt distance and inner product; and (iv) Alpha Log-Determinant divergences. We
show in particular how they can be evaluated, via closed form expressions of Gram matri-
ces, in the case of RKHS covariance operators.

• In Chapter 6, “Kernel Methods on Covariance Operators,” we present the following con-
cepts.

– A two-layer kernel machine using the Hilbert-Schmidt distance/inner product and,
more importantly, the Log-Hilbert-Schmidt distance/inner product.

– A two-layer kernel machine with the finite-dimensional approximate Log-Hilbert-
Schmidt distance.

– Convergence analysis of the approximate Log-Hilbert-Schmidt distance, the ap-
proximate Log-Hilbert-Schmidt inner product, and the approximate affine-invariant
Riemannian distance. These convergences are all non-trivial and, in particular, we
show why, mathematically, we prefer the approximate Log-Hilbert-Schmidt dis-
tance over the approximate Log-Hilbert-Schmidt inner product.

– Numerical experiments in image classification.

Finally, Appendix A contains further technical material and mathematical proofs.
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C H A P T E R 1

Data Representation by
CovarianceMatrices

We begin by describing the covariance matrix framework for image representation and its gen-
eralization to the representation of videos and 3D objects. We then present a statistical inter-
pretation of this framework, which shows that assuming that an image can be represented by
a covariance matrix is essentially equivalent to assuming that its features are random variables
generated by a multivariate Gaussian probability distribution with mean zero. We discuss two
different empirical estimates of the covariance matrix of this distribution which are commonly
used in practice, namely the maximum likelihood estimate (MLE) and the unbiased estimate,
along with their theoretical properties. By representing images as covariance matrices, similarity
measures between images can then be chosen to be distances/divergences between the corre-
sponding covariance matrices, or equivalently, distances/divergences between the corresponding
multivariate Gaussian probability distributions, which will be presented in Chapter 2.

1.1 COVARIANCEMATRICES FORDATA
REPRESENTATION

Covariance matrix representation of images. Covariance matrices were first proposed as re-
gion descriptors for images in [122], with application in object detection and texture classi-
fication, and [94], with application in tracking. The covariance matrix framework for image
representation proceeds as follows. For each image F , at every pixel (or a subset of the pixels),
we extract a feature vector consisting of n features, for example intensity, gradient, colors, and
filter responses. Suppose that we perform feature extraction at m pixels, with each pixel giving
a feature vector xi 2 Rn, i D 1; : : : ; m, we then obtain a data matrix of size n �m, given by

X D Œx1; : : : ; xm�; (1.1)

with each column consisting of features extracted at the i th pixel.
We define the empirical mean of the data matrix X to be the n � 1 vector

�X D
1

m

mX
iD1

xi : (1.2)
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We define the empirical covariance matrix associated with the data matrix X to be the n � n

matrix

CX D
1

m

mX
jD1

.xj � �X/.xj � �X/
T

D
1

m
XJmXT : (1.3)

The covariance matrix CX is then used as the representation for the image F and we call CX the
covariance descriptor of F .

In Eq. (1.3), the m �m matrix Jm is the column centering matrix, defined by

Jm D Im �
1

m
1m1Tm; where 1m D .1; : : : ; 1/T 2 Rm:

It is a symmetric, positive semi-definite matrix, with the property that J 2m D Jm. Given any
matrix A 2 Rn�m, the right multiplication with Jm gives the matrix AJm, which is obtained
by subtracting from A its mean column. It is straightforward to see from Eq. (1.3) that CX
is a symmetric, positive semi-definite matrix. Furthermore, it can be readily verified that 0 is an
eigenvalue of Jm, with corresponding eigenvector 1m, and 1 is an eigenvalue of Jm of multiplicity
m � 1, with the corresponding eigenspace being the subspace of Rm orthogonal to 1m, hence
rank.Jm/ D m � 1. Consequently, CX has rank at most m � 1.

Features for constructing covariance descriptors. The following is an example of the features
used for constructing covariance descriptors. Suppose that we are given a color image F . At the
pixel at location .x; y/ in the image F , we extract the following feature vector

f.x; y/ D

�
I.x; y/; R.x; y/;G.x; y/; B.x; y/;

ˇ̌̌̌
@R

@x

ˇ̌̌̌
;

ˇ̌̌̌
@R

@y

ˇ̌̌̌
;

ˇ̌̌̌
@G

@x

ˇ̌̌̌
;

ˇ̌̌̌
@G

@y

ˇ̌̌̌
;

ˇ̌̌̌
@B

@x

ˇ̌̌̌
;

ˇ̌̌̌
@B

@y

ˇ̌̌̌�
; (1.4)

where I.x; y/ denotes the intensity at pixel .x; y/, R;G, and B denote the color channels red,
green, blue, respectively, and the remaining terms denote the magnitudes of the partial deriva-
tives of the three color channels. The feature vectors at all the pixels then form the data matrix
X, with each column of X corresponding to one feature vector, which, in this particular example,
has dimension 10. One then forms the covariance matrix CX by Eq. (1.3). For an example of
the covariance matrix constructed by the features given in Eq. (1.4), see Figure 1.1.

A key property of covariance descriptors is the flexibility in choosing the features and
hence in designing the descriptors themselves.Many other features have been utilized, including
the location .x; y/, the Gabor filters, SIFT, and, recently, convolutional features from deep
learning.

Motivations for the covariance descriptor. Before providing a statistical interpretation of the
covariance descriptor CX in Section 1.2, we list some of its motivations from the perspectives of
computer vision, as follows.
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Figure 1.1: An example of the covariance descriptor. At each pixel .x; y/, a 10-dimensional fea-
ture vector f.x; y/ D ŒI.x; y/; R.x; y/; G.x; y/; B.x; y/; j@R

@x
j; j@R

@y
j; j@R

@x
j; j@R

@y
j; j@R

@x
j; j@R

@y
j� is ex-

tracted. From top to bottom, left to right: the original color image; the grayscale image I ; the
three color channels R (red), G (green), and (blue); the magnitudes of the partial derivatives
j
@R
@x

j, j
@R
@y

j, j
@G
@x

j, j
@G
@y

j, j
@B
@x

j, j
@B
@y

j; and, finally, the 10 � 10 covariance matrix of these features.
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1. Covariance descriptors encode linear correlations (second-order statistics) between all the

different extracted features.

2. Covariance descriptors allow the flexibility in using multiple, different features and the
ability to fuse them together. The features can be either the traditional handcrafted ones,
such as colors or SIFT, or convolutional features that have emerged recently from deep
learning.

3. The image representation by covariance matrices is compact (this, however, is not the case
with the infinite-dimensional covariance descriptors in Chapter 4).

4. Covariance descriptors are robust to noise.

Covariancematrix representation for videos. The covariance descriptors for 2D images have
been generalized for representing videos, see e.g., [41, 101], which include a temporal dimen-
sion. In this case, it is necessary to employ features that capture the temporal information, such
as optical flow. An example of a feature vector in this setting is the following (see, e.g., [41] for
a more comprehensive feature vector)

f.x; y; t/ D Œx; y; t; It .x; y; t/; u.x; y; t/; v.x; y; t/; ut .x; y; t/; vt .x; y; t/�; (1.5)

where .x; y/ denote the spatial coordinates, t denotes the temporal coordinate, I.x; y; t/ denotes
the raw video sequence, .u.x; y; t/; v.x; y; t// denotes the corresponding optical flow at pixel
position .x; y; t/, with It ; ut ; vt denoting, respectively, the partial derivatives of I , u, and v,
with respect to t .

Covariancematrix representation for 3D point clouds. The covariance descriptors have also
been generalized for representing 3D point clouds and 3D shapes, see, e.g., [23, 35, 36, 48, 115,
116]. In this setting, geometric features such as curvature and surface normal vectors have been
employed to construct covariance descriptors.

1.2 STATISTICAL INTERPRETATION
We now provide a statistical interpretation of the image representation by covariance matrices
described in Section 1.1. We show in particular that this representation is essentially equivalent
to representing each image by a multivariate Gaussian distribution � with zero mean, with the
empirical covariance matrixCX being the maximum likelihood estimate of the covariance matrix
C of �, given the data matrix X. In this viewpoint, the feature vectors extracted from the image
are random observations of an n-dimensional random vector with probability distribution �.

Let � be a Borel probability distribution on Rn with finite second moment, that isZ
Rn

jjxjj
2d�.x/ < 1: (1.6)
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Then its first moment is also finite and hence the mean vector

� D

Z
Rn

xd�.x/ 2 Rn (1.7)

is well-defined. Moreover, � defines a unique n � n matrix C such that the following bilinear
form from Rn � Rn ! R is well-defined

hy; Czi D

Z
Rn

hx � �; yihx � �; zid�.x/; y; z 2 Rn: (1.8)

The matrix C is called the covariance matrix of � and is given by

C D

Z
Rn

.x � �/.x � �/T d�.x/: (1.9)

It is straightforward to see that C is a symmetric, positive semi-definite matrix.
Equivalently, let X D .X1; : : : ; Xn/ be an n-dimensional random vector with probability

distribution �, with each Xi , 1 � n, being a real-valued random variable. Then � is the expected
value of X , that is

� D E.X/; (1.10)

and C is its covariance matrix, with

C D EŒ.X � �/.X � �/T �: (1.11)

The .i; i/th diagonal element of C , 1 � i � n, given by

Ci i D EŒ.Xi � �i /
2� (1.12)

is the variance of the random variableXi , and the .i; j /th entry of C , 1 � i; j � n, i ¤ j , which
is given by

Cij D cov.Xi ; Xj / D EŒ.Xi � �i /.Xj � �j /� (1.13)

is the covariance between the two random variables Xi and Xj . The correlation between Xi and
Xj is then given by

corr.Xi ; Xj / D

(
Cijp
CiiCjj

; i ¤ j;

1; i D j:
(1.14)

Given the data matrix X D Œx1; : : : ; xm�, if the columns xi 2 Rn, 1 � i � m, are random
observations of the random vector X , then �X, as defined in Eq. (1.2), and CX, as defined
in Eq. (1.3), are the empirical versions of the true mean � and the true covariance matrix C ,
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respectively. Furthermore, CX encodes, empirically, the correlations between the different pairs
of real-valued random variables Xi and Xj .

Consider the case � � N .�; C /, the multivariate Gaussian distribution in Rn with mean
� 2 Rn and covariance matrix C . Furthermore, we assume throughout the book that in the
Gaussian distribution � � N .�; C /, the covariance matrix C is also non-singular, so that it is
positive definite. Then � possesses a density function, which we denote by the same symbol and
which is defined explicitly and completely in terms of � and C , namely

�.x/ D
1p

.2�/n det.C /
exp

�
�
1

2
.x � �/TC�1.x � �/

�
: (1.15)

If the mean � D 0, then N .0; C / is determined completely by its covariance matrix C .
Thus, if the feature vectors of an image F are random observations of a random vector

with a multivariate Gaussian distribution � � N .0; C /, with mean zero and covariance matrix
C , then the representation of the image F by C is equivalent to representing F by the probabil-
ity distribution � itself. The representation of F by the empirical covariance matrix CX, which
approximates C , can then be considered an approximation of the exact probability representa-
tion.

Maximumlikelihoodestimate (MLE) interpretationof theempiricalmeanandempirical co-
variancematrix. Assume that the columns xi , 1 � i � m, in the data matrix X D Œx1; : : : ; xm�

are IID (independent, identically distributed) samples drawn from a Gaussian distribution
N .�; C /. The likelihood function of the parameters � and C given the data matrix X has the
form

L.�; C jX/ D .2�/�mn=2 det.C /�m=2 exp
 

�
1

2

mX
iD1

.xi � �/TC�1.xi � �/

!
; (1.16)

with the log-likelihood function given by

logL.�; C jX/ D �
mn

2
log.2�/ �

m

2
log det.C / �

1

2

mX
iD1

.xi � �/TC�1.xi � �/: (1.17)

It can be shown (see e.g., [54] for the derivation) that the global maximizer of the log-likelihood
function is precisely .�X; CX/.

Thus, in the Gaussian setting, �X and CX are the maximum likelihood estimates of the
true mean � and the true covariance matrix C , respectively.

Unbiased estimate of the covariancematrix. The empirical mean �X, as defined in Eq. (1.2),
is an unbiased estimate of the true mean �, in the sense that its expectation is precisely the true
mean, that is

E.�X/ D �:



1.2. STATISTICAL INTERPRETATION 13
On the other hand, the empirical covariance matrix CX, as defined in Eq. (1.3), is a biased
estimate of the true covariance matrix C , since

E.CX/ D
m � 1

m
C ¤ C: (1.18)

It is common in the literature to multiply CX by a factor of m
m�1

to obtain

QCX D
1

m � 1

mX
iD1

.xi � �X/.xi � �X/
T

D
1

m � 1
XJmXT ; (1.19)

which is an unbiased estimate of C , since now

E. QCX/ D C: (1.20)

Comparison of the two estimates via the mean squared error (MSE). In practical applica-
tions, both estimates, theMLE estimate CX and the unbiased estimate QCX, have been employed.
In computer vision applications with covariance descriptors, the unbiased estimate QCX was em-
ployed in, e.g., [35, 122, 123], while the MLE estimate was employed in, e.g., [19, 48, 94, 116].
It is thus instructive to have a comparison between them. An important measure between the
different empirical estimates with respect to the true covariance matrix is the mean squared error
(MSE). For an estimate OC of C , its MSE with respect to C is defined to be (see Appendix A.1
for further detail)

MSE. OC/ D E.jj OC � C jj
2
F /; (1.21)

where jj jjF denotes the Frobenius norm, which, for an n �mmatrix A D .aij /, 1 � i � n; 1 �

j � m, is defined by

jjAjj
2
F D tr.ATA/ D

nX
iD1

mX
jD1

a2ij : (1.22)

Consider the case where the columns xi , 1 � i � m, in the data matrix X D Œx1; : : : ; xm�

are IID (independent, identically distributed) random samples drawn from amultivariate Gaus-
sian distribution N .�; C /. The univariate case has been discussed thoroughly in the statistics
literature, see e.g., [15, Examples 7.3.3 and 7.3.4] (together with the accompanying discus-
sion). In this case, the columns xi , 1 � i � m, are IID samples drawn from the distribution
� � N .�; �2/, � ¤ 0, and the corresponding estimates are

CX D �2X D
1

m

mX
iD1

.xi � �X/
2; QCX D Q�2X D

1

m � 1

mX
iD1

.xi � �X/
2; (1.23)
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with the MSEs given by

E.�2X � �2/2 D
2m � 1

m2
�4 < E. Q�2X � �2/2 D

2

m � 1
�4: (1.24)

In the multivariate case, the MSEs are given by (Lemma A.1 in Appendix A.1)

EjjCX � C jj
2
F D

m � 1

m2
Œtr.C /�2 C

1

m
tr.C 2/ < Ejj QCX � C jj

2
F D

1

m � 1

˚
Œtr.C /�2 C tr.C 2/

	
;

(1.25)

with the biases and variances given by

bias.CX/ D
1

m
jjC jjF ; bias. QCX/ D 0; (1.26)

var.CX/ D
.m � 1/

m2

˚
Œtr.C /�2 C tr.C 2/

	
< var. QCX/ D

1

m � 1

˚
Œtr.C /�2 C tr.C 2/

	
: (1.27)

Thus, in the Gaussian setting, the biased MLE CX has smaller MSE than the unbiased estimate
QCX, since it has smaller variance. Furthermore, the bias of CX is 1

m
jjC jjF , which goes to zero as

m ! 1. Thus the MLE estimate is asymptotically unbiased.
More importantly, however, is the fact that both estimates are consistent, in the sense that

the MSE approaches zero as the sample size m ! 1, that is

lim
m!1

EjjCX � C jj
2
F D lim

m!1
Ejj QCX � C jj

2
F D 0: (1.28)

In general, as discussed in [15], without further information, there is no strong case to
favor one estimate over the other. While they are different, especially when the sample size m is
small, this difference, via the factor m�1

m
, diminishes as m becomes large. In the current work,

following our own previous work [75, 76, 84], we employ the MLE estimate CX, as defined
in Eq. (1.3), which leads to more elegant formulations in the infinite-dimensional setting in
Chapter 4. Readers who wish to employ the unbiased estimate QCX in Eq. (1.19) can simply
replace the factor 1

m
by 1

m�1
.

Regularization. Both estimates CX and QCX are simple to implement and are straightforward
to generalize to the covariance operator setting in Chapter 4. However, they may not necessarily
be good estimates of the true covariance matrix C when the number of observationsm is smaller
than the dimension n.This is particularly true whenC is strictly positive definite. As we noted in
Section 1.1, the n � nmatrixCX has rank.CX/ � m � 1 and thus for n � m,CX is rank-deficient
and hence not positive definite. Even when CX is positive definite, it might not necessarily be
well-conditioned.

To overcome these limitations, in the current book, we employ the following regularized
covariance matrix

OCX;
 D CX C 
I; (1.29)
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for some regularization parameter 
 > 0.The regularized covariancematrix OCX;
 is guaranteed to
be always well-conditioned and positive definite. This also allows us to apply to OCX;
 the mathe-
matical theory and algorithms for SPDmatrices, which we describe in Chapter 2. Furthermore,
this regularization approach is straightforward to implement and is readily generalizable to the
infinite-dimensional setting in Chapter 4.

Also related to the above regularization approach is the line of work on shrinkage estimators,
see e.g., [39, 67, 121]. In [67], the authors proposed an estimator of the form

OCX D .1 � �/CX C ��I; (1.30)

with 0 � � � 1 and � > 0 chosen so as to minimize the mean squared error Ejj OCX � C jj2F . The
idea in this approach is to shrink the eigenvalues of CX toward the eigenvalues of the matrix �I
(or in general, a well-conditioned, positive definite target matrix T ). Since the true covariance
matrix C is unknown, both � and � need to be estimated from the given data. Currently, this
approach has been proposed for high-dimensional covariance matrices but, at the time of writ-
ing, we are not aware of any work on shrinkage estimators for infinite-dimensional covariance
operators.
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C H A P T E R 2

Geometry of SPDMatrices
In practical applications, such as image classification and clustering, it is necessary to have a sim-
ilarity measure between images. Having represented images by covariance matrices, this means
that we need to have a similarity measure between covariance matrices. Since covariance matri-
ces, properly regularized if necessary, are symmetric, positive definite (SPD matrices), a natural
approach to measuring their similarity is via a distance (or distance-like) function between SPD
matrices.

Let SymCC.n/ denote the set of SPD matrices of size n � n. In this chapter, we present
several distance and distance-like functions on SymCC.n/ that are the most commonly used in
the literature. They are the following:

1. Euclidean distance;

2. affine-invariant Riemannian distance;

3. Log-Euclidean distance; and

4. Bregman divergences, in particular Log-Determinant divergences.
These functions arise from three different viewpoints of SymCC.n/. In the first viewpoint,
SymCC.n/ is considered simply as a subset of the Euclidean space Rn

2 and thus automatically
inherits the Euclidean distance on this space. In the second viewpoint, SymCC.n/ is considered
as a smoothmanifold and the affine-invariant Riemannian distance and Log-Euclidean distance
are geodesic distances corresponding to two different Riemannian metrics on this manifold. Fi-
nally, in the third viewpoint, SymCC.n/ is considered as an open convex cone, with this convex
structure giving rise to the Bregman divergences.

Each of these viewpoints has its own theoretical and computational advantages and dis-
advantages, as we now discuss in detail.

2.1 EUCLIDEANDISTANCE
Let Rn�n denote the set of all n � n real matrices, which is a vector space of dimension n2 under
the standard matrix addition and scalar multiplication operations .C; �/. Let Sym.n/ denote the
set of all symmetric n � n real matrices, then .Sym.n/;C; �/ is a vector subspace of .Rn�n;C; �/

of dimension n.nC1/
2

, since by symmetry, each matrix in Sym.n/ can be represented by its upper
triangular entries. Then the set of all n � n real SPD matrices SymCC.n/ is an open subset of
Sym.n/.
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For A;B 2 Rn�n, a straightforward and commonly used distance between A and B is the

Euclidean distance, which is also called the Frobenius distance, defined by

dE .A;B/ D jjA � BjjF : (2.1)

Here jj jjF denotes the Frobenius norm, which is defined by

jjAjjF D

q
tr.ATA/ D

vuut nX
i;jD1

a2ij ; A D .aij /
n
i;jD1: (2.2)

The Frobenius norm is associated with the Frobenius inner product

hA;BiF D tr.ATB/ D

nX
i;jD1

aij bij ; A D .aij /
n
i;jD1; B D .bij /

n
i;jD1: (2.3)

One immediately sees that the Frobenius inner product hA;BiF and Frobenius norm jjAjjF

are obtained by essentially converting A and B into vectors1 in Rn
2 and taking the standard

Euclidean inner product and norm, respectively, of the corresponding Rn
2 vectors.

Unitary invariance. An important property of the Frobenius distance is the following.
Let C 2 Rn�n be an invertible matrix, with C TC D I , that is C is a unitary matrix.2 Then by
property of the trace operation

hCAC T ; CBC T iF D tr.CATC TCBC T / D tr.C TCATC TCB/ D tr.ATB/ D hA;BiF :

Thus, the Frobenius inner product is invariant under the transformation A ! CAC T , B !

CBC T , where C TC D I . It then follows that

dE .CAC
T ; CBC T / D dE .A;B/; C TC D I: (2.4)

We call this property unitary invariance.
Computational complexity. For two matricesA;B in Rn�n, the computational complex-

ity for computing dE .A;B/ isO.n2/.Thus for a set fAig
N
iD1 ofN matrices inRn�n, the computa-

tional complexity required for computing the matrix of all pairwise distances fdE .Ai ; Aj /g
N
i;jD1

is O.N 2n2/.
Advantages and disadvantages of the Euclidean distance. Among all the

distance/distance-like functions considered in this chapter, the Euclidean distance jjA � BjjF

is the simplest and the fastest to compute, since it only involves the pointwise multiplication and
addition of matrix entries. However, it has its disadvantages compared to the other distances
and divergences on SymCC.n/, namely the following.
1In MATLAB, the operation A.W/ converts A into a vector by stacking its columns on top of each other.
2Here we use the terminology unitary, which is also standard in the infinite-dimensional setting. A real, finite-dimensional
unitary matrix is also commonly called an orthogonal matrix.
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• By treating each matrix simply as a vector, it disregards any structure inherent in the ma-
trices A and B . On the set SymCC.n/, jjA � BjjF captures neither the fact that A;B are
SPD matrices, nor the manifold and convex cone structures of SymCC.n/.

• The metric space .SymCC.n/; jj jjF / is incomplete. This means that a Cauchy sequence
fAkgk2N of SPD matrices, that is a sequence such that jjAk � Al jjF becomes arbitrar-
ily small for k; l large enough, e.g., as resulting from an iterative algorithm, might not
converge to an SPD matrix. This is in contrast to complete metric spaces, where Cauchy
sequences are always guaranteed to converge to an element in the space.

• The Euclidean metric might lead to a swelling effect, that is when computing the mean of a
set of SPD matrices, the determinant of the Euclidean matrix mean can be strictly larger
than the determinants of the original matrices (see [6] for a discussion of this phenomenon
and its undesirability in the context of brain imaging).

• The suboptimality of the Euclidean distance has also been demonstrated in many practical
applications.

In the following sections, we present the affine-invariant Riemannian and Log-Euclidean
distances, which are defined based on the manifold structure of SymCC.n/, and the Bregman
divergences, which are defined based on the convex cone structure of SymCC.n/. A summary
of the distances and divergences considered in this chapter is given in Table 2.1. Apart from
unitary invariance, they satisfy the following properties:

• scale invariance;

• affine invariance (for daiE and d˛logdet), that is thematrixC in Eq. (2.4) can be any invertible
matrix in Rn�n;

• invariance under inversion; and

• the metric spaces .SymCC.n/; daiE/, .SymCC.n/; dlogE/, and .SymCC.n/; dstein/ are com-
plete.

A summary of these properties is given in Table 2.2.

2.2 INTERPRETATIONSANDMOTIVATIONS FORTHE
DIFFERENT INVARIANCES

Before describing the non-Euclidean distances and divergences on SymCC.n/, let us discuss
the interpretations and motivations for the invariances satisfied by them, as listed in Table 2.2,
especially in our current context of covariance descriptors. As we see later on, these invariances
also illuminate the crucial differences between the extrinsic Euclidean distance and the intrin-
sic Log-Euclidean distance on SymCC.n/, both of which arise from Riemannian metrics with
curvature zero.
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Table 2.1: Several commonly used distances and divergences on SymCC.n/. Here jj jjF denotes
the matrix Frobenius norm.

Euclidean distance dE .A;B/ D jjA � BjjF

Affine-invariant Riemannian distance daiE.A;B/ D jj log.A�1=2BA�1=2/jjF

Log-Euclidean distance dlogE.A;B/ D jj log.A/ � log.B/jjF

Log-Determinant divergences d˛logdet.A;B/ D
4

1�˛2 log
�

det. 1�˛
2 AC

1C˛
2 B/

det.A/
1�˛

2 det.B/
1C˛

2

�
�1 < ˛ < 1

d1logdet.A;B/ D tr.B�1A � I / � log det.B�1A/

d�1
logdet.A;B/ D tr.A�1B � I / � log det.A�1B/

Symmetric Stein divergence (˛ D 0) d2stein.A;B/ D log det.ACB
2
/ �

1
2

log det.AB/
.d2stein.A;B/ D

1
4
d0logdet.A;B/)

Table 2.2: Properties of four commonly used distances on SymCC.n/: (i) Eu-
clidean distance dE .A;B/ D jjA � BjjF ; (ii) affine-invariant Riemannian distance
daiE.A;B/ D jj log.A�1=2BA�1=2/jjF ; (iii) Log-Euclidean distance dlogE.A;B/ D

jj log.A/ � log.B/jjF ; (iv) square-root of the symmetric Stein divergence dstein.A;B/ Dq
log det.ACB

2
/ �

1
2

log det.AB/. Here jj jjF denotes the matrix Frobenius norm.

Euclidean Log-Euclidean Affi  ne-Invariant Stein

Geodesic distance Yes Yes No

Affi  ne invariance No No

Scale invariance No Yes Yes Yes

Yes

Yes

Yes

Yes

Yes

Unitary invariance Yes Yes

Inversion invariance No Yes Yes Yes

Inner product distance Yes Yes No No

Complete metric No Yes Yes Yes
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Affine invariance. Let GL.n/ denote the set of all n � n invertible matrices. A dis-

tance/divergence function d W SymCC.n/ � SymCC.n/ ! RC is said to be affine-invariant if
for any invertible matrix A 2 GL.n/, we have

d.AC1A
T ; AC2A

T / D d.C1; C2/ 8C1; C2 2 SymCC.n/: (2.5)

To see the meaning and significance of this property in our context, let us recall the statistical
interpretations of the covariance descriptors as described in Section 1.2 (see also the discussion
in [92]).

Let X be a random n-vector with probability distribution �. Let A 2 GL.n/ be any n � n

invertible matrix and b 2 Rn be an arbitrary vector. Then we have the following affine transfor-
mation

�A;b W Rn ! Rn; �A;b.X/ D AX C b: (2.6)

The expected value of the transformed random vector �A;b.X/ is then given by

��A;b.X/ D EŒ�A;b.X/� D AE.X/C b D A�X C b: (2.7)

The corresponding covariance matrix is given by

C�A;b.X/ D EŒ.�A;b.X/ � ��A;b.X//.�A;b.X/ � ��A;b.X//
T � D ACXA

T : (2.8)

Thus if the random vectorX undergoes the affine transformationX ! AX C b, then its covari-
ance matrix undergoes the transformation CX ! ACXA

T , independent of the translation factor
b.

For two random vectors X , Y , an affine-invariant distance/divergence function d on
SymCC.n/ then gives

d.C�A;b.X/; C�A;b.Y // D d.ACXA
T ; ACYA

T / D d.CX ; CY /;

that is this distance/divergence is invariant if X and Y undergo the same, but arbitrary, affine
transformation on Rn.

This invariance property remains true when we transition from the theoretical covariance
matrices to the empirical covariance matrices. Let X D Œx1; : : : ; xm� be a data matrix of size n �

m, where the vectors xi 2 Rn, 1 � i � n, are random, independent observations of the random
vector X . Then under the affine transformation �A;b, the empirical expected value becomes

��A;b.X/ D
1

m

mX
iD1

.Axi C b/ D A�X C b; (2.9)

and the empirical covariance matrix becomes

C�A;b.X/ D
1

m

mX
iD1

.Axi C b � ��A;b.X//.Axi C b � ��A;b.X//
T

D ACXA
T : (2.10)
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Thus, the empirical covariance matrix also undergoes the same transformation CX ! ACXA
T .

Hence, if two data matrices X and Y undergo the same, but arbitrary, affine transformation �A;b,
then an affine-invariance distance/divergence between their corresponding empirical matrices
remains the same, that is

d.C�A;b.X/; C�A;b.Y// D d.ACXA
T ; ACYA

T / D d.CX; CY/:

Affine invariance is satisfied by the affine-invariant Riemannian distance and the Log-
Determinant divergences.

Scale invariance. This is a special case of the affine-invariance property, with b D 0 and
A D

p
sIn, for some scalar s > 0, in the affine transformation �A;b in Eq. (2.6). This property

states that if we scale the random vectors X and Y (or the corresponding data matrices X and
Y) by the same factor

p
s, then the distance/divergence between their corresponding covariance

matrices, which are scaled by the factor s, remains the same, that is

d.sCX ; sCY / D d.CX ; CY /: (2.11)

Scale invariance is satisfied by the Log-Euclidean distance, which does not satisfy the full affine
invariance property. It is not satisfied by the Euclidean distance.

Unitary invariance. This is another special case of the affine invariance property, with
b D 0 and AT D A�1 in Eq. (2.6), that is A is an n � n unitary matrix. This property states that
if the random vectors X and Y undergo the same, but arbitrary unitary transformation A in Rn,
such as a rotation, then the distance/divergence between the corresponding covariance matrices
remains the same, that is

d.C�A.X/; C�A.Y // D d.ACXA
�1; ACYA

�1/ D d.CX ; CY /: (2.12)

Unitary invariance is satisfied by all four distances/divergences listed in Table 2.1, namely
Euclidean distance, Log-Euclidean distance, affine-invariant Riemannian distance, and Log-
Determinant divergences.

Invariance under inversion. A distance/divergence function d W SymCC.n/ �

SymCC.n/ ! RC is said to be invariant under inversion if

d.C1; C2/ D d.C�1
1 ; C�1

2 /; 8C1; C2;2 SymCC.n/: (2.13)

To see the significance of this property, consider the correspondence between SymCC.n/ and
the set of multivariate Gaussian density functions on Rn with mean zero. We recall that each
Gaussian density function N .0; C /, C 2 SymCC.n/, is completely determined by its covari-
ance matrix C , or equivalently, its precision matrix C�1. Hence, we can take as the dis-
tance/divergence between two multivariate Gaussian density functions N .0; C1/, N .0; C2/ the
distance/divergence between the corresponding covariance matrices C1 and C2. The invariance
property in Eq. (2.13) states that one obtains the exact same measure by taking the same dis-
tance/divergence between the corresponding precision matrices C�1

1 and C�1
2 .



2.3. BASICRIEMANNIANGEOMETRY 23
Invariance under inversion is satisfied by all the symmetric non-Euclidean dis-

tances/divergences listed in Table 2.1, namely the Log-Euclidean distance, affine-invariant Rie-
mannian distance, and symmetric Stein divergence, but not the Euclidean distance.

2.3 BASICRIEMANNIANGEOMETRY

FINITE-DIMENSIONAL

RIEMANNIAN MANIFOLD

Figure 2.1: The set SymCC.n/ of n � n SPD matrices viewed as a Riemannian manifold.

Let us consider the viewpoint of SymCC.n/ as a Riemannian manifold. We first pro-
vide a brief overview of Riemannian geometry and refer to, e.g., [28, 58] for a comprehensive
treatment. In general, Riemannian manifolds are generalizations of two-dimensional regular
surfaces in 3D space, with one of the simplest examples being the two-dimensional sphere, on
which many of the abstract concepts involved assume a much more concrete form (see, e.g., [27]
for a comprehensive treatment).

The following are some of the key concepts from Riemannian geometry which are neces-
sary for our current purposes.

• Riemannian metric and the associated Riemannian distance (i.e., the shortest distance
between two points on the manifold).
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• Geodesics, Riemannian exponential map, and Riemannian logarithm map.

We are particularly interested in geodesically complete manifolds, on which there always exists a
geodesic connecting any two points, whose length is equal to their Riemannian distance. Among
geodesically complete manifolds, we are interested in those which are simply connected and
have nonpositive curvature, the so-called Cartan-Hadamard manifolds. On these manifolds,
the geodesic connecting two points is unique and its length, which is equal to their Riemannian
distance, is completely determined by the Riemannian logarithm map. Examples of this class
of manifolds are the space Rn under the standard Euclidean metric and SymCC.n/ under both
the affine-invariant and Log-Euclidean Riemannian metrics, which we describe in Sections 2.4
and 2.5, respectively.

Smoothmanifold, tangent vector, and tangent space. Informally speaking (see, e.g., [68]
for the formal definition), a topological manifoldM of dimension n, n 2 N, is a topological space
that is locally Euclidean, in the sense that each pointP onM has a neighborhoodU that is home-
omorphic to an open subset OU D '.U/ � Rn, where ' W U ! OU is a homeomorphism, that is a
continuous bijective map with a continuous inverse.3 The pair .U ; '/ is called a coordinate chart,
or simply chart on M. A collection of charts whose domains cover M is called an atlas of M.
For P 2 U , let '.P / D .x1.P /; : : : ; xn.P // 2 Rn, then the component functions .x1; : : : ; xn/
of ' are called the local coordinates on U .

A smooth manifold, also called differentiable manifold, is a topological manifold M with
a smooth atlas, that is any chart in the atlas can be smoothly transitioned to any other chart.
This means that if .U ; '/ and .V ;  / are two charts on M belonging to this atlas, then either
U \ V D ;, or the transitionmap ı '�1 W '.U \ V/ !  .U \ V/, as a map between two open
subsets '.U \ V/ and  .U \ V/ in Rn, is C1, that is having continuous partial derivatives of
all orders.

Two key concepts for working on a smooth manifold M are tangent vector and tangent
space. These are the generalizations of the corresponding concepts on a regular surface S in R3.
We recall that (see, e.g., [27]), for a parametrized smooth curve 
 W I D .a; b/ ! R3, where
I D .a; b/ � R is some interval on the real line, with 
 0.t/ ¤ 0 8t 2 I , the tangent vector to
the curve at the point 
.t0/, t0 2 I , is the vector 
 0.t0/. On a regular surface S � R3, a tangent
vector to S at a point P 2 S is the tangent vector at P of a smooth curve on S passing through
P . More specifically, it is the tangent vector 
 0.0/ of a smooth curve 
 W .��; �/ ! S, for some
� > 0, with 
.0/ D P . It can then be shown that the set of all tangent vectors to S at P forms
a two-dimensional vector space, called the tangent plane of S at P , denoted by TP .S/.

The generalization of the concept of tangent vectors to an abstract smooth manifold M
is based on the above definition of tangent vectors of curves as their derivatives, as follows (see
[28] and [68] for further detail). First consider the case M D Rn. Let 
 W .��; �/ ! Rn be a
smooth curve in Rn, 
.0/ D P , with coordinates 
.t/ D .x1.t/; : : : ; xn.t//. The tangent vector
3Formally,M is also required to be aHausdorff space, that is any two distinct points inM are contained in two disjoint open
sets, and second countable, that is there exists a countable basis for the topology of M (see, e.g., [68] for further detail).
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to 
 at t D 0 is

V D 
 0.0/ D .x0
1.0/; : : : ; x

0
n.0//:

Let DP be the set of all functions f W Rn ! R that are differentiable at P , then DP is a vec-
tor space under function addition and scalar multiplication. By the chain rule, the directional
derivative of a function f 2 DP along the vector V at the point P is given by

d.f ı 
/

dt

ˇ̌̌
tD0

D

nX
jD1

@f

@xj

ˇ̌̌
tD0

@xj

@t

ˇ̌̌
tD0

D

0@ nX
jD1

x0
j .0/

@

@xj

ˇ̌̌
P

1Af: (2.14)

Thus, the tangent vector V of the curve 
 at the point P defines a linear map from DP ! R,
namely the directional derivative along V . This viewpoint leads to the following definition of
the concept of tangent vectors on a general smooth manifold M.

LetM be a smoothmanifold and 
 W .��; �/ ! M be a smooth curve onM, with 
.0/ D

P . LetDP be the set of all functions f W M ! R that are differentiable at P . The tangent vector
to the curve 
 at P is defined to be the linear map 
 0.0/ W DP ! R given by


 0.0/f D
d.f ı 
/

dt

ˇ̌̌
tD0
; f 2 DP : (2.15)

A tangent vector at P is then defined to be the tangent vector at t D 0 for a smooth curve 
 W

.��; �/ ! M with 
.0/ D P . The set of all tangent vectors at a point P 2 M forms the tangent
space of M at P , denoted by TP .M/.

Assume the local coordinate representation '.
.t// D .x1.t/; : : : ; xn.t// 2 Rn, with
'.P / D '.
.0// D .x1.0/; : : : ; xn.0//. Then

.f ı 
/.t/ D ..f ı '�1/ ı .' ı 
//.t/ D .f ı '�1/.x1.t/; : : : ; xn.t//;

with the function f ı '�1 W Rn ! R. By the chain rule


 0.0/f D
d.f ı 
/

dt

ˇ̌̌
tD0

D

nX
jD1

x0
j .0/

@.f ı '�1/

@xj

ˇ̌̌
'.P /

D

0@ nX
jD1

x0
j .0/

@

@xj

ˇ̌̌
P

1Af; (2.16)

where we define @
@xj

ˇ̌̌
P
f D

@.f ı'�1/
@xj

ˇ̌̌
'.P /

. Note that in the case M D Rn, we have ' D idRn ,
the identity map, and the expansion in Eq. (2.16) reduces to the expansion in Eq. (2.14). From
this expansion, it can be shown that the tangent space TP .M/ is an n-dimensional vector space.
Furthermore, for a smooth chart .U ; '/ containing P , with '.P / D .x1.P /; : : : ; xn.P //, a basis
for the tangent space TP .M/ is the set f

@
@xj

ˇ̌̌
P

gnjD1.
Riemannianmanifold and Riemannianmetric. A Riemannian manifoldM is a smooth

manifold equipped with a Riemannian metric. Informally speaking, a Riemannian metric onM
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is a formulation for defining distances on the manifold. Formally, for each point P on M, let
TP .M/ denote the tangent space toM atP . A Riemannianmetric onM (see, e.g., [28, 58, 68])
is a family of inner products h ; iP defined on each tangent space TP .M/ that varies smoothly
with the base point P . Let .U ; ' D .x1; : : : ; xn// be a local coordinate chart containing P , so
that the tangent space TP .M/ admits the basis f

@
@xj

ˇ̌̌
P

gnjD1, then the Riemannian metric can be
represented as an n � n SPD matrix .gij .P //ni;jD1, defined by

gij .P / D

�
@

@xi

ˇ̌̌
P
;
@

@xj

ˇ̌̌
P

�
P

; 1 � i; j � n: (2.17)

Given a smooth manifold M, a Riemannian metric h ; iP , P 2 M, induces the norm
jjV jjP D

p
hV; V iP , V 2 TP .M/, which induces a distance on the tangent space TP .M/. We

thus have a family of distances on the tangent spaces TP .M/, P 2 M, which varies smoothly
with P and which in turn induces a distance function on the manifold M, as follows.

Riemannian distance. Let I � R be an open interval and 
 W I ! M be a smooth, i.e.,
C1, curve onM. Let P
.t/ denote the tangent vector to the curve at the point 
.t/. Let Œa; b� � I

be a closed interval. Then at any point t 2 Œa; b�, the tangent vector P
.t/, in the tangent space
T
.t/.M/, has length jj P
.t/jj
.t/. The length of the curve segment 
 , with t ranging from a to b,
can then be defined to be the integration of the lengths of these tangent vectors over the entire
segment, i.e.,

L.
/ D

Z b

a

jj P
.t/jj
.t/dt: (2.18)

If 
 is a piecewise smooth curve, then its length is defined to be the summation of the lengths
of all its smooth pieces.

Definition 2.1 The Riemannian distance between two points A;B 2 M, induced by the Rie-
mannian metric h ; iP , is defined to be

d.A;B/ D inffL.
/ W 
 W Œa; b� ! M piecewise smooth; 
.a/ D A; 
.b/ D Bg: (2.19)

The following result is fundamental and can be found in [28, 58, 68].

Theorem 2.2 The function d W M � M ! RC as defined in Eq. (2.19) satisfies all the axioms of
a metric, namely

1. Positivity: d.A;B/ � 0, with d.A;B/ D 0 ” A D B ,

2. Symmetry: d.A;B/ D d.B;A/,

3. Triangle inequality: d.A;B/ � d.A;C /C d.C;B/,
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8A;B;C 2 M, so that .M; d / is a metric space.

TheRiemannian distance d.A;B/ is closely connected with the lengths of geodesic curves
on M, as we explain next.

Geodesics. A geodesic curve 
 on a Riemannian manifold M is a generalization of a
straight line in Rn, in the sense that it is a curve with zero acceleration. Specifically, a smooth
curve 
 W Œa; b� ! M is called a geodesic if it is a critical point of the energy functional

E.
/ D
1

2

Z b

a

jj P
.t/jj2
.t/dt:

An important property of geodesics is that they have constant speed, that is

d

dt
jj P
.t/jj
.t/ D 0:

Riemannian exponential map. For a given point P 2 M and a given tangent vector
V 2 TP .M/, the theory of ordinary differential equations guarantees that there exists � > 0 and
a unique geodesic curve 
V W Œ0; �� ! M, starting at the point P and moving along M in the
direction V , that is with 
V .0/ D P and P
V .0/ D V . Furthermore, there is always a neighbor-
hood UP � TP .M/ of 0 2 TP .M/ such that 
V is defined on Œ0; 1� 8V 2 UP . The Riemannian
exponential map ExpP is then defined by

ExpP W UP � TP .M/ ! M; ExpP .V / D 
V .1/; (2.20)

that is ExpP .V / is the point onM reached at unit time (t D 1) by the geodesic curve 
V . Since

V is a geodesic, its speed jj P
.t/jj
V .t/ is constant and thus the length of 
V , with 
V .0/ D P ,

V .1/ D ExpP .V /, is given by

L.
V / D

Z 1

0

jj P
V .t/jj
V .t/dt D jj P
V .0/jj
V .0/ D jjV jjP : (2.21)

Example 2.3 ForM D Rn under the standard Euclidean metric, TP .M/ Š Rn 8P 2 Rn and


V .t/ D P C V t; 8t 2 R; with ExpP .V / D P C V 8P; V 2 Rn: (2.22)

Thus, in general, ExpP .V / can be viewed as a generalization of the operation of vector addition
in Rn, with the base point P 2 M being the initial point and ExpP .V / 2 M being the end
point, respectively, of a geodesic curve with initial direction V 2 TP .M/ and length jjV jjP .
A geometrical interpretation of the exponential map ExpP is given in Figure 2.2; see also the
discussion in [92].
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Expp(V ) = �� (1)

Tangent space

Manifold 

�� (0) =  
V

�� (t) 

Figure 2.2: Geometrical interpretation of the Riemannian exponential map. At a point P on
the manifold M, given a tangent vector V in the tangent space TP .M/ at P , there is a unique
geodesic 
V , starting at P and moves along the manifold in the direction V , that is 
V .0/ D

P , P
V .0/ D V . The Riemannian exponential map ExpP maps V to the point 
V .1/ on the
manifold, that is ExpP .V / D 
V .1/. The length of the curve 
V joining P and ExpP .V / on
the manifold M is precisely the length of the vector V in the tangent space TP .M/, that is
L.
V / D jjV jjP . If M is a Cartan-Hadamard manifold, such as SymCC.n/, then the geodesic
connecting any two points on M is unique, with length equal to their Riemannian distance, so
that d.P;ExpP .V // D L.
V / D jjV jjP . IfM D Rn, then ExpP .V / D P C V and, in general,
ExpP .V / can be considered as a generalization of this vector addition operation.

Geodesically complete manifolds. A Riemannian manifold M is said to be geodesically
complete if 8P 2 M, the exponential map ExpP is defined on all of TP .M/, in which case
we can write ExpP W TP .M/ ! M. For a geodesically complete manifold M, there exists a
geodesic connecting any two points, whose length is equal to their Riemannian distance (such
a geodesic is called minimizing), due to the following fundamental result (see e.g., [28, 58] for
the full statement).
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Theorem 2.4 (Hopf-Rinow). For a Riemannian manifold M, the following statements are
equivalent.

1. .M; d / is a complete metric space.

2. M is geodesically complete, that is the exponential map ExpP is defined on all of TP .M/ 8P 2

M.

Either of these two statements implies that any two points A;B 2 M can be joined by a geodesic of
length d.A;B/, that is by a geodesic of shortest length.

Riemannian logarithm map. Let us consider now the inverse of the Riemannian expo-
nential map. A map f W M ! N between two smooth manifolds M and N is said to be a
diffeomorphism if it is a smooth bijection with a smooth inverse. One important property of the
exponential map ExpP is that there exists a neighborhood V0 of 0 2 TP .M/ so that ExpP maps
V0 diffeomorphically onto a neighborhood of WP of P in M. This implies that there exists an
inverse function for ExpP , which we denote by

LogP W WP � M ! V0 � TP .M/;

LogP .Q/ D V ” ExpP .V / D Q; (2.23)

that maps WP � M diffeomorphically onto V0 � TP .M/.

Example 2.5 For M D Rn under the standard Euclidean metric,

ExpP .V / D P C V; so that LogP .Q/ D Q � P; P;Q; V 2 Rn: (2.24)

Thus, in general, LogP can be viewed as a generalization of the vector subtraction operation
in Rn, with base point P . A geometrical interpretation of the logarithm map LogP is given in
Figure 2.3, see also the discussion in [92].

Curvature. A fundamental concept of Riemannian geometry is that of curvature, which
essentially measures how much a Riemannian manifold deviates from Euclidean space. We
briefly discuss this concept here and refer the readers to [28], for example, a comprehensive
treatment. The concept of curvature on Riemannian manifold generalizes the much more con-
crete concept of Gaussian curvature for regular surfaces in R3, which is treated thoroughly in
e.g., [27]. In brief, let S be a regular, oriented surface in R3 and P be a point on S. Let V be
a unit vector in the tangent plane TP .S/ and N.P / be the unit normal vector to S at P , then
the intersection of the plane containing V;N.P / with S is called a normal section of S. Each
normal section is thus a curve on S passing through P and possessing a curvature, called normal
curvature. The maximum and minimum of the normal curvatures at P are called the principal
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Q = Expp(V ) 

Tangent space

Manifold 

� V = Logp(Q)

Figure 2.3: Geometrical interpretation of the Riemannian logarithm map. At a point P on
the manifold M, the logarithm map LogP is the inverse of the exponential map ExpP and
maps a neighborhood of P in M onto a neighborhood of the vector 0 in the tangent space
TP .M/. If M is a Cartan-Hadamard manifold, such as SymCC.n/, then 8P 2 M, LogP W

M ! TP .M/ diffeomorphically, that is it is bijective, smooth, and the inverse ExpP is also
smooth. In that case, the Riemannian distance between P andQ is precisely the length of V in
TP .M/, that is d.P;Q/ D jjV jjP D jjLogP .Q/jjP . If M D Rn, then LogP .Q/ D Q � P and
in general, LogP .Q/ can be considered as a generalization of this vector subtraction operation.

curvatures of the surface S at P . The product of the principal curvatures is called the Gaussian
curvature of S at P , which is a quantity intrinsic to S.

Let now M be a Riemannian manifold. For a fixed point P 2 M, consider a two-
dimensional subspace †P of the tangent space TP .M/ at P . Let R denote the Riemannian
curvature tensor (see, e.g., [28], Chapter 4, for the definition and Section 2.4 below for an ex-
ample in the SymCC.n/ setting). Then for any basis vectors fX; Y g 2 †P , the quantity

K.†P / D KP .X; Y / D
hR.X; Y /X; Y iP

jjX jj2P jjY jj2P � hX; Y i2P

(2.25)
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is well-defined and is independent of the choice of the basis vectors X; Y 2 †P . This quantity
is called the sectional curvature of †P at P . In particular, for a regular surface S � R3, there is
precisely one two-dimensional subspace of TP .S/, namely TP .S/ itself. In this case, the sectional
curvature K.TP .S// coincides with the Gaussian curvature of S at P . In general, the sectional
curvature K.†P / is the Gaussian curvature at P of a small surface formed by geodesics on M
starting at P , with directions lying on the two-dimensional subspace †P of TP .M/.

Some common examples of manifolds with constant sectional curvature are

• Euclidean space Rn, with K D 0 (flat manifold).

• n-dimensional unit sphere Sn�1 D f.x1; : : : ; xn/ 2 Rn W x21 C � � � C x2n D 1g, withK D 1

(positive curvature).

• n-dimensional hyperbolic space Hn D fx D .x1; : : : ; xn/ 2 Rn W xn > 0g, under the Rie-
mannian metric gij .x1; : : : ; xn/ D

ıij

x2
n

, with K D �1 (negative curvature).

Of particular interest for our current purposes are manifolds with nonpositive sectional
curvature, which we turn to next.

Manifolds with nonpositive curvature and uniqueness of geodesics. On a geodesically
complete manifold, there is always a minimizing geodesic joining any two points. Such a mini-
mizing geodesic is not necessarily unique, however. An obvious example is the two-dimensional
sphere, where any two antipodal points are joined by infinitely many minimizing geodesics of
equal length. We now consider a class of Riemannian manifolds in which uniqueness of mini-
mizing geodesics is guaranteed, namely simply connected manifolds with nonpositive (or semi-
negative) sectional curvature. The space Rn under the standard Euclidean metric and the mani-
fold SymCC.n/ of SPD matrices, under both the affine-invariant and Log-Euclidean Rieman-
nian metrics, belong to this class. The following theorem is a fundamental result for this class of
manifolds, see, e.g., [28, 58, 62].

Theorem2.6 (Cartan-Hadamard). Assume thatM is a geodesically complete Riemannian man-
ifold with nonpositive sectional curvature. IfM is simply connected, then the exponential map ExpP W

TP .M/ ! M is a diffeomorphism 8P 2 M.

A Riemannian manifold satisfying the hypothesis of Theorem 2.6 is called a Cartan-
Hadamard manifold. On such a manifold, since ExpP W TP .M/ ! M is a diffeomorphism, the
Riemannian logarithm map LogP W M ! TP .M/ is well-defined on all of M and is a diffeo-
morphism from M onto TP .M/.

Riemannian distance andRiemannian exponential and logmaps. An important conse-
quence of Theorem 2.6 is that on a Cartan-Hadamard manifoldM, any two points P;Q 2 M
are joined by a unique geodesic whose length is equal to their geodesic distance. In fact, let V 2
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TP .M/ be the unique tangent vector in TP .M/ such that Q D ExpP .V /, then this geodesic
curve has the form


V .t/ D ExpP .tV /; V D LogP .Q/:

The Riemannian distance between P and Q is then given by

d.P;Q/ D L.
V / D jjV jjP D jjLogP .Q/jjP : (2.26)

Equivalently,

d.P;ExpP .V // D jjV jjP : (2.27)

Thus, on Cartan-Hadamard manifolds, the geodesic connecting two points P;Q is unique and
the Riemannian distance d.P;Q/ is determined completely via knowledge of the Riemannian
logarithm map.We apply this fact on the manifold SymCC.n/ of SPD matrices, which is de-
scribed next.

2.4 AFFINE-INVARIANTRIEMANNIANMETRICONSPD
MATRICES

We start with one of the most widely studied and well-understood Riemannian metrics on
SymCC.n/, namely the affine-invariant Riemannian metric. In the mathematics literature, the
study of this Riemannian metric goes as far back as [105] and [86]. For more recent treatment,
we refer to [10, 11, 65, 92, 117], for example.

For M D SymCC.n/, for each P 2 SymCC.n/, the tangent space at P is given by

TP .SymCC.n// Š Sym.n/; (2.28)

where Sym.n/ is the vector space of symmetric n � n matrices.
Riemannianmetric. The affine-invariant Riemannian metric is defined by the following

inner product on the tangent space at P 2 SymCC.n/,

hA;BiP D hP�1=2AP�1=2; P�1=2BP�1=2
iF ; 8A;B 2 Sym.n/: (2.29)

Equivalently, since hA;BiF D tr.ATB/, we have

hA;BiP D tr.P�1AP�1B/: (2.30)

The inner product h ; iP defines a notion of length, namely the corresponding norm jj jjP , on
the tangent space TP .SymCC.n//, with

jjAjjP D jjP�1=2AP�1=2
jjF D

p
tr.P�1AP�1A/; A 2 Sym.n/: (2.31)
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In particular, at the identity matrix I ,

jjAjjI D
p

tr.A2/ D jjAjjF : (2.32)

Affine-invariance. The terminology affine-invariant is motivated by the following. Let
GL.n/ denote the set of invertible n � n matrices. Each matrix C 2 GL.n/ gives rise to the
following linear transformation

�C W Rn�n
! Rn�n; �C W A ! �C .A/ D CAC T ;

which is called an affine or congruent transformation (the two matrices A and CAC T are said
to be congruent to each other, see, e.g., [87]). Clearly, if A 2 Sym.n/, then CAC T 2 Sym.n/
and if P 2 SymCC.n/, then CPC T 2 SymCC.n/, so that �C W Sym.n/ ! Sym.n/ and �C W

SymCC.n/ ! SymCC.n/.
As can be readily verified, the inner product h ; iP is invariant under all affine transfor-

mations; that is,

hCAC T ; CBC T iCPCT D hA;BiP D tr.P�1AP�1B/; 8C 2 GL.n/; (2.33)

hence the name affine-invariant Riemannian metric.
Sectional curvature. Under the affine-invariant metric, SymCC.n/ becomes a Rieman-

nian manifold with nonpositive sectional curvature, as confirmed by the following result, whose
proof can be found in [62] (we note that [62] uses a different sign convention for the Riemannian
curvature tensor, opposite that of [28], which we follow here).

Theorem 2.7 Under the affine-invariant Riemannian metric, SymCC.n/ is a Cartan-Hadamard
manifold, that is it is geodesically complete, simply connected, and with nonpositive sectional curvature.

In fact, in this setting, the sectional curvature of SymCC.n/ can be computed explicitly.
For simplicity, we illustrate this on the tangent space at the identity matrix I (see [62], [120]
for the derivation). On TI .SymCC.n// Š Sym.n/, the Riemannian curvature tensor R assumes
a particularly simple form

R.X; Y /Z D ŒŒX; Y �; Z�; X; Y;Z 2 Sym.n/; (2.34)

where ŒX; Y � D XY � YX denotes the matrix commutator between X and Y . Thus by defini-
tion, for any two linearly independent matrices X; Y 2 Sym.n/, the sectional curvature of the
two-dimesional subspace of Sym.n/ spanned by X and Y is given by

KI .X; Y / D 2
trŒ.XY /2 �X2Y 2�

tr.X2/tr.Y 2/ � .tr.XY //2
� 0; (2.35)
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where the inequality on the right-hand side follows from the Cauchy-Schwarz inequality, with
zero equality if and only if XY D YX , that is if and only if X and Y commute.

Geodesic curve. Since the sectional curvature is nonpositive, by the Cartan-Hadamard
Theorem (Theorem 2.6) and the subsequent discussion in Section 2.3, there is a unique geodesic
connecting any two points A;B 2 SymCC.n/ whose length is the Riemannian distance be-
tween A and B . This distance is completely determined by the Riemannian exponential and log
maps, which are diffeomorphisms between SymCC.n/ and the tangent space TP .SymCC.n// Š

Sym.n/.
For any fixed P 2 SymCC.n/ and any V 2 Sym.n/ Š TP .SymCC.n//, the geodesic curve


V .t/, with 
V .0/ D P and P
V .0/ D V is given by (for a derivation, see, e.g., [85])


V .t/ D P 1=2 exp.tP�1=2VP�1=2/P 1=2; t 2 R: (2.36)

For any two pointsA;B 2 SymCC.n/, the unique geodesic curve 
AB W Œ0; 1� ! SymCC.n/ join-
ing them, with 
AB.0/ D A; 
AB.1/ D B , is given by


AB.t/ D A1=2 expŒt log.A�1=2BA�1=2/�A1=2; t 2 Œ0; 1�: (2.37)

Riemannian exponential and logarithm maps. It follows that the Riemannian expo-
nential map ExpP W TP .SymCC.n// ! SymCC.n/ is well-defined on all of the tangent space
TP .SymCC.n//, with

ExpP .V / D 
V .1/ D P 1=2 exp.P�1=2VP�1=2/P 1=2; V 2 Sym.n/: (2.38)

Its inverse, the Riemannian logarithm map LogP W SymCC.n/ ! TP .SymCC.n// is well-
defined on all of SymCC.n/ and is given by

LogP .A/ D P 1=2 log.P�1=2AP�1=2/P 1=2; A 2 SymCC.n/: (2.39)

In particular, at the identity matrix I ,

ExpI .V / D exp.V /; LogI .A/ D log.A/; V 2 Sym.n/; A 2 SymCC.n/: (2.40)

In Eqs. (2.36), (2.37), (2.38), and subsequently, exp.A/ refers to the matrix exponential map. In
Eq. (2.39) and subsequently in all the mathematical expressions in the rest of the chapter, log.A/
refers to the principal matrix logarithm of A, which is an inverse function of exp. For more detail
on the matrix exponential and principal logarithm maps, we refer to Appendix A.2.

Affine-invariant Riemannian distance. By Eqs. (2.26), (2.39), and (2.31), the affine-
invariant Riemannian distance between two matrices A;B 2 SymCC.n/ is given by

daiE.A;B/ D jjLogA.B/jjA D jj log.A�1=2BA�1=2/jjF ; (2.41)

where log denotes the principal matrix logarithm as defined in Eq. (A.13).



2.4. AFFINE-INVARIANTRIEMANNIANMETRICONSPDMATRICES 35
Equivalently, since the geodesic joining A and B is unique, with length equal to the Rie-

mannian distance between A and B , by Eqs. (2.18) and (2.37),

daiE.A;B/ D L.
AB/ D

Z 1

0

jj P
AB.t/jj
AB .t/dt D jj log.A�1=2BA�1=2/jjF :

Let f�kgn
kD1

denote the eigenvalues of A�1=2BA�1=2, which are the same as the eigenval-
ues of A�1B , then we have the equivalent expression

daiE.A;B/ D

nX
kD1

log2.�k/: (2.42)

This is the expression that is used to compute daiE.A;B/ in an actual implementation.

Remark 2.8 We use the notation daiE.A;B/ to denote the finite-dimensional affine-invariant
Riemannian distance between the SPD matrices A and B to emphasize that the norm of the
function log.A�1=2BA�1=2/, which defines this distance, is the Euclidean norm jj jjF . The cor-
responding infinite-dimensional affine-invariant Riemannian distance in Section 5.2 will be de-
noted by daiHS, where the norm of the corresponding log function is based on the Hilbert-
Schmidt norm jj jjHS.

Properties of the affine-invariant Riemannian distance.

1. Affine invariance. For any invertible n � n matrix C , the eigenvalues of
.CAC T /�1.CBC T / D .C T /�1A�1BC T are the same as the eigenvalues of A�1B ,
thus we have

daiE.CAC
T ; CBC T / D daiE.A;B/; (2.43)

which confirms the affine-invariance of the Riemannian distance daiE.

2. Scale invariance. In particular, for C D
p
sI , where s 2 R; s > 0, affine invariance be-

comes scale invariance, that is

daiE.sA; sB/ D daiE.A;B/: (2.44)

3. Unitary invariance. For C T D C�1, that is C is a unitary matrix,

daiE.CAC
T ; CBC T / D daiE.A;B/; C TC D I: (2.45)

4. Inversion invariance.

daiE.A
�1; B�1/ D daiE.A;B/: (2.46)
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5. Complete metric space. Since SymCC.n/ is a geodesically complete Riemannian mani-
fold under the affine-invariant metric, it follows from the Hopf-RinowTheorem that the
metric space .SymCC.n/; daiE/ is complete.

Computational complexity. For two matrices A;B 2 SymCC.n/, the computation of
daiE.A;B/ as specified in Eqs. (2.41) and (2.42) requires the computation of the eigenvalues
of the matrix A�1B or A�1=2BA�1=2. Since matrix inversion requires time complexity O.n3/,
matrix multiplication requires time complexity O.n3/, and the eigenvalue computation requires
time O.n3/ (see, e.g., [89]) the overall computational complexity of this process is thus O.n3/.
Since the computation of daiE.A;B/ involves computing the eigenvalues of either A�1B or
A�1=2BA�1=2, in which A and B are coupled together, if we have a set of N matrices fAj gNjD1

in SymCC.n/, then the computation of all the pairwise distances fdaiE.Ai ; Aj /g
N
i;jD1 takes time

O.N 2n3/.

2.4.1 CONNECTIONWITHTHEFISHER-RAOMETRIC
The affine-invariant Riemannian metric on SymCC.n/, as described in Section 2.4, is closely
connected with the Fisher-Rao Riemannian metric on the statistical manifold of multivariate
Gaussian density functions on Rn with mean zero.

To describe the Fisher-Rao metric, let us first briefly review the concept of statistical man-
ifold (see [1] for detail). Let S be a family of probability density functions P� on X D Rn,
parametrized by a parameter � D .�1; : : : ; �k/ 2 ‚, where ‚ is an open subset in Rk , for some
k 2 N, that is

S D fP� D P.xI �/ j � D .�1; : : : ; �k/ 2 ‚ � Rkg; (2.47)

where the mapping � ! P� is assumed to be injective. Such an S is called a k-dimensional sta-
tistical model or a parametric model onX . Assume further that for each fixed x 2 X , the mapping
� ! P.xI �/ is C1, so that all partial derivatives, such as @P.xI�/

@� i , 1 � i � k, are well-defined
and continuous.

A k-dimensional statistical model S can be considered as a smooth manifold as follows.
With S D fP� j � 2 ‚g, the mapping '.S/ ! ‚ � Rk , defined by '.P� / D � , provides a co-
ordinate chart on S. Furthermore, consider the change of coordinates (or re-parametrization)
 W ‚ !  .‚/, where .‚/ is an open subset ofRk . Suppose that is a diffeomorphism, that is
it is bijective and both and its inverse �1 areC1 mappings.Then the re-parametrized family
of probability density functions fP �1.�/ j � 2  .‚/g is the same as S. Thus, if all diffeomor-
phic parametrizations are considered to be equivalent to each other, then S can be considered
as a smooth manifold.

Given a k-dimensional statistical manifold S, at each point � 2 ‚, the Fisher information
matrix [1] of S at � is the k � k matrix G.�/ D Œgij .�/�, 1 � i; j � k, with the .i; j /th entry
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given by

gij .�/ D

Z
Rn

@ lnP.xI �/

@� i
@ lnP.xI �/

@�j
P.xI �/dx: (2.48)

It is clear from the definition that the Fisher information matrix G.�/ is symmetric, positive
semi-definite. Assume further thatG.�/ is strictly positive definite8� 2 ‚, then it defines an in-
ner product on the tangent space TP�

.S/, via the inner product on the basis f
@

@�j gkjD1 of TP�
.S/,

by �
@

@� i
;
@

@�j

�
P�

D gij .�/: (2.49)

This inner product defines a Riemannian metric on S, the so-called Fisher-Rao metric, or Fisher
information metric.

Consider now the family S of multivariate Gaussian density functions on Rn with mean
zero. Since the corresponding covariance matrices are SPD matrices in SymCC.n/, which are
completely determined by the n.nC1/

2
upper triangular entries, these Gaussian density functions

are parametrized by � 2 Rk , where k D
n.nC1/
2

. Thus,

S D

(
P.xI �/ D

1p
.2�/n det.†.�//

exp
�

�
1

2
xT†.�/�1x

�
; †.�/ 2 SymCC.n/; � 2 Rk

)
;

(2.50)

where k D
n.nC1/
2

and � D Œ�1; : : : ; �k�, with the �j ’s corresponding to the upper triangular
entries in †.�/ according to the following order: †.�/11 D �1, †.�/12 D �2, : : : ; †.�/22 D

�nC1, : : : ; †.�/nn D �
n.nC1/

2 .
In this case, the Fisher information matrix is given by the following result (see, e.g., [37,

70, 109]).

Theorem 2.9 For the parametrized family of Gaussian densities on Rn with mean zero, as given in
Eq. (2.50),

gij .�/ D
1

2
trŒ†�1.@� i†/†

�1.@�j†/�; 1 � i; j � k; (2.51)

where @� i D
@

@� i , @�j D
@

@�j .

Since the means of the density functions in S are zero, we can identify the statistical
manifold S with the manifold SymCC.n/ and the corresponding tangent space TP�

.S/ with the
tangent space T†.�/.SymCC.n// Š Sym.n/.
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For 1 � r � s � n, r; s 2 N, define the following matrices

E.r;s/ D

�
1r;r for r D s;

1r;s C 1s;r for r ¤ s;
(2.52)

where 1r;s is the matrix with entry 1 at location .r; s/ and 0 everywhere else. Clearly
fE.r;s/g1�r�s�n forms a basis for Sym.n/.

Consider the following identification of indices: 1 ! .1; 1/, 2 ! .1; 2/, 3 ! .1; 3/,
: : : ; nC 1 ! .2; 2/, : : : ; n.nC1/

2
! .n; n/. By assumption,†.�/ D

P
1�r�s�n �

.r;s/E.r;s/, so that
@†.�/

@�.r;s/ D E.r;s/. Then we can identify the basis f
@

@�.r;s/ g1�r�s�n of TP�
.S/ with the basis

fE.r;s/g1�r�s�n of Sym.n/. Thus, Eq. (2.51) gives

hE.r1;s1/; E.r2;s2/i† D
1

2
trŒ†�1E.r1;s1/†

�1E.r2;s2/�: (2.53)

Therefore, for any two matrices A;B 2 Sym.n/, by expanding in the basis fErsg1�r�s�n, we
arrive at the following result (see also [70, 109]).

Theorem2.10 TheRiemannian metric on SymCC.n/ induced by the Fisher information matrix on
the statistical manifold of multivariate Gaussian densities on Rn with zero mean is given by

hA;Bi† D
1

2
trŒ†�1A†�1B�; A;B 2 Sym.n/;† 2 SymCC.n/: (2.54)

Thus, the Riemannian metric on SymCC.n/ induced by the Fisher information matrix is pre-
cisely half the affine-invariant Riemannian metric as defined in Eq. (2.30) in Section 2.4.

2.5 LOG-EUCLIDEANMETRIC
As discussed in the previous section, the computational complexity of computing all the pairwise
distances fdaiE.Ai ; Aj /g

N
i;jD1 for a set of N matrices fAj gNjD1 in SymCC.n/ is O.N 2n3/. This

computational cost becomes very large when N is large. The reduction in computational com-
plexity is one of the motivations for the consideration of the Log-Euclidean distance [6], which
is defined by

dlogE.A;B/ D jj log.A/ � log.B/jjF : (2.55)

If A and B commute, that is if AB D BA, then the Log-Euclidean distance dlogE and the affine-
invariant Riemannian distance daiE coincide, that is

dlogE.A;B/ D daiE.A;B/ D jj log.A�1=2BA�1=2/jjF D jj log.A/ � log.B/jjF : (2.56)

Interpretations. There are (at least) two possible different interpretations for the Log-
Euclidean distance dlogE, as follows.



2.5. LOG-EUCLIDEANMETRIC 39
1. dlogE.A;B/ is an approximation of the affine-invariant Riemannian distance daiE.A;B/,

obtained by first projecting A and B , via the Riemannian log map, to the tangent space
TI .SymCC.n// at the identity, then computing the Euclidean distance between the pro-
jections.

2. dlogE.A;B/ is the geodesic distance of a Riemannian metric on SymCC.n/, namely the
Log-Euclidean metric, which was formulated in [6].

We discuss these interpretations in detail in Sections 2.5.1 and 2.5.2.
Computational complexity. To compute the distance dlogE.A;B/ as defined in

Eq. (2.55), we need to compute the principal matrix logarithms log.A/ and log.B/, which in-
volves computing the singular value decomposition (SVD) of A and B , with time complexity
O.n3/. However, a key difference between Eq. (2.55) and Eq. (2.41) is that in Eq. (2.55), A
and B are uncoupled. Thus, when computing all the pairwise distances fdlogE.Ai ; Aj /g

N
i;jD1 for

a set fAig
N
iD1 in SymCC.n/, we can first compute all the functions log.Ai /, 1 � i � N , sepa-

rately, then compute the distance matrix between them. The computational complexity of this
process is thus O.Nn3/, which is O.N/ times faster than that for the affine-invariant Rieman-
nian distance daiE. Furthermore, it is straightforward to parallelize the computation of the set
flog.Ai /gNiD1, leading to faster actual running time of the overall algorithm.

2.5.1 LOG-EUCLIDEANDISTANCEASANAPPROXIMATIONOFTHE
AFFINE-INVARIANTRIEMANNIANDISTANCE

Let us now consider the first interpretation of the Log-Euclidean distance as defined in
Eq. (2.55).We recall that under the affine-invariant Riemannian metric, Eq. (2.40) states that at
the identity matrix I , the Riemannian log map is given by LogI .A/ D log.A/ 8A 2 SymCC.n/,
and Eq. (2.32) states that the norm on the tangent space TI .SymCC.n// at I is the Frobenius
norm, that is jjBjjI D jjBjjF 8B 2 Sym.n/. Thus,

jjLogI .A/ � LogI .B/jjI D jj log.A/ � log.B/jjF D dlogE.A;B/: (2.57)

Thus, dlogE.A;B/ is equal to the distance between the projections of A;B via the Rieman-
nian log map corresponding to the affine-invariant Riemannian metric onto the tangent space
TI .SymCC.n// at the identity. A geometrical visualization of this interpretation is depicted in
Figure 2.4.

Approximation via theCampbell-Baker-Hausdorff (CBH) formula. The following is a
more illuminating result illustrating the relationship between the affine-invariant Riemannian
distance daiE.A;B/ and the Log-Euclidean distance dlogE.A;B/ when A;B are sufficiently
close to the identity matrix I . It is based on the Campbell-Baker-Hausdorff (CBH) formula
[42], which states that for any two n � n matrices A;B sufficiently close to the zero matrix, the
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Tangent space

Manifold 

B

I

A

LogI (A) = log(A)

LogI (B) = log(B)

TI (Sym++(n))

Sym++(n)

Figure 2.4:The Log-Euclidean distance viewed as an approximation of the affine-invariant Rie-
mannian distance on SymCC.n/. Given two matrices A;B 2 SymCC.n/, log.A/ D LogI .A/
and log.B/ D LogI .B/ are the projections of A and B , respectively, onto the tangent space
TI .SymCC.n// at the identity matrix I . The Log-Euclidean distance dlogE.A;B/ D jj log.A/ �

log.B/jjF is thus the distance between log.A/ and log.B/ in the tangent space TI .SymCC.n//

and can thus be considered as an approximation of the affine-invariant Riemannian distance
daiE.A;B/ between A and B on the manifold SymCC.n/.

following series expansion converges:

exp.A/ exp.B/ D exp
�
AC B C

1

2
ŒA;B�C

1

12
ŒA; ŒA;B��C

1

12
ŒB; ŒB;A��C � � �

�
; (2.58)

where ŒA; B� D AB � BA denote the commutator of A and B . Since

A�1=2BA�1=2
D exp.�1=2 log.A// exp.log.B// exp.�1=2 log.A//;

when A;B 2 SymCC.n/ are sufficiently close to the identity matrix, so that log.A/ and log.B/
are close to the zero matrix, by applying the Campbell-Baker-Hausdorff formula twice, we ob-
tain the following convergent series expansion

log.A�1=2BA�1=2/

D � log.A/C log.B/ �
1

24
Œlog.A/; Œlog.A/; log.B/�� � 1

12
Œlog.B/; Œlog.B/; log.A/��C � � �
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From this expansion, we obtain the following result (see also [120] for a detailed derivation and
[6] for a comparable result).

Theorem 2.11 For any pair of matrices A;B 2 SymCC.n/ sufficiently close to the identity matrix
I ,

jj log.A�1=2BA�1=2/jj2F D jj log.A/ � log.B/jj2F
C

1

12
tr fŒlog.A/; Œlog.A/; log.B/��.log.A/ � log.B//g

C
1

6
tr fŒlog.B/; Œlog.B/; log.A/��.log.A/ � log.B//g C � � � : (2.59)

Thus, by taking only the first term in Eq. (2.59) and truncating the rest, we obtain the
Log-Euclidean distance dlogE.A;B/ as an approximation of the affine-invariant Riemannian
distance daiE.A;B/ when A;B are sufficiently close to the identity matrix I .

Caveat. While this viewpoint is intuitive and geometrically appealing, further interpre-
tations based upon it need to be made with careful considerations. For example, the fact that A
and B are both projected onto the tangent space TI .SymCC.n// at the identity matrix I may
give the impression that the farther A and B are to the identity matrix I , the farther the Log-
Euclidean distance dlogE.A;B/ is to the affine-invariant Riemannian distance daiE.A;B/. This
is not necessarily true in general. We illustrate this phenomenon via the following example.

Let A;B 2 SymCC.n/, with the eigenvalues of A and B being f.1C �Aj /g
n
jD1 and f.1C

�Bj /g
n
jD1, respectively, where �Aj > 0; �Bj > 0, 1 � j � n. The distances between A and the iden-

tity matrix I and between B and I are then given by

daiE.I; A/ D dlogE.I; A/ D jj log.A/jjF D

vuut nX
jD1

log2.1C �Aj /;

daiE.I; B/ D dlogE.I; B/ D jj log.B/jjF D

vuut nX
jD1

log2.1C �Bj /:

By choosing �Aj ; �Bj arbitrarily small, we can make A and B as close to the identity matrix I as
we wish.

We consider now any scalar s > 0 along with the scaled matrices sA and sB. We have

daiE.I; sA/ D dlogE.I; sA/ D jj log.sA/jjF D

vuut nX
jD1

log2Œs.1C �Aj /�;

daiE.I; sB/ D dlogE.I; sB/ D jj log.sB/jjF D

vuut nX
jD1

log2Œs.1C �Bj /�:
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By choosing s arbitrarily large, we canmake the matrices sA and sB as far away from the identity
matrix I as we wish.

On the other hand, by scale invariance, we always have

daiE.sA; sB/ D daiE.A;B/; dlogE.sA; sB/ D dlogE.A;B/ 8s > 0:

Thus, in this example, both the Log-Euclidean distance and the affine-invariant Rieman-
nian distance between sA and sB remain the same, no matter how far or how close both sA and
sB are from the identity matrix I .

2.5.2 LOG-EUCLIDEANDISTANCEASARIEMANNIANDISTANCE
Consider now the second interpretation, in which the Log-Euclidean distance is the geodesic
distance of a Riemaian metric on SymCC.n/, the so-called Log-Euclidean metric, as formu-
lated by [6]. This metric arises from the following commutative Lie group multiplication on
SymCC.n/,

ˇ W SymCC.n/ � SymCC.n/ ! SymCC.n/;

Aˇ B D exp.log.A/C log.B//: (2.60)

The Log-Euclidean metric is a bi-invariantRiemannian metric on .SymCC.n/;ˇ/, in the sense
that the Riemannian distance on SymCC.n/ under thismetric is invariant under theˇ operation,
that is

dlogEŒ.Aˇ C/; .B ˇ C/� D dlogEŒ.C ˇ A/; .C ˇ B/�

D dlogE.A;B/; 8C 2 SymCC.n/; (2.61)

as can be readily verified (we refer to, e.g., [28] for a more abstract definition of the concept of
bi-invariant metrics).

Riemannianmetric. Under the Log-Euclidean metric, the inner product on the tangent
space TP .SymCC.n// Š Sym.n/, P 2 SymCC.n/, is given by (see [6], cf. Eq. (2.29))

hV;W iP D hD log.P /.V /;D log.P /.W /iI ; V;W 2 Sym.n/; (2.62)

where h ; iI is any inner product on TI .SymCC.n// and D log denotes the Fréchet derivative
of the function log W SymCC.n/ ! Sym.n/. For the definition of the Fréchet derivative, see
Appendix A.3. The analytical expression for D log.P / W Sym.n/ ! Sym.n/ is complicated in
general, see Eq. (A.17) in Appendix A.3, with the exception of the case P D I , when one
has D log.I / D id. Fortunately, in the present context, knowledge of D log is not necessary
for computing the geodesic curve, under the Log-Euclidean metric, between two points on
SymCC.n/ or their Riemannian distance.

The length jj jjP corresponding to the metric in Eq. (2.62) on the tangent space at P is
given by (cf. Eq. (2.31))

jjV jjP D jjD log.P /.V /jjI ; V 2 Sym.n/: (2.63)
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Geodesic curve. The geodesic curve 
 W Œ0; 1� ! SymCC.n/ joining two points A;B 2

SymCC.n/, with 
.0/ D A; 
.1/ D B , is given by (cf. Eq. (2.37))


AB.t/ D expŒ.1 � t / log.A/C t log.B/�: (2.64)

Riemannianexponential and logarithmmaps.TheRiemannian exponential mapExpP W

Sym.n/ ! SymCC.n/ then has the form (cf. Eq. (2.38))

ExpP .V / D expŒlog.P /CD log.P /.V /�: (2.65)

The inverse Riemannian log map LogP W SymCC
! TP .SymCC.n// Š Sym.n/ is given by (cf.

(2.39))
LogP .A/ D D exp.log.P //Œlog.A/ � log.P /�; A 2 SymCC.n/: (2.66)

In particular, at the identity matrix I ,

ExpI .V / D exp.V /; LogI .A/ D log.A/; V 2 Sym.n/; A 2 SymCC.n/: (2.67)

Thus, the Riemannian exponential and logarithm maps for the Log-Euclidean metric at the
identity I coincide with those for the affine-invariant Riemannian metric (cf. Eq. (2.40)).

Geodesic distance. By Eqs. (2.26), (2.66), and (2.31), the geodesic distance between A
and B is given by

dlogE.A;B/ D jjLogA.B/jjA D jj log.A/ � log.B/jjI : (2.68)

Equivalently, since the geodesic joining A;B is unique, with length equal to the Riemannian
distance between A and B , by Eqs. (2.18) and (2.64),

dlogE.A;B/ D L.
AB/ D

Z 1

0

jj P
AB.t/jj
AB .t/dt D jj log.A/ � log.B/jjI :

Vector space structure of SymCC.n/. Together with the group operation ˇ, one can also
define the following scalar multiplication on SymCC.n/ [6]

~ W R � SymCC.n/ ! SymCC.n/;

�~ A D exp.� log.A// D A�; � 2 R: (2.69)

Endowed with the commutative group multiplication ˇ and the scalar multiplication ~, the
axioms of vector space can be readily verified to show that .SymCC.n/;ˇ;~/ is a vector space
[6].

Inner product space structure on SymCC.n/. On top of the vector space structure
.SymCC.n/;ˇ;~/, we can define the following Log-Euclidean inner product:

hA;BilogE D hlog.A/; log.B/iF D trŒlog.A/ log.B/� (2.70)
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along with the corresponding Log-Euclidean norm

jjAjj
2
logE D hlog.A/; log.A/iF D trŒlog2.A/�: (2.71)

The axioms of inner product, namely symmetry, positivity, and linearity with respect to the
operations .ˇ;~/ can be verified to show that

.SymCC.n/;ˇ;~; h ; ilogE/: (2.72)

is an inner product space. This inner product space structure was first discussed in [72]. In terms
of the Log-Euclidean inner product and Log-Euclidean norm, the Log-Euclidean distance
dlogE in Eq. (2.68) is expressed as

dlogE.A;B/ D jj log.A/ � log.B/jjF D jjAˇ B�1
jjlogE

D

q
hAˇ B�1; Aˇ B�1ilogE: (2.73)

Zero curvature. Since the Log-Euclidean distance is induced by the Log-Euclidean inner
product in the space .SymCC.n/;ˇ;~; h ; ilogE/, it follows that as a Riemannian manifold,
SymCC.n/ under the Log-Euclidean metric is flat, that is it has zero sectional curvature.

2.5.3 LOG-EUCLIDEANVS. EUCLIDEAN
Continuing with the previous discussion, it can be verified that

log W .SymCC.n/;ˇ;~; h ; ilogE/ ! .Sym.n/;C; �; h ; iF /

A ! log.A/ (2.74)

is an isometrical isomorphism between inner product spaces, where .C; �/ denote the standard
matrix addition and scalar multiplication operations, respectively. One can say that the Log-
Euclidean metric essentially flattens SymCC.n/ via the map A ! log.A/.

While making SymCC.n/ into an inner product space, it is important to point out that
the Log-Euclidean metric is fundamentally different from the Euclidean metric. We emphasize
that the vector space operations .ˇ;~/ are not the vector space operations in the Euclidean
case, namely .C; �/, and .SymCC.n/;ˇ;~/ is not a vector subspace of the Euclidean space
.Sym.n/;C; �/. The crucial differences between the Log-Euclidean and Euclidean distances can
be seen more clearly through their invariance properties, as follows.

Properties of the Log-Euclidean distance vs. the Euclidean distance. The Log-
Euclidean distance dlogE no longer satisfies the full affine-invariance property as in Eq. (2.43),
but it still satisfies many special invariances, including scale invariance, unitary invariance, and
invariance under inversion.

1. Scale invariance. For any scalar s > 0, since log.sA/ D .log.s//I C log.A/, we immedi-
ately have

dlogE.sA; sB/ D dlogE.A;B/: (2.75)
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In contrast, the Euclidean distance jjA � BjjF is clearly not scale-invariant.

2. Unitary invariance. For any invertible matrix C 2 Rn�n with C T D C�1, that is C is a
unitary matrix,

dlogE.CAC
T ; CBC T / D dlogE.A;B/; C TC D I: (2.76)

Among all the properties listed here, this is the only one that the Euclidean distance shares
with the Log-Euclidean distance.

3. Invariance under inversion. Since log.A�1/ D � log.A/, we immediately have

dlogE.A
�1; B�1/ D dlogE.A;B/: (2.77)

In contrast, the Euclidean distance jjA � BjjF is clearly not inversion-invariant.

4. Complete metric space. Since dlogE is the distance induced by an inner product on
SymCC.n/, it follows that .SymCC.n/; dlogE/ is a complete metric space. In contrast, with
the Euclidean distance, .SymCC.n/; jj jjF / is an incomplete metric space.

Thus, in settings that require scale invariance or inversion invariance, for instance, the be-
havior of the Log-Euclidean distance will be very different from that of the Euclidean distance.
We compare their empirical performances in kernel methods in Chapter 3.

2.6 BREGMANDIVERGENCES
So far we have discussed the affine-invariant Riemannian distance daiE and the Log-Euclidean
distance dlogE, both of which are geodesic distances of Riemannian metrics on SymCC.n/. We
now turn to the second approach, namely Bregman divergences, in which one defines distance-
like functions based on the convex cone structure of SymCC.n/. We focus in particular on
the Log-Determinant divergences, which are obtained based on the strictly convex function
�.X/ D � log det.X/, X 2 SymCC.n/. The Log-Determinant divergences are not Riemannian
distances on SymCC.n/ and, apart from special cases such as the symmetric Stein divergence,
they are generally not metric distances, since in general they only satisfy the positivity axiom
in the definition of a metric. However, they possess many theoretical properties similar to the
affine-invariance Riemannian distance, can be computed efficiently, and have been shown to
work well in diverse applications [18, 21, 60, 110, 111].

We first recall the concept of Bregman divergence [13]. Let� � Rn be a convex set and � W

� ! R be a differentiable and strictly convex function, then it defines the following divergence
function on �

B�.x; y/ D �.x/ � �.y/ � hr�.y/; x � yi: (2.78)
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In particular, for � D Rn and �.x/ D jjxjj2, we obtain the squared Euclidean distance
B�.x; y/ D jjx � yjj2. More generally, � defines following family of divergences [132],
parametrized by a parameter ˛ 2 R:

d˛� .x; y/ D
4

1 � ˛2

�
1 � ˛

2
�.x/C

1C ˛

2
�.y/ � �

�
1 � ˛

2
x C

1C ˛

2
y

��
; (2.79)

with d˙1
� defined as the limits of d˛� as ˛ ! ˙1. In fact, we have

d1� .x; y/ D lim
˛!1

d˛� .x; y/ D B�.x; y/; (2.80)
d�1
� .x; y/ D lim

˛!�1
d˛� .x; y/ D B�.y; x/: (2.81)

In general, it can be readily verified that d˛� can be expressed in terms of the Bregman divergence
B� 8˛ 2 R, as follows:

d˛� .x; y/ D
4

1 � ˛2

�
1 � ˛

2
B�

�
x;
1 � ˛

2
x C

1C ˛

2
y

�
C
1C ˛

2
B�

�
y;
1 � ˛

2
x C

1C ˛

2
y

��
:

(2.82)

In our current context, we consider� D SymCC.n/ together with the strictly convex func-
tion �.X/ D � log det.X/, X 2 SymCC.n/, resulting in the Log-Determinant divergences on
SymCC.n/, which we discuss next.

2.6.1 LOG-DETERMINANTDIVERGENCES
We now consider the Alpha Log-Determinant (or Log-Det for short) divergences on
SymCC.n/. These are motivated by Ky Fan’s inequality [32] on the log-concavity of the ma-
trix determinant function on SymCC.n/ which states that

detŒ˛AC .1 � ˛/B� � det.A/˛ det.B/1�˛;

8A;B 2 SymCC.n/; 0 � ˛ � 1: (2.83)

For 0 < ˛ < 1, equality happens if and only if A D B .
Thus, the function �.X/ D � log det.X/ is strictly convex on SymCC.n/. Hence, based

on Eq. (2.79), we obtain the Alpha Log-Determinant divergences, which are a parametrized
family of divergences defined by [18]

d˛logdet.A;B/ D
4

1 � ˛2
log

"
det.1�˛

2
AC

1C˛
2
B/

det.A/ 1�˛
2 det.B/ 1C˛

2

#
; �1 < ˛ < 1; (2.84)

with the limiting cases ˛ D ˙1, obtained via L’Hopital’s rule, given by

d1logdet.A;B/ D lim
˛!1

d˛logdet.A;B/ D tr.B�1A � I / � log det.B�1A/; (2.85)
d�1

logdet.A;B/ D lim
˛!�1

d˛logdet.A;B/ D tr.A�1B � I / � log det.A�1B/: (2.86)
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By Ky Fan’s inequality, the Alpha Log-Det divergences satisfy the positivity properties of dis-
tance functions, namely

d˛logdet.A;B/ � 0; (2.87)
d˛logdet.A;B/ D 0 ” A D B: (2.88)

Instead of symmetry, d˛logdet satisfies the so-called dual symmetry property (see [18]), which states
that

d˛logdet.A;B/ D d�˛
logdet.B;A/: (2.89)

In particular, d˛logdet is symmetric if and only if ˛ D 0, that is

d0logdet.A;B/ D d0logdet.B;A/: (2.90)

The symmetric divergence d0logdet, which is also called the symmetric Stein divergence or Jensen-
Bregman LogDet divergence, has been studied extensively, from both mathematical and prac-
tical perspectives, see, e.g., [18, 21, 60, 110, 111]. In particular, it is shown in [110, 111]
that

q
d0logdet.A;B/ also satisfies the triangle inequality, thus making it a metric on SymCC.n/.

Specifically, we have the following result.

Theorem 2.12 [110, 111]. The function dstein W SymCC.n/ � SymCC.n/ ! RC, defined by

dstein.A;B/ D
1

2

q
d0logdet.A;B/ D

vuutlog
det.ACB

2
/p

det.A/det.B/
; (2.91)

is a metric on SymCC.n/.

Invariance properties. The Alpha Log-Det divergences d˛logdet possess many invariance
properties as the affine-invariant Riemannian distance daiE, including the following.

1. Affine invariance. For any invertible matrix C 2 Rn�n,

d˛logdet.CAC
T ; CBC T / D d˛logdet.A;B/: (2.92)

2. Scale invariance. In particular, for C D
p
sI , with s > 0, affine invariance becomes scale

invariance, that is

d˛logdet.sA; sB/ D d˛logdet.A;B/: (2.93)

3. Unitary invariance. For C T D C�1, that is C is a unitary matrix,

d˛logdet.CAC
T ; CBC T / D d.A;B/; C TC D I: (2.94)
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4. Dual invariance under inversion. Instead of the invariance under inversion property of
daiE, in general d˛logdet satisfies the dual invariance under inversion property, which states
that

d˛logdet.A
�1; B�1/ D d�˛

logdet.A;B/: (2.95)

In particular, d˛logdet satisfies invariance under inversion if and only if ˛ D 0, that is

d0logdet.A
�1; B�1/ D d0logdet.A;B/: (2.96)

Computational complexity. For �1 < ˛ < 1, the Log-Det divergences can be written as

d˛logdet.A;B/ D
4

1 � ˛2
log det

�
1 � ˛

2
AC

1C ˛

2
B

�
�

2

1C ˛
log det.A/ �

2

1 � ˛
log det.B/: (2.97)

Thus, computing d˛logdet.A;B/ requires the computation of the log det function of threematrices
in SymCC.n/. We first note that the direct computation of log det.A/, A 2 SymCC.n/, is in
general only feasible when n is relatively small, typically due to overflow/underflow errors in
computing det.A/ when n is large. Fortunately, log det.A/ can be carried out efficiently via the
Cholesky decomposition as follows. We recall that any matrix A 2 SymCC.n/ admits a unique
Cholesky decomposition, which has the form

A D U TU; U upper triangular;

where all the diagonal entries of U are positive. Thus, it follows that

det.A/ D Œdet.U /�2 ) log det.A/ D 2 log det.U / D 2tr log.diag.U //; (2.98)

so that only the diagonal entries of U are needed for computing log det.A/. Since the computa-
tional complexity of the Cholesky decomposition isO.n3/ [43], the overall computational com-
plexity for computing d˛logdet.A;B/ is O.n3/. Since A and B are coupled together in Eq. (2.97),
for a set of N matrices fAj gNjD1 in SymCC.n/, the computational complexity required for com-
puting the matrix of all pairwise divergences fd˛logdet.Ai ; Aj /g

N
i;jD1 is O.N 2n3/.

2.6.2 CONNECTIONWITHTHERÉNYI ANDKULLBACK-LEIBLER
DIVERGENCES

We now show that the Alpha Log-Det divergences d˛logdet are equivalent, up to a multiplicative
constant factor, to the Rényi divergences, for�1 < ˛ < 1, and the Kullback-Leibler divergences,
for ˛ D ˙1, between two multivariate normal density functions on Rn with zero means.
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Let P1; P2 be two Borel probability density functions on Rn. For 0 < r < 1 fixed, the

Rényi divergence [99] of order r between P1 and P2 is defined to be

d rR.P1; P2/ D �
1

1 � r
log

Z
Rn

P1.x/
rP2.x/

1�rdx: (2.99)

As r ! 1, the Rényi divergence becomes the Kullback-Leibler divergence [61] between P1 and
P2, which is given by

dKL.P1; P2/ D

Z
Rn

P1.x/ log P1.x/
P2.x/

dx: (2.100)

For two multivariate normal density functions P1 � N .0; C1/ and P2 � N .0; C2/, with zero
means and covariance matrices C1 and C2, respectively, the Rényi divergence has the following
closed form (see, e.g., [91], note that we follow the original definition of Rényi in [99], which
differs from the definition in [91] by a multiplication factor of 1=r)

d rR.P1; P2/ D
1

2.1 � r/
log

�detŒ.1 � r/C1 C rC2�

det.C1/1�r det.C2/r

�
D
r

2
d
.2r�1/
logdet .C1; C2/; (2.101)

and the Kullback-Leibler divergence has the following closed form

dKL.P1; P2/ D
1

2
Œtr.C�1

2 C1 � I / � log det.C�1
2 C1/� D

1

2
d1logdet.C1; C2/: (2.102)

By dual invariance under inversion, we have d�1
logdet.C1; C2/ D d1logdet.C

�1
1 ; C�1

2 /, so that

dKL.N .0; C�1
1 /;N .0; C�1

2 // D
1

2
d�1

logdet.C1; C2/: (2.103)

Thus, for all ˛, �1 < ˛ � 1, d˛logdet.C1; C2/ is equivalent to a Rényi divergence (up to a mul-
tiplicative constant factor) between two multivariate normal density functions on Rn with
zero means and covariances C1 and C2, respectively. For ˛ D �1, d�1

logdet.C1; C2/ is twice the
Kullback-Leibler divergence between two multivariate normal density functions on Rn with
zero means and covariances C�1

1 and C�1
2 , respectively.

2.7 ALPHA-BETALOG-DETDIVERGENCES
Both the affine-invariant Riemannian distance and the Alpha Log-Det divergences are them-
selves special cases of a more general family of divergences on SymCC.n/, namely the Alpha-
Beta Log-Det divergences [22], which are defined by

D.˛;ˇ/.A;B/ D
1

˛ˇ
log det

"
˛.AB�1/ˇ C ˇ.AB�1/�˛

˛ C ˇ

#
; ˛ > 0; ˇ > 0: (2.104)



50 2. GEOMETRYOF SPDMATRICES
The affine-invariant Riemannian distance is then obtained via the limit

lim
˛!0

D.˛;˛/.A;B/ D
1

2
jj log.A�1=2BA�1=2/jj2F D

1

2
d2aiE.A;B/: (2.105)

The Alpha Log-Det divergences can be readily verified to be special cases of the Alpha-Beta
Log-Det divergences, with

d˛logdet.A;B/ D D. 1�˛
2 ; 1C˛

2 /.A;B/: (2.106)

Invariances. The Alpha-Beta Log-Det divergences are affine-invariant and in the case
˛ D ˇ, are also inversion-invariant (see [22]).

Computational complexity. Let f�kgn
kD1

be the eigenvalues of AB�1, which are all pos-
itive, then

D.˛;ˇ/.A;B/ D
1

˛ˇ

nX
kD1

log
 
˛�

ˇ

k
C ˇ��˛

k

˛ C ˇ

!
: (2.107)

This is the expression that is used to computeD.˛;ˇ/.A;B/ in an actual implementation, except
for the case ˇ D 1 � ˛, when D.˛;1�˛/.A;B/ D d1�2˛

logdet.A;B/, which can be computed via the
Cholesky decomposition, without the need to compute the eigenvalues of AB�1. In general, for
ˇ ¤ 1 � ˛, since it depends on the eigenvalues f�kgn

kD1
of AB�1, the computational complex-

ity of D.˛;ˇ/.A;B/ is essentially the same as that of the affine-invariant Riemannian distance
daiE.A;B/, that is O.n3/. For a set fAig

N
iD1 of N matrices in SymCC.n/, the computational

complexity required for computing the matrix of all pairwise divergences fD.˛;ˇ/.Ai ; Aj /g
N
i;jD1

is O.N 2n3/.

2.8 POWEREUCLIDEANMETRICS
In [29], the authors proposed the following parametrized family of distances on SymCC.n/

d˛.A;B/ D
1

˛
jjA˛ � B˛jjF ; ˛ > 0 (2.108)

with the case ˛ D 0 obtained via the following limit, which is precisely the Log-Euclidean dis-
tance.

Lemma 2.13 For A;B 2 SymCC.n/,

lim
˛!0

d˛.A;B/ D jj log.A/ � log.B/jjF : (2.109)

One advantage of the power Euclidean metrics is that for ˛ > 0, they are valid also for the
case A;B are positive semi-definite matrices, without the need to carry out any regularization.
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However, we note also that for ˛ > 0, they do not share the same invariance properties of the
Log-Euclidean distance. In particular, they are neither scale-invariant nor inversion-invariant.

Thus, the power Euclidean metrics do not generalize the Log-Euclidean metrics in the
same way that the Alpha-Beta Log-Determinant divergences generalize the affine-invariant
Riemannian distance. In terms of computational complexity, for ˛ … N, the power-Euclidean
metrics also require the SVD of A and B , and thus have the same computational complexity as
the Log-Euclidean metric.

2.9 DISTANCESANDDIVERGENCESBETWEEN
EMPIRICALCOVARIANCEMATRICES

Let X D Œx1; : : : ; xm� 2 Rn�m, Y D Œy1; : : : ; ym� 2 Rn�m be two data matrices and CX; CY their
corresponding n � n empirical covariance matrices. We can immediately compute their Eu-
clidean inner product and distance according to

hCX; CYiF D tr.C TX CY/ D tr.CXCY/; (2.110)
dE .CX; CY/ D jjCX � CYjjF : (2.111)

The computation of the non-Euclidean distances and divergences, namely the affine-invariant
Riemannian distance, Log-Euclidean distance, and Log-Det divergences, generally requires
some form of regularization, as we discuss next.

Regularization of empirical covariance matrices. In general, empirical covariance ma-
trices are only guaranteed to be positive semi-definite. Thus, in order to apply the theory and
techniques of SPD matrices to compute the non-Euclidean distances and divergences between
covariance matrices, it is generally necessary to employ some form of regularization to ensure
their positive definiteness. One of the most widely used form of regularization is .CX C 
I /, for
some regularization parameter 
 2 R; 
 > 0, where I is the n � n identity matrix. This form of
regularization is known as diagonal loading in the literature (see, e.g., [118], [31] for other forms
of regularization). Diagonal loading is straightforward to implement and readily generalizable
to the infinite-dimensional setting, as we show later in Chapter 5.

Thus, for two data matrices X D Œx1; : : : ; xm� 2 Rn�m and Y D Œy1; : : : ; ym� 2 Rn�m, in-
stead of computing the non-Euclidean distances/divergences between the covariance matrices
CX and CY, we compute the non-Euclidean distances/divergences between their corresponding
regularized versions .CX C 
I /; .CY C �I/, for some regularization parameters 
 > 0, � > 0
(note that 
 and � are not required to be the same).

For the affine-invariant Riemannian distance, we thus compute

daiEŒ.CX C 
I /; .CY C �I/� D jj logŒ.CX C 
I /�1=2.CY C �I/.CX C 
I /�1=2�jjF : (2.112)

For the Log-Euclidean distance, we compute

dlogEŒ.CX C 
I /; .CY C �I/� D jj log.CX C 
I / � log.CY C �I/jjF : (2.113)
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For the Log-Euclidean inner product, we compute

h.CX C 
I /; .CY C �I/ilogE D hlog.CX C 
I /; log.CY C �I/iF : (2.114)

For the Alpha Log-Det divergences, we compute

d˛logdetŒ.CX C 
I /; .CY C �I/� D
4

1 � ˛2
log

"
det.1�˛

2
.CX C 
I /C

1C˛
2
.CY C �I//

det.CX C 
I /
1�˛

2 det.CY C �I/
1C˛

2

#
;

� 1 < ˛ < 1; (2.115)
d1logdetŒ.CX C 
I /; .CY C �I/� D trŒ.CY C �I/�1.CX C 
I / � I �

� log detŒ.CY C �I/�1.CX C 
I /�; (2.116)
d�1

logdetŒ.CX C 
I /; .CY C �I/� D trŒ.CX C 
I /�1.CY C �I/ � I �

� log detŒ.CX C 
I /�1.CY C �I/�: (2.117)

The mathematical expressions in Eqs. (2.112), (2.113), (2.114), (2.115), (2.116), and (2.117)
are those that are computed in actual numerical experiments involving covariance matrices.

2.10 RUNNINGTIMECOMPARISON
In the previous sections, we have presented the computational complexities of the distances and
divergences considered in this chapter. In this section, we present the actual running time for the
computation of the Euclidean distance, Log-Euclidean distance, affine-invariant Riemannian
distance, and symmetric Stein divergence.

In order to do so, we carried out the following experiments.We generatedN data matrices
fXj gNjD1, for N D 500; 1000, and 5000. Each data matrix Xj , 1 � j � N , has size n �m where
n D 25 (corresponding to the number of features) and m D 1024 (corresponding to the number
of observations). The entries in each data matrix Xj are randomly generated according to the
Gaussian probability distribution N .0; 1/. The regularization parameter is set to be a fixed 
 D

10�8. We then computed the N �N matrix of all pairwise distances/divergences between all
the (regularized) covariance matrices CXj

associated with the data matrices Xj , 1 � j � N .
The actual running times (in seconds) are reported in Table 2.3. We stress that the running
time is both program-dependent and system-dependent. The current experiments were run using
MATLAB R2017a on a Dell Precision T5600, with two processors Intel Xeon E5-2620 and
32 GB RAM.

As can be seen from Table 2.3, the Euclidean distance is the fastest to compute, as ex-
pected, followed by the Log-Euclidean distance. Even though they have similar computational
complexities in the O./ notation, the Stein divergence is considerably faster to compute than
the affine-invariant Riemannian distance, which is the most computationally expensive. This is
because the Stein divergence involves the Cholesky decompositions, which are faster to com-
pute than the combination of matrix inversion and SVD required in the computation of the
affine-invariant Riemannian distance.
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Table 2.3: Comparison of running time for the different distances and divergences, in seconds,
using MATLAB R2017a, on a Dell Precision T5600, with two processors Intel Xeon E5-2620
and 32 GB RAM. We stress that the running time reported is implementation-dependent. Here
each covariance matrix is of size 25 � 25.

Number of Matrices Euclidean Log-Euclidean Stein Affi  ne-Invariant

500 0.149 0.162 1.076 6.334

1,000 0.2036 0.2625 3.010 22.279

5,000 1.121 1.270 64.732 601.586

Another important aspect to notice from Table 2.3 is the scaling of the running time with
respect to the number of data matrices N . According to the theoretical analysis of computa-
tional complexities, in both daiEŒ.CXi

C 
I /; .CXj
C 
I /� and dsteinŒ.CXi

C 
I /; .CXj
C 
I /�,

the covariance matrices CXi
and CXj

are uncoupled, and thus we need to carry out an SVD (for
daiE), or a Cholesky decomposition (for dstein) for each pair of covariance matrices. This requires
a loop of size O.N 2/. Thus the running time for the case N D 5000 should be about 25 times
the running time for the case N D 1000. This is indeed the case, as can be seen from Table 2.3.
On the other hand, as we noted before, in dlogEŒ.CXi

C 
I /; .CXj
C 
I /�, the covariance ma-

trices CXi
and CXj

are uncoupled, thus only a loop of sizeN is required for computing the SVD
and log function of each covariance matrix. Then, the Euclidean distances between the princi-
pal logarithms of the covariance matrices can be computed very efficiently via vectorized code
in MATLAB, leading to much faster running time, as can be observed in Table 2.3. The same
observation is true for dE .CXi

; CXj
/. Thus it is much more efficient to scale the Euclidean and

Log-Euclidean distances to large datasets than the affine-invariant Riemannian distance and
Stein divergence.

2.11 SUMMARY
In this chapter, we presented the following metrics and divergences on SymCC.n/.

• The Euclidean metric.

• The affine-invariant Riemannian metric and its close connection to the Fisher-Rao metric
on the manifold of multivariate Gaussian probability density functions with mean zero,
along with the corresponding affine-invariant Riemannian distance.

• The Log-Euclidean metric as a bi-invariant Riemannian metric, along with the corre-
sponding Log-Euclidean inner product structure on SymCC.n/. We also discussed the
alternative interpretation of the Log-Euclidean distance as an approximation of the affine-
invariant Riemannian distance.
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• The Alpha Log-Determinant divergences (which include the symmetric Stein divergence
as a special case) and their connections to the Kullback-Leibler and Rényi divergences
between multivariate Gaussian probability density functions with mean zero.

• The highly general Alpha-Beta Log-Det divergences, which include both the affine-
invariant Riemannian distance and Alpha Log-Determinant divergences as special cases,
and the power Euclidean distances, which include the Log-Euclidean distance as a special
case.

• We also discussed the different invariance properties, such as affine invariance and scale
invariance, along with the corresponding interpretations and motivations.

• We presented a comparison of the actual running time, in MATLAB, of the different
distances and divergences, showing that the Euclidean and Log-Euclidean distances are
the most efficient computationally, followed by the symmetric Stein divergence, and finally
the affine-invariant Riemannian distance.
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C H A P T E R 3

KernelMethods on Covariance
Matrices

Having represented images by covariance matrices, which from this point on we assume to be
SPD matrices, and presented various different notions of distances and divergences between
them, we now discuss some of the most important problems encountered in practical applica-
tions, namely classification and regression on SPD matrices. In machine learning, a prominent
paradigm for solving classification and regression problems is that of kernel methods [102, 104].
Since most traditional kernel methods employ positive definite kernels based on the Euclidean
metric, in order to exploit the non-Euclidean distances and divergences intrinsic to SPD ma-
trices, as described in Chapter 2, it is necessary to define new positive definite kernels based on
these distances and divergences. In this chapter, we describe these kernels and the corresponding
kernel methods.

3.1 POSITIVEDEFINITEKERNELSANDREPRODUCING
KERNELHILBERT SPACES

We first present a brief overview of the concepts of positive definite kernels and the associated
reproducing kernel Hilbert spaces (RKHS), which play a fundamental role in many areas of
machine learning, statistics, and applications. For more comprehensive treatment, we refer to
e.g., [4, 103, 104].

Positive definite kernels.LetX be an arbitrary non-empty set. A functionK W X � X !

R is said to be a real-valued positive definite kernel if it is symmetric, that is K.x; y/ D K.y; x/

8x; y 2 X , and satisfies

NX
i;jD1

aiajK.xi ; xj / � 0 (3.1)

for any set of points X D fxig
N
iD1 in X and any set of real numbers faig

N
iD1. In other words, the

N �N matrix KŒX� defined by .KŒX�/ij D K.xi ; xj / is symmetric, positive semi-definite. The
matrix KŒX� is called the Gram matrix induced by the kernel K on the set of points X.

The following are examples of some commonly used positive definite kernels in machine
learning.
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1. Gaussian kernel K.x; y/ D exp
�
�
1
�2 jjx � yjj2

�
, � ¤ 0, for x; y 2 Rn, n 2 N.

2. Generalized Gaussian kernels K.x; y/ D exp
�
�
1
�2 jjx � yjjp

�
, � ¤ 0, 0 < p � 2, for

x; y 2 Rn, n 2 N.

3. Polynomial kernels K.x; y/ D .hx; yi C c/d , c � 0, d 2 N, for x; y 2 Rn.

Reproducing kernel Hilbert spaces (RKHS). Each positive definite kernel K W X �

X ! R corresponds to a unique Hilbert space of real-valued functions on X as follows. For
each x 2 X , there corresponds a function Kx W X ! R defined by Kx.y/ D K.x; y/ 8y 2 X .
Consider the setH0 of all finite linear combinations of functions of the formKx , x 2 X , that is

H0 D

8<: NX
jD1

ajKxj
W aj 2 R; xj 2 X ; N 2 N

9=; : (3.2)

On H0, we define the following inner product*
NX
iD1

aiKxi
;

MX
jD1

bjKyj

+
HK

D

NX
iD1

MX
jD1

aibjK.xi ; yj /: (3.3)

From the assumption that K is a positive definite kernel, it can be verified that h ; iHK
is well-

defined as an inner product, that is it satisfies all the axioms of inner product, namely symmetry,
positivity, and linearity. Thus, .H0; h ; iHK

/ is an inner product space, with the corresponding
norm jj jjHK

. LetHK be the Hilbert completion ofH0, obtained by adding the limits of all the
Cauchy sequences inH0 under the norm jj jjHK

, thenHK is a Hilbert space of functions on X ,
called the reproducing kernel Hilbert space (RKHS) induced by the kernel K.

The reproducing property, which gives rise to the name RKHS, states that for all f 2 HK

and all x 2 X ,

f .x/ D hf;KxiHK
: (3.4)

The correspondence between the kernel K and the Hilbert space HK is one-to-one.

3.2 POSITIVEDEFINITEKERNELSONSPDMATRICES
In the following, we present positive definite kernels defined using the Euclidean metric, Log-
Euclidean metric, and symmetric Stein divergence on SymCC.n/. A summary of the kernels
commonly employed in practice is given in Table 3.1.
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Table 3.1: Common positive definite kernels defined using different distances, inner products,
and divergences on SymCC.n/

Kernels by Euclidean inner product and distance

K.A;B/ D .hA;BiF C c/d , c � 0, d 2 N
K.A;B/ D exp.� 1

�2 jjA � Bjj
p
F /, � ¤ 0, 0 < p � 2

Kernels by Log-Euclidean inner product and distance

K.A;B/ D .hlog.A/; log.B/iF C c/d , c � 0, d 2 N
K.A;B/ D exp.� 1

�2 jj log.A/ � log.B/jjpF /, � ¤ 0, 0 < p � 2

Kernels by Symmetric Stein divergence

K.A;B/ D expŒ��d2stein.A;B/�,
where

� 2 f
1
2
; 1; : : : ; n�1

2
g [ f� 2 R; � > n�1

2
g,

d2stein.A;B/ D log det.ACB
2
/ �

1
2

log det.AB/

3.2.1 POSITIVEDEFINITEKERNELSWITHTHEEUCLIDEANMETRIC
Since the set SymCC.n/ of n � n SPD matrices is an open subset of the Euclidean space
Rn�n, it automatically inherits the Euclidean metric on Rn�n, as discussed in Section 2.1. Thus,
SymCC.n/ also inherits all positive definite kernels that can be defined onEuclidean space, using
the Euclidean distance jjA � BjjF and Euclidean inner product hA;BiF , where A;B 2 Rn�n.

Some common positive definite kernels (or kernels for short) K W Rn�n � Rn�n ! R are
the following.

1. Polynomial kernels

K.A;B/ D .hA;BiF C c/d D Œtr.ATB/C c�d ; d 2 N; c � 0: (3.5)

2. Gaussian and Gaussian-like kernels

K.A;B/ D exp
�

�
1

�2
jjA � Bjj

p
F

�
; � ¤ 0; 0 < p � 2: (3.6)
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These kernels are straightforward to implement and efficient to compute. However, as discussed
in Chapter 2, they do not reflect the intrinsic geometry of the set SymCC.n/ and therefore tend
to be sup-optimal in practical applications.

3.2.2 POSITIVEDEFINITEKERNELSWITHTHELOG-EUCLIDEAN
METRIC

As we discussed in Section 2.5 in Chapter 2,

.SymCC.n/;ˇ;~; h ; ilogE/

is an inner product space, with the Log-Euclidean inner product hA;BilogE D

hlog.A/; log.B/iF and the corresponding Log-Euclidean norm jjAjjlogE D
p

hA;AilogE.
The Log-Euclidean distance is then dlogE.A;B/ D jjAˇ B�1jjlogE D jj log.A/ � log.B/jjF ,
where A;B 2 SymCC.n/.

Consequently, we can define positive definite kernels on SymCC.n/ using the inner prod-
uct h ; ilogE and the norm jj jjlogE. The following are the Log-Euclidean counterparts of the
Euclidean kernels in Section 3.2.1.

Theorem 3.1 The following kernelsK W SymCC.n/ � SymCC.n/ ! R are positive definite

K.A;B/ D .hA;BilogE C c/d D .hlog.A/; log.B/iF C c/d ; c � 0; d 2 N: (3.7)

K.A;B/ D exp
�

�
1

�2
jjAˇ B�1

jj
p
logE/

�
D exp

�
�
1

�2
jj log.A/ � log.B/jjpF

�
; � ¤ 0; 0 < p � 2: (3.8)

Remark 3.2 A proof of Theorem 3.1 can be found in [81]. The generalized Gaussian kernel
K in Eq. (3.8) in particular generalizes the results in [55, 56, 72], which show thatK is positive
definite for p D 2.

The key difference between kernels defined using the Log-Euclidean inner product
h ; ilogE and Log-Euclidean norm jj jjlogE, in contrast to the kernels defined using the Eu-
clidean inner product h ; iF and Euclidean norm jj jjF in Section 3.2.1, is that they are in-
trinsic to SymCC.n/. With these kernels, we can apply kernel methods, such as SVM, directly
on SymCC.n/. For a binary classification problem with input in SymCC.n/, for example, this
means that the decision boundary is a curve lying on SymCC.n/, instead of a surface in the much
larger ambient space Rn�n.
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3.2.3 POSITIVEDEFINITEKERNELSWITHTHE SYMMETRIC STEIN
DIVERGENCE

Among all the Alpha Log-Det divergences d˛logdet on SymCC.n/, as defined in Section 2.6.1,
only d0logdet is symmetric and furthermore,

q
d0logdet is a metric on SymCC.n/, that is it also

satisfies the triangle inequality, as shown in [110, 111]. It is then natural to ask whether one can
construct the Gaussian kernel using d0logdet. Following [110, 111], we define

d2stein.A;B/ D
1

4
d0logdet.A;B/ D log det

�
AC B

2

�
�
1

2
log det.AB/: (3.9)

Since this divergence does not arise from an inner product, it is far from trivial to deter-
mine whether the Gaussian kernel expŒ��d2stein.A;B/� is positive definite. It turns out that
expŒ��d2stein.A;B/� is positive definite for specific choices of � , as shown in the following re-
sult by Sra [110, 111].

Theorem 3.3 [110, 111]. The kernelK W SymCC.n/ � SymCC.n/ ! R, defined by

K.A;B/ D expŒ��d2stein.A;B/�; (3.10)

is positive definite if and only if � satisfies

� 2

�
1

2
; 1; : : : ;

n � 1

2

�
[

�
� 2 R; � >

n � 1

2

�
: (3.11)

Thus, general kernel methods are applicable on SymCC.n/ using the kernel K.A;B/ D

expŒ��d2stein.A;B/�, with � in the range specified in Theorem 3.3. However, when performing
parameter tuning on � , care needs to be taken to ensure that � remains in the specified range to
guarantee the positive definiteness of the kernel.

3.2.4 POSITIVEDEFINITEKERNELSWITHTHEAFFINE-INVARIANT
RIEMANNIANMETRIC

It is natural to ask whether one can construct a Gaussian kernel on SymCC.n/ using the affine-
invariant Riemannian distance daiE.A;B/ D jj log.A�1=2BA�1=2/jjF , A;B 2 SymCC.n/, that
is a kernel of the form

K.A;B/ D expŒ��d2aiE.A;B/�; � > 0: (3.12)

It turns out that K is positive definite for every value of � > 0 if and only if the Riemannian
manifold is flat, i.e., has zero sectional curvature, as shown in [38]. This is not the case with the
affine-invariant Riemannian metric, under which SymCC.n/ is a Riemannian manifold with
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nonpositive sectional curvature.Thus,K.A;B/ D expŒ��d2aiE.A;B/� cannot be positive definite
for every � > 0.

It would be of interest, both theoretically and practically, to determine whether the kernel
K.A;B/ D expŒ��d2aiE.A;B/� is positive definite for some value of � > 0, as is the case with the
symmetric Stein divergence (Theorem 3.3). However, at the time of writing, we are not aware
of any theoretical result of this kind.

3.3 KERNELMETHODSONCOVARIANCEMATRICES
Having constructed positive definite kernels on SymCC.n/, we can now apply directly on
SymCC.n/ any known kernel method, such as classification, regression, and kernel K-means.
The schematic diagram for SVM classification with kernels defined using the Log-Euclidean
distance is illustrated graphically in Figure 3.1 and procedurally in Algorithm 3.1. The Log-
Euclidean distance (Log-E stage) in Figure 3.1 can be replaced by the Euclidean distance and
inner product, the Log-Euclidean inner product, and the symmetric Stein divergence, with ap-
propriate values of the parameter � . Likewise, the final stage in Figure 3.1, namely SVM classi-
fication, can be replaced by any other kernel method. In the Log-Euclidean case, this approach
was proposed in [55, 56, 72, 120], with the linear kernel already being employed in [127].

We demonstrate the empirical performance of this framework on the task of image clas-
sification in the next section.

Images

Texture

Material

Fish

Log-EFeature
Extraction

Covariance
Matrix

Distance
Matrix

Kernel

e.g.,
Gaussian

SVM
Classification

Figure 3.1: Kernel methods for image classification with the Log-Euclidean metric.
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Algorithm 3.1Kernel machine on covariance matrices with the Log-Euclidean distance/Log-
Euclidean inner product, as depicted in Figure 3.1. Other alternative machines can be obtained
by using the Euclidean distance/Euclidean inner product/symmetric Stein divergence instead.
Input: Set of N data matrices Xi , 1 � i � N , each of size n �m

(For image classification, each image gives rise to one such data matrix Xi , with each column
being a feature vector extracted from the image. For simplicity, all regularization parameters 
i ’s
can be set to be the same.)
Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:
Positive definite kernel K
Regularization parameters 
i > 0, 1 � i � N

Procedure:

1. For data matrix Xi , 1 � i � N , compute the corresponding covariance matrix CXi
accord-

ing to Eq. (1.3).

2. For each pair of regularized covariance matrices .CXi
C 
iI / and .CXj

C 
j I /, compute
the corresponding Log-Euclidean distance, according to Eq. (2.113), or the corresponding
Log-Euclidean inner product, according to Eq. (2.114), using regularization parameters

i ; 
j , respectively.

3. Using kernel K, compute an N �N kernel matrix using the above Log-Euclidean dis-
tances, e.g., according to Eq. (3.8), or above Log-Euclidean inner products, e.g., according
to Eq. (3.7).

3.4 EXPERIMENTSON IMAGECLASSIFICATION
In this section, we present a set of empirical results obtained on the task of image classification
using the kernel framework with the Log-Euclidean metric, as depicted in Figure 3.1. These
experiments were carried out and reported in [76, 83, 84]. They will be compared with results
obtained later on using SVM classification with infinite-dimensional covariance operators in
Section 6.4.

3.4.1 DATASETS
The following are the two image classification tasks performed in the experiments, along with
the corresponding datasets.

Material classification. For this task, the KTH-TIPS2b dataset [14] was employed. This
dataset contains images of 11materials captured under 4 different illuminations, in 3 poses, and
at 9 scales. The total number of images for each sample in a category is 108, with 4 samples
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Figure 3.2: Samples from the four splits of the KTH-TIPS2b dataset [14].

Figure 3.3: Samples from the ETH-80 dataset [69].

per material. Figure 3.2 shows some sample images from this dataset. The same experimental
protocol as in [44] was employed. At the pixel at location .x; y/, the following 23-dimensional
low-level feature vector was extracted,

f.x; y/ D
�
R.x; y/;G.x; y/; B.x; y/; jG0;0.x; y/j; : : : jG3;4.x; y/j

�
; (3.13)

where R.x; y/;G.x; y/; B.x; y/ are the three color channels red, green, and blue, respectively,
and jGo;s.x; y/j are the 20Gabor filters at 4 orientations and 5 scales. For each sample, 3 images
were used for training, with the rest used for testing.Themean and the standard deviation values
for all the 4 splits of the dataset are reported.

Object recognition. For this task, the ETH80 dataset [69] was employed. This dataset
contains images of eight object categories: apples, cows, cups, dogs, horses, pears, tomatoes,
and cars. Each category includes ten object subcategories (e.g., various dogs) in 41 orientations,
resulting in 410 images per category. Figure 3.3 shows some sample images from this dataset.
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For the classification task 21 images were randomly chosen for training, with the rest used for
testing. This process was repeated 10 times. For this dataset, following [55], at each pixel the
following 5-dimensional feature vector was extracted

f.x; y/ D Œx; y; I.x; y/; jIxj; jIy j�; (3.14)

where I denotes the intensity function and Ix and Iy denote the partial derivative of I along
the x and y directions, respectively.

3.4.2 RESULTS
In Table 3.2, we report results obtained on the material classification task, using the KTH-
TIPS2b dataset, and the object recognition task, using the ETH-80 dataset. Here the classifi-
cation was carried out using LIBSVM [17] with the Gaussian kernels, using the Euclidean and
Log-Euclidean distances (Figure 3.1). All parameters were chosen by cross-validation. For com-
parison, we also list results obtained using the symmetric Stein divergence, under the Nearest
Neighbor approach. As can be seen from Table 3.2, on these two datasets, the Log-Euclidean
distance and symmetric Stein divergence, which are intrinsic to SymCC.n/, both considerably
outperform the extrinsic Euclidean distance.

Table 3.2: Experimental results obtained by SVM classification with the Gaussian kernels, de-
fined using the Euclidean (E) and Log-Euclidean (Log-E) distances, on the KTH-TIPS2b and
ETH-80 datasets. By comparison, the experiments Stein, using the symmetric Stein divergence,
were carried out using the Nearest Neighbor approach. The results in this table should be com-
pared with those in Table 6.3.

Method KTH-TIPS2b ETH-80

E 55.3%

(±7.6%)

64.4%

(±0.9%)

Stein [21] 73.1%

(±8.0%)

67.5%

(±0.4%)

Log-E 74.1%

(±7.4%)

71.1%

(±1.0%)

3.5 RELATEDAPPROACHES
In this chapter, we focused on positive definite kernels and in particular the SVM on covariance
matrices. In [55, 56], the authors also studied other commonly used kernel methods, including
kernel K-means, multiple kernel learning (MKL), and kernel PCA on SymCC.n/. We remark
that there is also a line of ongoing research that seeks to generalize other machine learning
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methods from the Euclidean setting to the manifold setting of SPD matrices, such as boosting
[123], sparse coding and dictionary learning [19, 20, 46, 72, 108, 129], metric learning [52, 74],
and dimensionality reduction [45].
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Covariance Operators and
Applications
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C H A P T E R 4

Data Representation by
Covariance Operators

In Chapter 1, we reviewed the data representation framework using finite-dimensional covari-
ance matrices, which encode linear correlations between input features. In this chapter, by em-
ploying the feature map viewpoint of kernel methods in machine learning, we generalize co-
variance matrices to infinite-dimensional covariance operators in RKHS. Since they encode
nonlinear correlations between input features, they can be employed as a powerful form of data
representation, which we explore in subsequent chapters.

From a geometrical viewpoint, kernel feature maps transform covariance matrices, which
lie on a finite-dimensional Riemannian manifold, into covariance operators, whose regularized
versions lie on an infinite-dimensional Riemannian manifold; see Figure 4.1. We study this
infinite-dimensional manifold structure in detail in Chapter 5.

INFINITE-DIMENSIONAL

RIEMANNIAN MANIFOLD

FINITE-DIMENSIONAL

RIEMANNIAN MANIFOLD

Figure 4.1: Feature maps, which are induced by positive definite kernels, transform covariance
matrices, which lie on the finite-dimensional Riemannian manifold SymCC.n/, into covariance
operators, whose regularized versions lie on an infinite-dimensional Riemannian manifold.
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Thematerial presented in this chapter follows that from [75, 76, 81], see also [16, 44, 135].

4.1 POSITIVEDEFINITEKERNELSANDFEATUREMAPS
A geometrically appealing view of positive definite kernels that is widely exploited in machine
learning and pattern recognition is that of feature spaces and feature maps. Specifically, if K W

X � X ! R is a positive definite kernel, then there exists a Hilbert space H, called a feature
space, and a map ˆ W X ! H, called a feature map, such that

K.x; y/ D hˆ.x/;ˆ.y/iH 8x; y 2 H: (4.1)

The following is a well-known example of feature maps. Consider the quadratic polynomial ker-
nel K W R2 � R2 ! R defined by K.x; y/ D hx; yi2 D .x1y1 C x2y2/

2. It can be readily veri-
fied, via a simple algebraic calculation, that the following is a 3-dimensional feature map for K,
with the feature space being R3,

ˆ W R2 ! R3; ˆ.x/ D .x21 ;
p
2x1x2; x

2
2/ 2 R3:

We see that ˆ.x/ is a quadratic, i.e., nonlinear function of the coordinates .x1; x2/ of x.
If K is a nonlinear kernel on Rn � Rn, then ˆ.x/ is necessarily a nonlinear function of

x and gives rise to the kernel trick, or kernelization in general, in machine learning. Any linear
algorithm, which is expressed in terms of the inner product hx; yi of input examples in Eu-
clidean space, can be transformed into a nonlinear algorithm, simply by replacing hx; yi with
hˆ.x/;ˆ.y/iH D K.x; y/ for some nonlinear kernel K.

In general, for any positive definite kernel K, from the definition of the RKHS HK and
the reproducing property, we have

K.x; y/ D Kx.y/ D hKx; KyiHK
8.x; y/ 2 X � X : (4.2)

It follows that the RKHS HK induced by K is a feature space associated with K, with corre-
sponding feature map ˆ W X ! HK , defined by

ˆ.x/ D Kx 8x 2 X : (4.3)

This is called the canonical feature map associated with K, see e.g., [82]. The paper [82] con-
tains many examples of feature maps, including analytical expressions in many cases, along with
further detailed discussion. In general, feature maps are not unique, but they are all essentially
equivalent to the canonical feature map.

For the Gaussian kernel on X � X , if X � Rn is a set with non-empty interior, then
dim.HK/ D 1 (see [77]), so that the feature map ˆ is infinite-dimensional. Hence ˆ.x/ is a
highly nonlinear function of x.

In general, whenever dim.HK/ D 1, so that the feature map ˆ is infinite-dimensional
(or high-dimensional, as in the case of polynomial kernels of high degrees), thenˆ.x/ is a highly
nonlinear function of x. We can then apply this property to define to covariance operators in
RKHS, which encode nonlinear correlations between input features.



4.2. COVARIANCEOPERATORS INRKHS 69

4.2 COVARIANCEOPERATORS INRKHS
Let us now generalize themean and covariancematrix in Section 1.2 via the infinite-dimensional
feature map ˆ.

Let X be an arbitrary non-empty set. Let .HK ; h; iHK
/ be the RKHS of functions on X

induced by K and ˆ W X ! HK be the corresponding canonical feature map given by

ˆ.x/ D Kx;

ˆ.x/.y/ D K.x; y/; 8.x; y/ 2 X � X : (4.4)

The reproducing property states that

f .x/ D hf;ˆ.x/iHK
; 8f 2 HK ; x 2 X ; (4.5)

hˆ.x/;ˆ.y/iHK
D K.x; y/; 8.x; y/ 2 X � X : (4.6)

RKHSmean and covariance operator. Assume that � is a Borel probability distribution
on X , with Z

X
jjˆ.x/jj2HK

d�.x/ D

Z
X
K.x; x/d�.x/ < 1: (4.7)

Under this assumption, the feature map ˆ W X ! HK induces the mean vector

�ˆ D

Z
X
ˆ.x/d�.x/ 2 HK ; (4.8)

which satisfies

h�ˆ; f iHK
D

Z
X

hf;ˆ.x/iHK
D

Z
X
f .x/d�.x/ D E�Œf � 8f 2 HK : (4.9)

Similarly, ˆ induces the covariance operator Cˆ W HK ! HK , defined by

Cˆ D

Z
X
.ˆ.x/ � �ˆ/˝ .ˆ.x/ � �ˆ/d�.x/ D

Z
X
ˆ.x/˝ˆ.x/d�.x/ � �ˆ ˝ �ˆ: (4.10)

Here for two vectors u; v 2 HK , the notation u˝ v denotes the rank-one operator u˝ v W

HK ! HK defined by .u˝ v/w D hv;wiHK
u 8w 2 HK . It is the generalization of the rank-

one matrix uvT in the case u; v 2 Rn. For any pair of functions f; g 2 HK , we then have

hf; CˆgiHK
D E�Œfg� � E�.f /E�.g/; (4.11)

hf; Cˆf iHK
D E�.f

2/ � ŒE�.f /�
2: (4.12)

When K is the linear kernel on Rn, that is K.x; y/ D hx; yi, then ˆ.x/ D x, HK D Rn, and
we readily recover the mean and covariance matrix in Section 1.2.
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The following is a key property of covariance operators, which, in the RKHS setting,

follows from Mercer’s Theorem for continuous positive definite kernel [25].

Theorem 4.1 Let X be a complete, separable metric space and K W X � X ! R be a continuous,
positive definite kernel. Let � be a Borel probability measure on X . Assume that Eq. (4.7) is satis-
fied. Then the covariance operator Cˆ W HK ! HK , as defined in Eq. (4.10), is a positive trace class
operator. In other words, Cˆ possesses a countable set of eigenvalues f�kg1

kD1
, �k � 0 8k 2 N, and

1X
kD1

�k < 1: (4.13)

Proof. See Appendix A.5. �

Separable RKHS. The hypotheses of Theorem 4.1 that X is a complete separable metric
space and K is continuous also imply that the RKHS HK is separable, that is it possesses a
countable orthonormal basis (see [113], Lemma 4.33).We take this as an underlying assumption
throughout the rest of the book.

Empirical mean and covariance operator. Let X D Œx1; : : : ; xm� be a data matrix ran-
domly sampled from X according to the probability distribution �, where m 2 N is the num-
ber of observations. The feature map ˆ gives rise to the following bounded linear operator
ˆ.X/ W Rm ! HK , defined by

ˆ.X/w D

mX
iD1

wiˆ.xi / D

mX
iD1

wiK.xi ; :/; w D .wi /
m
iD1 2 Rm: (4.14)

Its adjoint operator ˆ.X/� W HK ! Rm is given by

ˆ.X/�f D .hf;ˆ.xi /i/
m
iD1 D .f .xi //

m
iD1; f 2 HK : (4.15)

Given the data matrix X, the empirical mean vector corresponding to �ˆ is given by

�ˆ.X/ D
1

m

mX
iD1

ˆ.xi / D
1

m
ˆ.X/1m; where 1m D .1; : : : ; 1/T 2 Rm: (4.16)

Similarly, the empirical covariance operator corresponding to Cˆ is given by

Cˆ.X/ D
1

m

mX
iD1

ˆ.xi /˝ˆ.xi / � �ˆ.X/ ˝ �ˆ.X/: (4.17)

In terms of ˆ.X/, the empirical covariance operator is given by

Cˆ.X/ D
1

m
ˆ.X/Jmˆ.X/� W HK ! HK : (4.18)
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This can be readily seen as the generalization of the empirical covariancematrixCX in Section 1.1
via the feature map ˆ. In particular, if X D Rn and K.x; y/ D hx; yiRn , then Cˆ.X/ D CX.

Finite-rank operator. While Cˆ.X/ is an infinite-dimensional operator, it has finite rank,
which is at most m � 1, since rank.Jm/ D m � 1.

Infinite matrix viewpoint. Informally, both ˆ.X/ and Cˆ.X/ can be viewed as a (poten-
tially infinite) matrices as follows.

Given the data matrix X D Œx1; : : : ; xm�, one can view ˆ.X/ as the feature matrix

ˆ.X/ D Œˆ.x1/; : : : ; ˆ.xm/� (4.19)

of size dim.HK/ �m in the spaceHK , with each column being a vector inHK . With this view,
the operation ˆ.X/w in Eq. (4.14) can be viewed simply as a (matrix � vector) operation.

With the matrix viewpoint, the covariance operator Cˆ.X/ can then be viewed as the (po-
tentially infinite) covariance matrix associated with the feature matrix ˆ.X/ in the feature space
HK .

Connection between featuremaps andGrammatrices. Consider the m �mGram ma-
trixKŒX� defined by .KŒX�/ij D K.xi ; xj /, 1 � i; j � m, and the operatorˆ.X/�ˆ.X/ W Rm !

Rm. We have

Œˆ.X/�ˆ.X/�w D

0@ mX
jD1

wj hˆ.xi /; ˆ.xj /iHK

1Am
iD1

D

0@ mX
jD1

K.xi ; xj /wj

1Am
iD1

D KŒX�w; 8w 2 Rm: (4.20)

Thus, it follows that

ˆ.X/�ˆ.X/ D KŒX�: (4.21)

Similarly, if Y D Œy1; : : : ; ym� is another data matrix, then

ˆ.X/�ˆ.Y/ D KŒX;Y�; (4.22)

where .KŒX;Y�/ij D K.xi ; yj /, 1 � i; j � m.
These relations are employed in the subsequent computations of all distances and inner

products between RKHS covariance operators in Chapter 5.

4.3 DATAREPRESENTATIONBYRKHSCOVARIANCE
OPERATORS

Having definedRKHS covariance operators, let us describe how they can be used as a framework
for data representation. This framework is a generalization of the covariance matrix representa-
tion described in Section 1.1.
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For concreteness, let us focus on image representation. As in Section 1.1, for each image,

let X D Œx1; : : : ; xm� be the data matrix of size n �m, with each column being the vector of
features xi 2 Rn sampled at pixel i , 1 � i � m. Now let K W Rn � Rn ! R be a continuous
positive definite kernel, such as the Gaussian kernel. Then K induces a feature map ˆ W Rn !

HK , whereHK is the RKHS induced by K, which is a separable Hilbert space. As discussed in
the previous section, the map ˆ induces feature matrix in HK

ˆ.X/ D Œˆ.x1/; : : : ˆ.xm/�; (4.23)

which can be viewed informally as a (potentially infinite) matrix of size dim.HK/ �m, along
with the RKHS covariance operator

Cˆ.X/ D
1

m
ˆ.X/Jmˆ.X/� W HK ! HK ; (4.24)

which can be viewed informally as a (potentially infinite) matrix of size dim.HK/ � dim.HK/.
The original image is now represented by the covariance operator Cˆ.X/. If K is non-

linear, then ˆ.x/ is a nonlinear function of x 2 Rn and thus Cˆ.X/ encodes nonlinear correla-
tions between all the different extracted features. This representation is particularly rich when
dim.HK/ D 1, when the corresponding featureˆ.x/ is a highly nonlinear function of the orig-
inal input x.

Covariance matrix representation as a special case. For the linear kernel K.x; y/ D

hx; yi on Rn � Rn, we haveˆ.x/ D x and Cˆ.X/ D CX, so that we recover the covariance matrix
representation in Chapter 1.

Implicit and explicit representations. While the covariance matrix representation CX is
explicit, in general the exact RKHS covariance operator representation is implicit, that is neither
the infinite-dimensional feature matrix ˆ.X/ nor the infinite-dimensional covariance operator
Cˆ.X/ is explicitly computed. Instead, all the necessary computations involving ˆ.X/ and Cˆ.X/
are performed via the corresponding Gram matrices. This is the case for the all distances and
inner products between RKHS covariance operators in Chapter 5. However, to reduce compu-
tational complexity of the exact methods, we also carry out explicit finite-dimensional approxima-
tions of the feature matrix ˆ.X/ and covariance operator Cˆ.X/. This is the case of the approxi-
mate kernel methods on covariance operators in Chapter 6.

We next turn to the question of computing distances/similarity measures between covari-
ance operators in Chapter 5.



73

C H A P T E R 5

Geometry of Covariance
Operators

Having described the image representation framework by RKHS covariance operators, we now
describe the distances and divergences between covariance operators. These distances and di-
vergences can then be directly employed in a practical application, e.g., image classification.
We emphasize, however, that the concepts we present below are general and applicable in any
application involving the comparison of covariance operators.

Generalizing the finite-dimensional geometrical structures along with the correspond-
ing distances and inner products between covariance matrices in Chapter 2, in this chapter we
consider the following geometrical structures and the corresponding distances/divergences and
inner products between infinite-dimensional covariance operators.

1. TheHilbert-Schmidt distance and Hilbert-Schmidt inner product, which are the infinite-
dimensional generalizations, respectively, of the Euclidean distance and Euclidean inner
product. In particular, for RKHS covariance operators Cˆ.X/, which are Hilbert-Schmidt
operators, both the Hilbert-Schmidt distance and Hilbert-Schmidt inner product admit
closed form expressions via the corresponding Gram matrices.

2. The infinite-dimensional Hilbert manifold of positive definite Hilbert-Schmidt operators,
which is the infinite-dimensional generalization of the finite-dimensional smooth mani-
fold SymCC.n/ of SPD matrices. Each point on this manifold has the form AC 
I > 0,

 > 0, where A is a Hilbert-Schmidt operator. In particular, regularized RKHS covariance
operators .Cˆ.X/ C 
I /, 
 > 0, are positive definite Hilbert-Schmidt operators.

3. The affine-invariant Riemannian distance between positive definite Hilbert-Schmidt op-
erators, which is the infinite-dimensional generalization of the affine-invariant Rieman-
nian distance between SPDmatrices. In particular, for regularizedRKHS covariance oper-
ators .Cˆ.X/ C 
I /, 
 > 0, the affine-invariant Riemannian distance admits a closed form
expressions via the corresponding Gram matrices.

4. The Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt inner product between
positive definite Hilbert-Schmidt operators, which are the infinite-dimensional gener-
alizations, respectively, of the Log-Euclidean distance and Log-Euclidean inner prod-
uct between SPD matrices. In particular, for regularized RKHS covariance operators
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.Cˆ.X/ C 
I /, 
 > 0, both the Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt
inner product admit closed form expressions via the corresponding Gram matrices.

5. The infinite-dimensional convex cone of positive definite trace class operators, which also gen-
eralizes the finite-dimensional convex cone SymCC.n/ of SPDmatrices. However, in con-
trast to the finite-dimensional case, in the infinite-dimensional case, this convex cone is a
strict subset of the manifold of positive definite Hibert-Schmidt operators. Each point in
this cone has the form AC 
I > 0, 
 > 0, where A is a trace class operator. In particular,
regularized RKHS covariance operators .Cˆ.X/ C 
I /, 
 > 0, are positive definite trace
class operators.

6. The Alpha Log-Determinant divergences between positive definite trace class operators,
which are the infinite-dimensional generalizations of the Alpha Log-Determinant diver-
gences between SPD matrices. In particular, for regularized RKHS covariance operators
.Cˆ.X/ C 
I /, 
 > 0, which are positive definite trace class operators, the Alpha Log-
Determinant divergences admit closed form expressions via the corresponding Gram ma-
trices.

Among the three distances treated in this chapter, the Hilbert-Schmidt distance is ob-
tained by treating covariance operators as Hilbert-Schmidt operators, without taking into ac-
count their positivity. The other two distances, namely affine-invariant Riemannian and Log-
Hilbert-Schmidt distances, arise by viewing the set of positive definite Hilbert-Schmidt oper-
ators as an infinite-dimensional Riemannian manifold. They were developed in [64, 76, 78], see
also [81], and are the generalizations of, respectively, the affine-invariant Riemannian distance
and Log-Euclidean distance between SPD matrices to the infinite-dimensional setting. On the
other hand, the Alpha Log-Determinant divergences arise by viewing the set of positive defi-
nite trace class operators, a strict subset of the above manifold, as an infinite-dimensional convex
cone. They were formulated in [75] and are the generalizations of the Alpha Log-Determinant
divergences between SPD matrices in Section 2.6.1.

An important point that we wish to point out is that, in general, with the exception of the
Euclidean and Hilbert-Schmidt distances and inner products between RKHS covariance op-
erators, the distance/divergence/inner product formulas for the finite and infinite-dimensional
cases are different and the infinite-dimensional formulas are generally not the limits of the finite-
dimensional ones as the dimension approaches infinity. For RKHS covariance operators, all the
distances/divergences/inner products presented here admit closed forms in terms of Gram ma-
trices. Thus they are straightforward to implement and apply in practice. Summaries of the
concepts discussed in this chapter are presented in Tables 5.1 and 5.2.

Remark 5.1 Bregman divergences. In [44, 135], the authors considered several Bregman
divergences between infinite-dimensional RKHS covariance matrices and their applications
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Table 5.1: Several distances and inner products on theHilbertmanifold†.H/ of positive definite
Hilbert-Schmidt operators on an infinite-dimensional separable Hilbert space H

Hilbert-Schmidt operators
HS.H/ D fA W jjAjj2HS D

P1

kD1 jjAekjj2 < 1g

for any orthonormal basis fekg1
kD1

in H
Hilbert-Schmidt distance and inner product

dHS.A;B/ D jjA � BjjHS
hA;BiHS D tr.A�B/ D

P1

kD1hAek; Beki

A;B 2 HS.H/

Affine-invariant Riemannian distance
daiHSŒ.AC 
I /; .B C �I/� D jj logŒ.AC 
I /�1=2.B C �I/.AC 
I /�1=2/jjeHS

.AC 
I /; .B C �I/ 2 †.H/

Log-Hilbert-Schmidt distance and inner product
dlogHS.A;B/ D jj log.AC 
I / � log.B C �I/jjeHS

h.AC 
I /; .B C �I/ilogHS D hlog.AC 
I /; log.B C �I/ieHS
.AC 
I /; .B C �I/ 2 †.H/

Hilbert manifold †.H/ of positive definite Hilbert-Schmidt operators
†.H/ D fAC 
I > 0 W A D A�; A 2 HS.H/; 
 2 Rg

Tangent space at any point P 2 †.H/
TP .†.H// Š HR D fAC 
I W A D A�; A 2 HS.H/; 
 2 Rg

Extended Hilbert-Schmidt inner product
h.AC 
I /; .B C �I/ieHS D hA;BiHS C 
�

.AC 
I /; .B C �I/ 2 HR

in computer vision. These divergences were obtained by essentially kernelizing the finite-
dimensional versions, without considering the geometry of infinite-dimensional covariance op-
erators, and are, strictly speaking, valid for finite-dimensional RKHS.

In Section 5.3 below, we presents results developed in [75], which contains a rigorous
mathematical formulation for the infinite-dimensional AlphaLog-Determinant divergences be-
tween positive definite trace class operators, with closed form expressions in terms ofGrammatrices
for the case of RKHS covariance operators. This formulation generalizes the finite-dimensional
Alpha Log-Determinant divergences between SPD matrices in Section 2.6.1 and includes in
particular the infinite-dimensional Stein divergence as a special case. We have recently general-



76 5. GEOMETRYOFCOVARIANCEOPERATORS

Table 5.2: Alpha Log-Determinant divergences on the cone of positive definite trace class op-
erators on an infinite-dimensional separable Hilbert space H. Note that for simplicity, we have
only listed the formulas for the special case 
 D �. For the general case, see Section 5.3.

Trace class operators
Tr.H/ D fA W jjAjjtr D

P1

kD1hek; .A
�A/1=2eki < 1g

for any orthonormal basis fekg1
kD1

in H
tr.A/ D

P1

kD1 �k , f�kg1
kD1

= eigenvalues of A

Extended trace class operators
TrX.H/ D fAC 
I W A 2 Tr.H/; 
 2 Rg

Extended trace
trX.AC 
I / D 
 C tr.A/ D 
 C

P1

kD1 �k

Fredholm determinant
det.AC I / D

Q1

kD1.�k C 1/, A 2 Tr.H/
Extended Fredholm determinant

detX.AC 
I / D 
 detŒ.A=
/C I �, .AC 
I / 2 TrX.H/, 
 ¤ 0

Convex cone of positive definite trace class operators
PTr.H/ D fAC 
I > 0 W A� D A;A 2 Tr.H/; 
 2 Rg

Alpha Log-Determinant divergences
between .AC 
I /; .B C �I/ 2 PTr.H/ when 
 D �

d˛logdetŒ.AC 
I /; .B C 
I /� D
4

1�˛2 log
"

detX
�

1�˛
2 .AC
I/C 1C˛

2 .BC
I/
�

detX.AC
I/
1�˛

2 detX.BC
I/
1C˛

2

#
�1 < ˛ < 1

d1logdetŒ.AC 
I /; .B C 
I /� D trXŒ.B C 
I /�1.AC 
I / � I �

� log detXŒ.B C 
I /�1.AC 
I /�

d�1
logdetŒ.AC 
I /; .B C 
I /� D trX.AC 
I /�1.B C 
I / � I �

� log detXŒ.AC 
I /�1.B C 
I /�
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ized the formulation in [75] further to the infinite-dimensional Alpha-Beta Log-Determinant
divergences [79, 80] between positive definite Hilbert-Schmidt operators. These divergences gen-
eralize the finite-dimensional Alpha-Beta divergences in Section 2.7 and include the infinite-
dimensional affine-invariant Riemannian distance in Section 5.2 below as a special case. The
interested reader is referred to [75], [79], and [80] for the full mathematical detail.

5.1 HILBERT-SCHMIDTDISTANCE
Since covariance operators are trace class operators and hence Hilbert-Schmidt operators, a nat-
ural distance between them is the Hilbert-Schmidt distance, which is the infinite-dimensional
generalization of the Euclidean distance given by the Frobenius norm jj jjF .We first consider the
generalization of the Frobenius norm in Eq. (1.22) to the infinite-dimensional setting.Through-
out the following, let H denote a separable Hilbert space, that is it possesses a countable or-
thonormal basis, with dim.H/ D 1, unless explicitly stated otherwise.

Let us first recall the two closely related concepts of trace class and Hilbert-Schmidt
operators on H (see e.g., [98] for a comprehensive treatment). A bounded linear operator A W

H ! H is said to be trace class if for any orthonormal basis fekg1
kD1

in H,

jjAjjtr D

1X
kD1

hek; jAjeki D

1X
kD1

hek; .A
�A/1=2eki < 1; (5.1)

where jAj D .A�A/1=2 denotes the unique square root of the positive operatorA�A.The quantity
jjAjjtr is called the trace norm of A and is independent of the choice of the orthonormal basis
fekg1

kD1
.

Let Tr.H/ denote the set of all trace class operators on H. For A 2 Tr.H/, its trace is
defined to be

tr.A/ D

1X
kD1

hek; Aeki; (5.2)

which can be shown to be independent of the choice of the orthonormal basis fekg1
kD1

. A trace
class operator A is in particular a compact operator, so that it possesses a countable set of eigen-
values f�kg1

kD1
. A fundamental result linking the trace and eigenvalues of A is Lidskii’s Trace

Theorem (see e.g., [107]), which states that

tr.A/ D

1X
kD1

�k; (5.3)

which is a natural generalization of the corresponding finite-dimensional result on traces of
square matrices. One important point to note here is that if dim.H/ D 1, then the identity
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operator I is not trace class, since obviously

jjI jjtr D tr.I / D 1:

This fact plays a crucial role in the formulations of infinite-dimensional generalization of the
Alpha Log-Determinant divergences below.

A bounded linear operator A W H ! H is said to be a Hilbert-Schmidt operator if

jjAjj
2
HS D tr.A�A/ D

1X
kD1

jjAekjj
2 < 1; (5.4)

for any countable orthonormal basis fekgk2N in H. The quantity jjAjjHS is called the Hilbert-
Schmidt norm of A, which is the infinite-dimensional version of the Frobenius norm in
Eq. (1.22). Another important point to note here is that if dim.H/ D 1, then the identity
operator I is not Hilbert-Schmidt, since

jjI jjHS D 1:

This fact plays a crucial role in the formulations of infinite-dimensional generalization of the
affine-invariant and Log-Euclidean distances below.

Let HS.H/ denote the set of all Hilbert-Schmidt operators on H. The Hilbert-Schmidt
norm is the Hilbert space norm corresponding to the Hilbert-Schmidt inner product on HS.H/,
which is defined by

hA;BiHS D tr.A�B/ D

1X
kD1

hAek; Beki; A; B 2 HS.H/: (5.5)

Under this inner product and norm structure, HS.H/ itself forms a Hilbert space. For a self-
adjoint operator A 2 HS.H/, A is compact and hence possesses a countable spectrum f�kg1

kD1
,

with limk!1 �k D 0, and

jjAjj
2
HS D

1X
kD1

�2k < 1: (5.6)

Furthermore, assuming also that A is self-adjoint, then

jjAjj
2
HS D

1X
kD1

�2k �

 
1X
kD1

j�kj

!2
D jjAjj

2
tr:

Thus, if A 2 Tr.H/, so that jjAjjtr < 1, then also jjAjjHS < 1, so that A 2 HS.H/. The con-
verse is not true, however, as can be seen by taking the sequence f�k D

1
k

g1
kD1

, which sat-
isfies

P1

kD1
1
k2 D

�2

6
< 1 but

P1

kD1
1
k

D 1. Hence, the corresponding operator A satisfies
A 2 HS.H/, but A … Tr.H/.
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In general, when dim.H/ D 1, it can be shown that we have the strict inclusion

Tr.H/ ¨ HS.H/: (5.7)

RKHS covariance operators as positive Hilbert-Schmidt operators. In particular, for
the RKHS covariance operator Cˆ in Eq. (4.10), which is a positive trace class operator by
Theorem 4.1, its eigenvalues satisfy

1X
kD1

�2k �

 
1X
kD1

�k

!2
< 1; (5.8)

thus Cˆ is automatically a positive Hilbert-Schmidt operator. The corresponding empirical
RKHS covariance operator Cˆ.X/, being finite-rank, is also automatically a positive Hilbert-
Schmidt operator.

For twoRKHS covariance operatorsCˆ.X/ andCˆ.Y/, theirHilbert-Schmidt distance and
inner product are expressed explicitly in terms of the corresponding Gram matrices, as follows.
Let X be an arbitrary non-empty input space andK W X � X ! R be a positive definite kernel,
along with a corresponding feature map ˆ W X ! H. Let X D Œx1; : : : ; xm�, Y D Œy1; : : : ; ym�

be two data matrices sampled from X , with xi ; yi 2 X , 1 � i � m.
Let KŒX�, KŒY�, KŒX;Y� denote the m �m Gram matrices defined by

.KŒX�/ij D K.xi ; xj /; .KŒY�/ij D K.yi ; yj /; (5.9)
.KŒX;Y�/ij D K.xi ; yj /; 1 � i; j � m: (5.10)

By definition of feature maps, we have K.x; y/ D hˆ.x/;ˆ.y/iH 8.x; y/ 2 X � X , so that the
Gram matrices and the feature maps are closely related as follows. Let

ˆ.X/ D Œˆ.x1/; : : : ; ˆ.xm/�; ˆ.Y/ D Œˆ.y1/; : : : ; ˆ.ym/�; (5.11)

which, as discussed in Chapter 4, can be viewed alternately as bounded linear operators
ˆ.X/; ˆ.Y/ W Rm ! H, or as feature matrices of size dim.H/ �m. Then

KŒX� D ˆ.X/�ˆ.X/; KŒY� D ˆ.Y/�ˆ.Y/; KŒX;Y� D ˆ.X/�ˆ.Y/: (5.12)

Lemma 5.2 The Hilbert-Schmidt distance between two RKHS covariance operators Cˆ.X/ and
Cˆ.Y/ is given by

jjCˆ.X/ � Cˆ.Y/jj
2
HS D

1

m2
hJmKŒX�; KŒX�JmiF �

2

m2
hJmKŒX;Y�; KŒX;Y�JmiF

C
1

m2
hJmKŒY�; KŒY�JmiF : (5.13)
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The Hilbert-Schmidt inner product between Cˆ.X/ and Cˆ.Y/ is given by

hCˆ.X/; Cˆ.Y/iHS D
1

m2
hJmKŒX;Y�; KŒX;Y�JmiF : (5.14)

Remark 5.3 We note that Eqs. (5.13) and (5.14) have the same form, regardless of whether
dim.HK/ D 1 (e.g., in the case of the Gaussian kernel) or dim.HK/ < 1 (e.g., in the case of
the polynomial kernels). This does not hold true for the affine-invariant Riemannian distance
and the Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt inner product, which we con-
sider next. For the linear kernel K.x; y/ D hx; yiRn , we have ˆ.X/ D X, ˆ.Y/ D Y and thus
Eq. (5.13) gives us the Euclidean distance jjCX � CYjjF and Eq. (5.14) gives us the Euclidean
inner product hCX; CYiF .

Computational complexity. The computation of Eqs. (5.13) and (5.14) requires the cal-
culation of m �m Gram matrices and the pointwise multiplication of these matrices. Thus, the
computational complexity required for computing the Hilbert-Schmidt distance/inner product
between a pair of covariance operators Cˆ.X/ and Cˆ.Y/ isO.m2/. If we have a set ofN data ma-
trices fXj gNjD1, then for computing all the pairwise Hilbert-Schmidt distances/inner products
between the corresponding covariance operators fCˆ.Xj /g

N
jD1, the computational complexity re-

quired is O.N 2m2/.
TheHilbert-Schmidt distance (andHilbert-Schmidt inner product) is the most computa-

tionally efficient distance considered in this chapter. However, just like the Euclidean distance,
the Hilbert-Schmidt distance does not reflect the positivity of covariance operators. In order to
do so, as with SymCC.n/, we need to consider the intrinsic geometrical structures of positive
definite operators. This is the content of the remaining part of this chapter.

5.2 RIEMANNIANDISTANCESBETWEENCOVARIANCE
OPERATORS

We now present the generalizations of the affine-invariant Riemannian metric and the Log-
Euclidean metric in Sections 2.4 and 2.5.2, respectively, to the infinite-dimensional settings,
specifically to self-adjoint, positive definite Hilbert-Schmidt operators on a separable Hilbert
spaceH. These generalizations were carried out recently in [63, 64, 78], for the affine-invariant
Riemannian metric, and in [76] for the Log-Euclidean metric, see also [81] for further detail.

We first present two key concepts that are required for a proper generalization of the
affine-invariant Riemannian and Log-Euclidean metrics (in [76, 81] we presented different,
but equivalent, motivations of these concepts, see further below).

1. Positive definite operators and regularization. In the finite-dimensional case, the regulariza-
tion .CX C 
I / is often necessary empirically since in general CX is not guaranteed to be



5.2. RIEMANNIANDISTANCESBETWEENCOVARIANCEOPERATORS 81
positive definite. In contrast, when dim.H/ D 1, for a covariance operator A, the regu-
larization form .AC 
I / is necessary both theoretically and empirically, even if A is strictly
positive. This is because in this case, A possesses infinitely many positive eigenvalues, with
accumulation point 0. Thus A�1 is always unbounded and one must always consider the
regularized form .AC 
I /, for some regularization parameter 
 > 0, so that .AC 
I /�1

is bounded.

2. ExtendedHilbert-Schmidt inner product and extendedHilbert-Schmidt norm.While the natu-
ral generalization of the Frobenius inner product h ; iF is the Hilbert-Schmidt inner prod-
uct in Section 5.1, it is not sufficient for the purpose of generalizing the affine-invariant
Riemannian and Log-Euclidean metrics. This is because when dim.H/ D 1, the identity
operator I is not Hilbert-Schmidt, so that when using the regularization .AC 
I / above,
neither .AC 
I / nor its inverse .AC 
I /�1 is Hilbert-Schmidt, with infinite Hilbert-
Schmidt norm.The same is true for the operator log.AC 
I /. This issue is resolved by the
introduction of the extended Hilbert-Schmidt inner product and corresponding extended
Hilbert-Schmidt norm.

Positive definite operators and regularization. Let us first motivate the concept of posi-
tive definite operators in the infinite-dimensional setting. We recall the definition of the affine-
invariant Riemannian metric on the manifold SymCC.n/ in Section 2.4. The inner product on
the tangent space TP .SymCC.n// Š Sym.n/ that defines the Riemannian metric is given by

hA;BiP D tr.P�1AP�1B/ D hAP�1; P�1BiF ; A; B 2 Sym.n/: (5.15)

Let us consider the generalization of this inner product to the infinite-dimensional setting.
First consider the inverse operation P�1. Let P 2 SymCC.n/. Let f�kgn

kD1
be the eigen-

values of P , arranged in decreasing order, �k > 0, 1 � k � n, with corresponding orthonormal
eigenvectors fukgn

kD1
. Then P admits the following spectral decomposition

P D

nX
kD1

�kukuTk ; (5.16)

and the inverse of P is well-defined and is given by

P�1
D

nX
kD1

1

�k
ukuTk :

Consider now an infinite-dimensional separable Hilbert space H. Let L.H/ denote the set of
all bounded linear operators on H. Let Sym.H/ � L.H/ denote the set of all bounded, self-
adjoint operators on H. Let SymCC.H/ � L.H/ denote the set of all bounded, self-adjoint,
strictly positive operators on H, so that

A 2 SymCC.H/ ” A D A�; hx;Axi > 0 8x 2 H; x ¤ 0:
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Let P be a strictly positive Hilbert-Schmidt operator on H, that is P 2 SymCC.H/ \ HS.H/.
Then P possesses a countable set of eigenvalues f�kg1

kD1
, arranged in decreasing order, where

�k > 0 8k 2 N and limk!1 �k D 0, with corresponding orthonormal eigenvectors fukg1
kD1

.
Thus P admits the following spectral decomposition, which generalizes Eq. (5.16),

P D

1X
kD1

�kuk ˝ uk :

Here the operator uk ˝ uk W H ! H generalizes the matrix ukuT
k
and is given by .uk ˝ uk/x D

huk; xiuk 8x 2 H. However, since limk!1 �k D 0, the inverse of P , namely

P�1
D

1X
kD1

1

�k
uk ˝ uk (5.17)

is unbounded, since limk!1
1
�k

D 1.

Remark5.4 Here we note that since the vectors fukg1
kD1

form an orthonormal basis inH, each
operator uk ˝ uk corresponds to the orthogonal projection onto the direction uk . Let fakg1

kD1

be a sequence of real numbers, then for the operator A W H ! H defined by

A D

1X
kD1

ak.uk ˝ uk/;

the eigenvalues of A are precisely fakg1
kD1

, with corresponding orthonormal eigenvectors
fukg1

kD1
. Thus, by definition, the operator norm of A is

jjAjj D sup
x2H;x¤0

jjAxjj

jjxjj
D sup
k2N

jakj:

Therefore,A is a bounded operator if and only if supk2N jakj < 1. In Eq. (5.17), supk2N.
1
�k
/ D

1 and hence P�1 is unbounded.

Thus, a direct generalization of the inner product in Eq. (2.30) is not possible. The issue
arising from the unboundedness of P�1 can be resolved via regularization as follows. Instead
of P 2 HS.H/, we consider operators of the form P C 
I , where 
 2 R, 
 > 0. Then from
Remark 5.4, the inverse of the regularized operator P C 
I , namely

.P C 
I /�1 D

1X
kD1

1

�k C 

uk ˝ uk; (5.18)

is a bounded operator, with operator norm jj.P C 
I /�1jj D supk2N.
1

�kC

/ D

1


< 1.
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The operator P C 
I is a member of the set of self-adjoint positive definite operator onH,

see, e.g., [93], which is defined by

P .H/ D fB 2 L.H/ W B D B�; 9MB > 0 such that hx;Bxi � MB jjxjj
2

8x 2 Hg: (5.19)

If B 2 P .H/, which we denote by the notation B > 0, then the eigenvalues of B , if they exist,
are all bounded below by the constantMB > 0. It can be shown that

B positive definite ” B strictly positive and invertible: (5.20)

While in the finite-dimensional case, i.e., B 2 SymCC.n/, positive definiteness and strict pos-
itivity are the same, since strict positivity also implies invertibility, in the infinite-dimensional
setting, invertibility is separate from strict positivity and thus positive definiteness is a stronger
requirement than strict positivity.

Operators of the form AC 
I > 0, where A 2 HS.H/, are called positive definite unitized
(or extended) Hilbert-Schmidt operators, or positive definite Hilbert-Schmidt operators for short.

Remark 5.5 In [76, 78, 81], the positive definite operators AC 
I > 0, were A is Hilbert-
Schmidt, is motivated by a different, but equivalent viewpoint, as follows. Recall the finite-
dimensional affine-invariant Riemannian distance in Eq. (2.41) and the Log-Euclidean distance
in Eq. (2.55),

daiE.A;B/ D jj log.A�1=2BA�1=2/jjF ; dlogE.A;B/ D jj log.A/ � log.B/jjF : (5.21)

For A 2 SymCC.n/, its principal logarithm function, which appears in the formulas for both
distances above, is always well-defined by

log.A/ D

nX
kD1

log.�k/ukuTk : (5.22)

However, in the infinite-dimensional setting, for A 2 SymCC.H/ \ HS.H/, its principal loga-
rithm

log.A/ D

1X
kD1

log.�k/uk ˝ uk (5.23)

is unbounded, since limk!1 log.�k/ D �1. The resolution of this issue also leads to the con-
sideration of the positive definite Hilbert-Schmidt operators AC 
I > 0, so that

log.AC 
I / D

1X
kD1

log.�k C 
/uk ˝ uk (5.24)
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is a bounded operator on H. In fact, by Remark 5.4, the operator norm of log.AC 
I / is

jj log.AC 
I /jj D sup
k2N

j log.�k C 
/j D maxfj log.�1 C 
/j; j log.
/jg < 1:

Extended Hilbert-Schmidt inner product and norm. From the previous discussion, we
see that for the infinite-dimensional generalization of SymCC.n/, instead of the set SymCC.H/,
we need to consider the set

†.H/ D fAC 
I > 0 W A D A�; A 2 HS.H/; 
 2 Rg: (5.25)

We recall that in the finite-dimensional case, 8P 2 SymCC.n/, the tangent space at P is
TP .SymCC.n// Š Sym.n/ and A 2 SymCC.n/ ” log.A/ 2 Sym.n/. In the Hilbert space
setting, we have the following result.

Proposition 5.6 Assume that AC 
I > 0 where 
 > 0 and A is a self-adjoint, compact operator.
Then

AC 
I 2 †.H/ ” log.AC 
I / 2 HR; (5.26)

where

HR D fAC 
I W A�
D A; A 2 HS.H/; 
 2 Rg (5.27)

� HSX .H/ D fAC 
I W A 2 HS.H/; 
 2 Rg

Proposition 5.6 suggests that, for the generalization of Sym.n/ to theHilbert space setting,
instead of the space Sym.H/, we need to consider the set HR as defined in Eq. (5.27). Let us
now attempt to generalize the inner product in Eq. (5.15), with the Frobenius inner product
replaced by its natural generalization, namely the Hilbert-Schmidt inner product,

h.AC 
I /; .B C �I/i.PC�I/ D h.AC 
I /.P C �I/�1; .P C �I/�1.B C �I/iHS; (5.28)

where .AC 
I /; .B C �I/ 2 HR and .P C �I/ 2 †.H/. However, the right-hand side of
Eq. (5.28) is generally infinite. To see this, note that

.AC 
I /.P C �I/�1 D A.P C �I/�1 �



�
P.P C �I/�1 C




�
I D C1 C 
1I 2 HSX .H/;

.B C �I/.P C �I/�1 D B.P C �I/�1 �
�

�
P.P C �I/�1 C

�

�
I D C2 C 
2I 2 HSX .H/;

where C1 D A.P C �I/�1 �


�
P.P C �I/�1 2 HS.H/, C2 D B.P C �I/�1 �

�
�
P.P C

�I/�1 2 HS.H/. Thus, the right-hand side of Eq. (5.28) has the form

h.C1 C 
1I /; .C2 C 
2I /iHS; where .C1 C 
1I /; .C2 C 
2I / 2 HSX .H/:
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This inner product is infinite for 
1 ¤ 0; 
2 ¤ 0, since as noted above, jjI jjHS D 1, that is the
identity operator is not Hilbert-Schmidt.

Thus, the appropriate infinite-dimensional generalization of the Frobenius inner product
in Eq. (5.15) is not theHilbert-Schmidt inner product.The resolution of this issue is the extended
Hilbert-Schmidt inner product, as considered in [63, 64], which is defined by

h.C1 C 
1I /; .C2 C 
2I /ieHS D hC1; C2iHS C 
1
2: (5.29)

The extended Hilbert-Schmidt inner product is clearly finite for all pairs .C1 C 
1I /; .C2 C


2I / 2 HSX .H/.
The corresponding extended Hilbert-Schmidt norm is then given by

jjAC 
I jj
2
eHS D jjAjj

2
HS C 
2: (5.30)

We see that under the extended Hilbert-Schmidt inner product, the scalar operators 
I are
orthogonal to the Hilbert-Schmidt operators and the identity operator has norm 1, that is
jjI jjeHS D 1, in contrast to the infinite Hilbert-Schmidt norm jjI jjHS D 1.

Remark 5.7 In [76, 78, 81], we motivate the extended Hilbert-Schmidt inner product and the
corresponding extended Hilbert-Schmidt norm from a different viewpoint. Let us attempt to
generalize the Frobenius norm in the finite-dimensional affine-invariant Riemannian distance
and Log-Euclidean distance in Eq. (5.21), with the matrices A;B 2 SymCC.n/ now replaced
by positive definite Hilbert-Schmidt operators AC 
I > 0, B C �I > 0. We first have the fol-
lowing result.

Proposition 5.8 [81] Assume that AC I > 0, 
 > 0, where A is a self-adjoint, compact operator
onH. Then log.AC I / 2 HS.H/ if and only if A 2 HS.H/.

For 
 > 0; 
 ¤ 1, we have the decomposition

log.AC 
I / D log
�
A



C I

�
C .log 
/I; (5.31)

where on the right-hand side, log.A



C I / 2 HS.H/ by Proposition 5.8 and log.
/I … HS.H/.
Thus it follows that for 
 ¤ 1, log.AC 
I / … HS.H/, i.e.,

jj log.AC 
I /jjHS D 1; 
 ¤ 1:

Thus, the appropriate infinite-dimensional generalization of the Frobenius norm in Eq. (5.21) is
not the Hilbert-Schmidt norm.The resolution of this issue is also the extendedHilbert-Schmidt
inner product and corresponding extended Hilbert-Schmidt norm, which gives
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jj log.AC 
I /jj2eHS D





log
�
A



C I

�



2
HS

C .log 
/2 < 1; (5.32)

for all AC 
I 2 †.H/.
Thus the proper generalization of either the finite-dimensional Riemannian metric in

Eq. (5.15) or the corresponding finite-dimensional Riemannian distances in Eq. (5.21) both
lead to the positive definite unitized Hilbert-Schmidt operators AC 
I > 0 and the extended
Hilbert-Schmidt inner product and norm.

TheHilbert manifold of positive definite unitized Hilbert-Schmidt operators. In the
finite-dimensional setting, a smooth n-dimensional manifold is locally homeomorphic to the
Euclidean space Rn. A natural generalization of this concept to the infinite-dimensional setting
is a Hilbert manifold (see, e.g., [62]), which is locally homeomorphic to an infinite-dimensional
Hilbert space H.

Under the extendedHilbert-Schmidt inner product and corresponding extendedHilbert-
Schmidt norm, the vector space

HR D fAC 
I W A�
D A; A 2 HS.H/; 
 2 Rg

becomes a Hilbert space. The set

†.H/ D P .H/ \ HR D fAC 
I > 0 W A�
D A; A 2 HS.H/; 
 2 Rg;

which is an open subset in the Hilbert spaceHR, is then an infinite-dimensional Hilbert manifold,
first introduced by [63, 64]. For each point P 2 †.H/, the tangent space at P is

TP .†.H// Š HR:

We next describe the generalization of the affine-invariant Riemannian metric in Section 2.4
on this Hilbert manifold.

5.2.1 THEAFFINE-INVARIANTRIEMANNIANMETRIC
The finite-dimensional affine-invariant Riemannian metric on SymCC.n/ was generalized to
the Hilbert manifold †.H/ by [63, 64]. The Riemannian metric is defined by the following
inner product on the tangent space T.PC�I/.†.H// Š HR,

h.AC 
I /; .B C �I/i.PC�I/ D h.AC 
I /.P C �I/�1; .P C �I/�1.B C �I/ieHS; (5.33)

for any .P C �I/ 2 †.H/, and .AC 
I /; .B C �I/ 2 HR.
Under the Riemannian metric defined in Eq. (5.33), †.H/ becomes an infinite-

dimensional Riemannian manifold (see Figure 5.1). Specifically, we have the following key result
from [64].
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INFINITE-DIMENSIONAL

RIEMANNIAN MANIFOLD

Figure 5.1: The set of positive definite Hilbert-Schmidt operators viewed as an infinite-
dimensional Riemannian manifold.

Theorem5.9 [64]. Under the Riemannian metric define in Eq. (5.33),†.H/ becomes an infinite-
dimensional Cartan-Hadamard manifold, that is it is simply connected, geodesically complete, and has
nonpositive sectional curvature. For any .P C �I/ 2 †.H/, the exponential map at .P C �I/ is
given by

Exp.PC�I/.V C �I/ D .P C �I/1=2 expŒ.P C �I/�1=2.V C �I/.P C �I/�1=2�.P C �I/1=2;

(5.34)

for any V C �I 2 HR Š T.PC�I/.†.H//.
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The Riemannian distance between any two positive definite operators .AC 
I /; .B C �I/ 2

†.H/ is given by

daiHSŒ.AC 
I /; .B C �I/� D jj logŒ.AC 
I /�1=2.B C �I/.AC 
I /�1=2�jjeHS: (5.35)

Furthermore, the metric space .†.H/; daiHS/ is complete.

The following result shows that the distance daiHSŒ.AC 
I /; .B C �I/� is always finite
for any pair of operators .AC 
I /; .B C �I/ 2 †.H/.

Proposition 5.10 [81] Assume that dim.H/ D 1. For any two operators .AC 
I /; .B C

�I/ 2 †.H/, write .AC 
I /�1=2.B C �I/.AC 
I /�1=2 D Z C �I > 0, where � D
�


andZ D

.AC 
I /�1=2B.AC 
I /�1=2 �
�


A.AC 
I /�1, with Z 2 Sym.H/ \ HS.H/. Then the affine-

invariant Riemannian distance daiHSŒ.AC 
I /; .B C �I/� admits the following decomposition

d2aiHSŒ.AC 
I /; .B C �I/� D jj log.Z C �I /jjeHS D





log
�
Z

�
C I

�



2
HS

C .log �/2: (5.36)

In Proposition 5.10, if A D B D 0, then Z D 0 and Eq. (5.36) gives

daiHSŒ
I; �I � D j log �j D j log.
=�/j: (5.37)

Thus, the second term on the right-hand side of Eq. (5.36) is precisely the squared affine-
invariant Riemannian distance between the scalar operators 
I and �I (this distance would
be infinite if measured in the Hilbert-Schmidt norm).

TheRKHS setting. Consider now two RKHS covariance operators Cˆ.X/, Cˆ.Y/, which
are positive Hilbert-Schmidt operators on the RKHS HK . Their regularized versions, namely
.Cˆ.X/ C 
I / and .Cˆ.Y/ C �I/, are positive definite Hilbert-Schmidt operators on HK . We
can thus compute the affine-invariant Riemannian distance between them, that is

daiHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/�: (5.38)

This distance admits a closed form in terms of the corresponding Gram matrices, which was
given by [78], as follows.

Theorem 5.11 [78]. Assume that dim.HK/ D 1. Let 
 > 0; � > 0. Then

d2aiHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D tr

8<:log

240@C11 C12 C13
C21 C22 C23
C11 C12 C13

1AC I3m

359=;
2

C

�
log 


�

�2
; (5.39)
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where them �m matrices Cij , i D 1; 2, j D 1; 2; 3, are given by

C11 D
1

�m
JmKŒY�Jm;

C12 D �
1

p

�m

JmKŒY;X�Jm
�
Im C

1


m
JmKŒX�Jm

��1

;

C13 D �
1


�m2
JmKŒY;X�Jm

�
Im C

1


m
JmKŒX�Jm

��1

JmKŒX;Y�Jm;

C21 D
1

p

�m

JmKŒX;Y�Jm;

C22 D �
1


m
JmKŒX�Jm

�
Im C

1


m
JmKŒX�Jm

��1

;

C23 D �
1


m
JmKŒX�Jm

�
Im C

1


m
JmKŒX�Jm

��1
1

p

�m

JmKŒX;Y�Jm:

The previous theorem applies to, for example, the case of the Gaussian kernel on Rn,
where dim.HK/ D 1. For comparison, the following is the finite-dimensional version for the
case dim.HK/ < 1, such as the case of the polynomial kernels on Rn.

Theorem 5.12 [78]. Assume that dim.HK/ < 1. Let 
 > 0; � > 0. Then

d2aiHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D tr

8<:log

240@C11 C12 C13
C21 C22 C23
C11 C12 C13

1AC I3m

359=;
2

� 2

�
log 


�

�
tr

8<:log

240@C11 C12 C13
C21 C22 C23
C11 C12 C13

1AC I3m

359=;C

�
log 


�

�2
dim.HK/; (5.40)

where them �m matrices Cij ’s, i D 1; 2, j D 1; 2; 3, are as in Theorem 5.11.

Remark5.13 We see that the formula for the affine-invariant distance for the case dim.HK/ D

1 is generally different from that for the case dim.HK/ < 1, except when 
 D �, in which case
they are identical. One can see that for m 2 N fixed, 
 ¤ �, the right-hand side of Eq. (5.40)
approaches infinity as dim.HK/ ! 1. Thus, for 
 ¤ �, one cannot approximate the infinite-
dimensional distance in Eq. (5.39) by the finite-dimensional distance in Eq. (5.40).

Computational complexity. In both Theorems 5.11 and 5.12, for the computation of
the affine-invariant Riemannian distance between two regularized RKHS covariance operators
.Cˆ.X/ C 
IHK

/ and .Cˆ.Y/ C �IHK
/, we need to carry out multiplications and inversions of
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m �mmatrices, and the eigenvalue computation for a 3m � 3mmatrix. Thus, the total compu-
tational complexity required is O.m3/. If we have a set of N data matrices fXj gNjD1, in order to
compute all the pairwise distances between the corresponding regularized covariance operators,
the total computational complexity is O.N 2m3/.

5.2.2 LOG-HILBERT-SCHMIDTMETRIC
We now describe the generalization of the Log-Euclidean distance [6] on SymCC.n/, as de-
scribed in Section 2.5.2, to the Log-Hilbert-Schmidt distance on †.H/. This generalization
was first carried out in [76], see also [81].

The operations .ˇ;~/ on SymCC.n/ defined in [6], as described in Section 2.5.2, can be
readily generalized to †.H/ as follows [76]. First, the commutative Lie group multiplication
operation ˇ on †.H/ is defined by

ˇ W †.H/ �†.H/ ! †.H/
.AC 
I /ˇ .B C �I/ D exp.log.AC 
I /C log.B C �I//: (5.41)

The Log-Hilbert-Schmidt distance between .AC 
I /; .B C �I/ 2 †.H/ is then defined
to be [76]

dlogHS W †.H/ �†.H/ ! RC;

dlogHSŒ.AC 
I /; .B C �I/� D jj logŒ.AC 
I /ˇ .B C �I/�1�jjeHS (5.42)
D jj log.AC 
I / � log.B C �I/jjeHS:

The following result shows that dlogHSŒ.AC 
I /; .B C �I/� is always well-defined and
finite for any pair of operators .AC 
I /; .B C �I/ 2 †.H/.

Proposition 5.14 [76, 81] For any pair of operators .AC 
I /; .B C �I/ 2 †.H/, the distance
dlogHSŒ.AC 
I /; .B C �I/� D jj log.AC 
I / � log.B C �I/jjeHS is always finite. Furthermore,
when dim.H/ D 1,

jj log.AC 
I / � log.B C �I/jj2eHS D





log
�
A



C I

�
� log

�
B

�
C I

�



2
HS

C

�
log 


�

�2
:

(5.43)

In particular, for A D B D 0, Eq. (5.43) gives

dlogHSŒ
I; �I � D jj log.
I / � log.�I /jjeHS D j log.
=�/j: (5.44)

Thus, the second term on the right-hand side of Eq. (5.43) is precisely the squared Log-Hilbert-
Schmidt distance between the scalar operators 
I and�I (this distance would be infinite if mea-
sured in the Hilbert-Schmidt norm jj jjHS). We also note that daiHSŒ
I; �I � D dlogHSŒ
I; �I �,
since the operators 
I and �I trivially commute.
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Vector space structure of†.H/. Together with the group operation ˇ, one also defines

the following scalar multiplication on †.H/

~ W R �†.H/ ! †.H/;
�~ .AC 
I / D exp.� log.AC 
I // D .AC 
I /�; � 2 R: (5.45)

Endowed with the commutative group multiplication ˇ and the scalar multiplication ~, the
axioms of vector space can be readily verified to show that .†.H/;ˇ;~/ is a vector space (see [76]
for the detailed proofs).

Hilbert space structure on†.H/. On top of the vector space structure .†.H/;ˇ;~/, we
can define the following Log-Hilbert-Schmidt inner product on †.H/ by

h.AC 
I /; .B C �I/ilogHS D hlog.AC 
I /; log.B C �I/ieHS; (5.46)

along with the corresponding Log-Hilbert-Schmidt norm

jjAC 
I jj
2
logHS D hlog.AC 
I /; log.AC 
I /ieHS: (5.47)

The axioms of inner product, namely symmetry, positivity, and linearity with respect to the
operations .ˇ;~/ can be verified (see [76]) to show that

.†.H/;ˇ;~; h ; ilogHS/ (5.48)

is a complete inner product space, that is a Hilbert space. This Hilbert space structure was first
discussed in [76] and generalizes the finite-dimensional inner product space

.SymCC.n/;ˇ;~; h ; ilogE/

in Section 2.5.2.
As a generalization from Section 2.5.2, it can be shown that the map

log W .†.H/;ˇ;~; h ; ilogHS/ ! .HR;C; �; h ; ieHS/ (5.49)

is an isometrical isomorphism of Hilbert spaces, where the operations .C; �/ are the standard
addition and scalar multiplication operations, respectively.

In terms of the Log-Hilbert-Schmidt inner product and Log-Hilbert-Schmidt norm, the
Log-Hilbert-Schmidt distance dlogHS in Eq. (5.42) is expressed as

dlogHS.AC 
I /; .B C �I/� D jj log.AC 
I / � log.B C �I/jjeHS
D jj.AC 
I /ˇ .B C �I/�1jjlogHS (5.50)
D

q
h.AC 
I /ˇ .B C �I/�1; .AC 
I /ˇ .B C �I/�1ilogHS:

The RKHS setting. As in the case of the affine-invariant Riemannian distance, in the
case of regularized RKHS covariance operators, both the Log-Hilbert-Schmidt distance

dlogHSŒCˆ.X/ C 
I; Cˆ.Y/ C �I � D jj log.Cˆ.X/ C 
I / � log.Cˆ.Y/ C �I/jjeHS (5.51)
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and the Log-Hilbert-Schmidt inner product

h.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/ilogHS (5.52)

admit closed forms, expressed explicitly via the Gram matrices corresponding to X and Y [76].
To state this explicit form, we first define the following operators

A D
1

p

m

ˆ.X/Jm W Rm ! HK ; B D
1

p
�m

ˆ.Y/Jm W Rm ! HK ; (5.53)

so that

A�A D
1


m
JmKŒX�Jm; B�B D

1

�m
JmKŒY�Jm; A�B D

1
p

�m

JmKŒX;Y�Jm: (5.54)

Let NA and NB be the numbers of nonzero eigenvalues of A�A and B�B , respectively. Let †A
and†B be the diagonal matrices of sizeNA �NA andNB �NB , and UA and UB be the matrices
of size m �NA and m �NB , respectively, which are obtained from the spectral decompositions

A�A D
1


m
JmKŒX�Jm D UA†AU

T
A ; B�B D

1

�m
JmKŒY�Jm D UB†BU

T
B : (5.55)

Let ı denote the Hadamard (element-wise) matrix product and define

CAB D 1TNA
log.INA

C†A/†
�1
A .U TA A

�BUB ı U TA A
�BUB/†

�1
B log.INB

C†B/1NB
: (5.56)

In terms of the quantities just defined, the Log-Hilbert-Schmidt distance and Log-Hilbert-
Schmidt inner product between .Cˆ.X/ C 
I / and .Cˆ.Y/ C �I/ are expressed as follows.

Theorem 5.15 [76]. Assume that dim.HK/ D 1. Let 
 > 0, � > 0. Then the Log-Hilbert-
Schmidt distance between .Cˆ.X/ C 
IHK

/ and .Cˆ.Y/ C �IHK
/ is given by

d2logHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D trŒlog.INA
C†A/�

2
C trŒlog.INB

C†B/�
2

� 2CAB C .log 
 � log�/2: (5.57)

The Log-Hilbert-Schmidt inner product between the two operators .Cˆ.X/ C 
IHK
/ and .Cˆ.Y/ C

�IHK
/ is given by

h.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/ilogHS D CAB C .log 
/.log�/: (5.58)

The Log-Hilbert-Schmidt norm of the operator .Cˆ.X/ C 
IHK
/ is given by

jj.Cˆ.X/ C 
IHK
/jj2logHS D trŒlog.INA

C†A/�
2

C .log 
/2: (5.59)

The two expressions (5.58) and (5.59) are identical if X D Y and 
 D �.
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Remark 5.16 In Theorem 5.15, the first two expressions are from [76], whereas the last ex-
pression is a straightforward corollary of the second expression and Eq. (5.55).

We now present the formulas corresponding to those in Theorem 5.15 in the case
dim.HK/ < 1, e.g., in the case of the polynomial kernels. As in the case of the affine-
invariant Riemannian distance, the formulas for the Log-Hilbert-Schmidt distance, Log-
Hilbert-Schmidt inner product, and Log-Hilbert-Schmidt norm are different in the case
dim.HK/ < 1 compared to the case dim.HK/ < 1, with the finite-dimensional quantities
generally approaching infinity as dim.HK/ ! 1.

Theorem 5.17 [76]. Assume that dim.HK/ < 1. Let 
 > 0, � > 0. Then the Log-Hilbert-
Schmidt distance between .Cˆ.X/ C 
IHK

/ and .Cˆ.Y/ C �IHK
/ is given by

d2logHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D trŒlog.INA
C†A/�

2
C trŒlog.INB

C†B/�
2

� 2CAB

C 2

�
log 


�

�
.trŒlog.INA

C†A/� � trŒlog.INB
C†B/�/

C .log 
 � log�/2 dim.HK/: (5.60)

The Log-Hilbert-Schmidt inner product between .Cˆ.X/ C 
IHK
/ and .Cˆ.Y/ C �IHK

/ is given by

h.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/ilogHS D CAB C .log�/trŒlog.INA
C†A/� (5.61)

C .log 
/trŒlog.INB
C†B/�C .log 
 log�/dim.HK/:

The Log-Hilbert-Schmidt norm of .Cˆ.X/ C 
IHK
/ is given by

jj.Cˆ.X/ C 
IHK
/jj2logHS D trŒlog.INA

C†A/�
2

C 2.log 
/trŒlog.INA
C†A/�

C.log 
/2 dim.HK/: (5.62)

The two expressions (5.61) and (5.62) are identical if X D Y and 
 D �.

Remark 5.18 In Theorem 5.17, the first two expressions are from [76], whereas the
last expression is a straightforward corollary of the second expression and Eq. (5.55). In
the case of the linear kernel K.x; y/ D hx; yi, x; y 2 Rn, Theorem 5.17 gives the Log-
Euclidean distance jj log.CX C 
I / � log.CY C �I/jj, Log-Euclidean inner product hlog.CX C


I /; log.CY C �I/iF , and Log-Euclidean norm jj log.CX C 
I /jjF .

Computational complexity. Let n be the number of features andm be the number of ob-
servations for each input sample. For computing the Log-Euclidean distance or Log-Euclidean
inner product between two n � n covariance matrices, the computational complexity required is
O.n2mC n3/, since the computational complexity required for computing the covariance matri-
ces themselves isO.n2m/ and the computational complexity for computing the SVD of an n � n
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matrix is O.n3/. On the other hand, for computing the Log-Hilbert-Schmidt distance or Log-
Hilbert-Schmidt inner product between two covariance operators in an infinite-dimensional
RKHS, where we need to carry out SVD andmultiplications with Grammatrices of sizem �m,
the computational complexity required isO.m3/. This is of the same order as the computational
complexity for computing the Stein and Jeffreys divergences in RKHS in [44]. If we have a
set of N data matrices fXj gNjD1, then the computational complexity required for computing all
pairwise distances between the corresponding regularized covariance operators is O.N 2m3/.

5.3 INFINITE-DIMENSIONALALPHA
LOG-DETERMINANTDIVERGENCES

In this section, we generalize the Alpha Log-Determinant divergences d˛logdet on SymCC.n/, as
described in Section 2.6.1, to the infinite-dimensional setting. The formulation presented here
was developed in [75].

From Eq. (2.84), which defines d˛logdet.A;B/ for A;B 2 SymCC.n/, we see that the
infinite-dimensional generalization of d˛logdet involves the generalizations of the determinant
det and log-determinant log det functions. Let A 2 SymCC.n/ and let f�kgn

kD1
be its eigenval-

ues, then

det.A/ D

nY
kD1

�k D exp
 

nX
kD1

log�k

!
D expŒtr.log.A//�; (5.63)

log det.A/ D tr.log.A//: (5.64)

Consider the generalization of these functions to a positive compact operator A on a separa-
ble, infinite-dimensional Hilbert spaceH. This setting includes in particular RKHS covariance
operators. From Eqs. (5.63) and (5.64), we see that the following two conditions are necessary:

1. log.A/ is well-defined and is a bounded operator on H.

2. The trace tr.log.A// is finite.

For the first condition, as in the case of the affine-invariant Riemannian and Log-Hilbert-
Schmidt distances, instead of simply considering a positive operator A, we need to consider
regularized operators of the form .AC 
I / > 0, 
 2 R; 
 > 0, so that log.AC 
I / is bounded.

Let f�kg1
kD1

be the eigenvalues of A, with �k � 0, limk!1 �k D 0. The second condition
then becomes

trŒlog.AC 
I /� D

1X
kD1

log.�k C 
/ is finite: (5.65)

Since �k � 0, limk!1 �k D 0, for 
 D 1, we have by the limit limx!0
log.1Cx/

x
D 1 that the se-

ries trŒlog.AC I /� D
P1

kD1 log.�k C 1/ converges if and only if the series
P1

kD1 �k converges,
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that is if and only if A 2 Tr.H/. However, for 
 ¤ 1, we have

lim
k!1

log.�k C 
/ D log.
/ ¤ 0

and thus the series in Eq. (5.65) always diverges. This can also be seen from the following
decomposition:

trŒlog.AC 
I /� D tr
�
log

�
A



C I

�
C .log 
/I

�
D tr

�
log

�
A



C I

��
C .log 
/tr.I /: (5.66)

On the right-hand side of Eq. (5.66), the first term trŒlog.A



C I /� is finite for A 2 Tr.H/,
but the second term is always infinite when dim.H/ D 1, because the identity operator is not
trace class, with tr.I / D 1. Thus, we have an issue similar to that caused by the fact that the
identity operator is not Hilbert-Schmidt, with jjI jjHS D 1, when we attempted to generalize
the affine-invariant Riemannian and Log-Euclideanmetrics to the infinite-dimensional settings
in Section 5.2.

Fredholmdeterminant.The case 
 D 1 above is closely connected to the definition of the
infinite-dimensional Fredholm determinant (see e.g., [106]). Specifically, ifA 2 Tr.H/, then the
Fredholm determinant of the operator .AC I / is defined by

det.AC I / D

1Y
kD1

.�k C 1/: (5.67)

This allows us to define the Alpha Log-Determinant divergences of the form d˛logdetŒ.AC

I /; .B C I /�, where AC I > 0;B C I > 0, A;B 2 Tr.H/. However, a similar argument as
above shows that the Fredholm determinant is not defined for operators of the form .AC 
I /

where 
 ¤ 1.
Extended trace class operators. To resolve the issue with the case 
 ¤ 1, similar to the ex-

tended Hilbert-Schmidt operators and extended Hilbert-Schmidt inner product in Section 5.2,
we introduce the extended trace class operators and extended trace, as follows. Given the set of trace
class operators Tr.H/, the set of extended (or unitized) trace class operators is defined to be

TrX.H/ D fAC 
I W A 2 Tr.H/; 
 2 Rg: (5.68)

This set becomes a Banach space under the following extended trace norm

jjAC 
I jjtrX
D jjAjjtr C j
 j:

For .AC 
I / 2 TrX.H/, its extended trace is defined to be

trX.AC 
I / D tr.A/C 
: (5.69)
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In particular, by this definition

trX.I / D 1; in contrast to tr.I / D 1:

Positive definite trace class operators. Similar to the positive definite Hilbert-Schmidt
operators in Section 5.2, we define the set of positive definite unitized (or extended) trace class
operators, or positive definite trace class operators for short, to be

PTr.H/ D fAC 
I > 0 W A�
D A;A 2 Tr.H/; 
 2 Rg: (5.70)

This is an open convex cone in the infinite-dimensional Banach space TrX .H/. There is a one-to-
one correspondence between the set PTr.H/ of positive definite trace class operators and the
set Sym.H/ \ TrX .H/ of self-adjoint extended trace class operators. Specifically, we have the
following result, which is analogous to Proposition 5.6 in the Hilbert-Schmidt case.

Proposition 5.19 [75]

.AC 
I / 2 PTr.H/ ” log.AC 
I / 2 Sym.H/ \ TrX.H/: (5.71)

In particular, for 
 D 1,

.AC I / > 0 ” log.AC I / 2 Sym.H/ \ Tr.H/: (5.72)

Extended Fredholm determinant for positive definite trace class operators. By Propo-
sition 5.19, if .AC 
I / 2 PTr.H/, then log.AC 
I / 2 TrX.H/ and hence trX.AC 
I / is fi-
nite. This enables us to define the following extended Fredholm determinant of .AC 
I /, which
generalizes the corresponding finite-dimensional formula in Eq. (5.63), namely

detX.AC 
I / D exp.trXŒlog.AC 
I /�/: (5.73)

The extended Fredholm determinant detX is related to the Fredholm determinant det via the
following factorization formula

detX.AC 
I / D 
 detŒ.A=
/C I �: (5.74)

Extended Fredholm determinant for extended trace class operators. The expression of
detX as given in Eq. (5.73) requires explicitly that .AC 
I / 2 PTr.H/. By using the factor-
ization property in Eq. (5.74), we can define detX for all operators .AC 
I / 2 TrX.H/ with

 ¤ 0, as follows.

Definition5.20 (Extended Fredholm determinant). LetH be a separableHilbert space with
dim.H/ D 1. For an operator .AC 
I / 2 TrX.H/, 
 ¤ 0, its extended Fredholm determinant
is defined to be.

detX.AC 
I / D 
 detŒ.A=
/C I �; (5.75)
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where det on the right-hand side denotes the Fredholm determinant.

If dim.H/ < 1, then we define detX.AC 
I / D det.AC 
I /, the standard matrix de-
terminant.

Remark 5.21 We emphasize that for 
 ¤ 1, the definition of detX as given in Eq. (5.75) is
strictly for the case dim.H/ D 1. When dim.H/ < 1, we have

detX.AC 
I / D det.AC 
I / D 
dim.H/ detŒ.A=
/C I �:

This expression coincides with that in Eq. (5.75) if and only if 
 D 1.

Generalization of the Log-determinant Concavity. We recall in the finite-dimensional
setting in Section 2.6.1 that the Alpha Log-Determinant divergence d˛logdet is based on Ky Fan’s
inequality on the log-concavity of the determinant function on the set SymCC.n/.The following
is the generalization of of Ky Fan’s inequality to the extended Fredholm determinant detX on
PTr.H/.

Theorem 5.22 [75]. For .AC 
I /; .B C �I/ 2 PTr.H/, for 0 � ˛ � 1,

detXŒ˛.AC 
I /C .1 � ˛/.B C �I/� � .
=�/˛�ıdetX.AC 
I /ıdetX.B C �I/1�ı (5.76)

where ı D
˛


.˛
C.1�˛/�/
. For 0 < ˛ < 1, equality occurs if and only ifA D B and 
 D �. For 
 D �,

detXŒ˛.AC 
I /C .1 � ˛/.B C 
I /� � detX.AC 
I /˛detX.B C 
I /1�˛: (5.77)

In particular, in Eq. (5.77), if we set A;B 2 SymCC.n/ and 
 D 0, then we recover Ky
Fan’s inequality, as stated in Eq. (2.83).

Infinite-dimensionalAlphaLog-determinantdivergences.Motivated byTheorem 5.22
and the finite-dimensional setting in Section 2.6.1, the following is our definition of the Alpha
Log-determinant divergences in the infinite-dimensional setting.

Definition 5.23 (Alpha Log-Determinant divergences between positive definite trace class
operators [75]). Assume that dim.H/ D 1. For �1 < ˛ < 1, the Alpha Log-Determinant
divergence d˛logdetŒ.AC 
I /; .B C �I/� between .AC 
I /; .B C �I/ 2 PTr.H/ is defined to
be

d˛logdetŒ.AC 
I /; .B C �I/�

D
4

1 � ˛2
log

"
detX

�
1�˛
2
.AC 
I /C

1C˛
2
.B C �I/

�
detX.AC 
I /ˇdetX.B C �I/1�ˇ

�



�

�ˇ� 1�˛
2

#
; (5.78)
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where ˇ D
.1�˛/


.1�˛/
C.1C˛/�
and 1 � ˇ D

.1C˛/�
.1�˛/
C.1C˛/�

.

For ˛ D ˙1, we define d˙1
logdet based on limits of d˛logdet as ˛ ! ˙1, respectively.

Definition 5.24 (Limiting cases).

d1logdetŒ.AC 
I /; .B C �I/� D lim
˛!1�

d˛logdetŒ.AC 
I /; .B C �I/�

D

�



�
� 1

�
log 


�
C trXŒ.B C �I/�1.AC 
I / � I �

�



�
log detXŒ.B C �I/�1.AC 
I /�: (5.79)

d�1
logdetŒ.AC 
I /; .B C �I/� D lim

˛!�1C
d˛logdetŒ.AC 
I /; .B C �I/�

D

�
�



� 1

�
log �



C trX

�
.AC 
I /�1.B C �I/ � I

�
�
�



log detXŒ.AC 
I /�1.B C �I/�: (5.80)

The following key result confirms that d˛logdetŒ.AC 
I /; .B C �I/� is indeed a divergence
function on PTr.H/.

Theorem 5.25 (Positivity [75]). Let �1 � ˛ � 1 be fixed. For any pair .AC 
I /; .B C �I/ 2

PTr.H/,

d˛logdetŒ.AC 
I /; .B C �I/� � 0; (5.81)
d˛logdetŒ.AC 
I /; .B C �I/� D 0 ” A D B; 
 D �: (5.82)

Special cases. For 
 D �, the formulas for d˛logdetŒ.AC 
I /; .B C �I/� are much simpler
than in the general case and are direct generalizations of the finite-dimensional formulas in
Section 2.6.1. With 
 D �, we have ˇ D

1�˛
2
, 1 � ˇ D

1C˛
2

, and Eq. (5.78) becomes

d˛logdetŒ.AC 
I /; .B C 
I /�

D
4

1 � ˛2
log

"
detX

�
1�˛
2
.AC 
I /C

1C˛
2
.B C 
I /

�
detX.AC 
I /

1�˛
2 detX.B C 
I /

1C˛
2

#
; �1 < ˛ < 1; (5.83)

which is the direct generalization of Eq. (2.84). In particular, for A;B 2 SymCC.n/, by setting

 D 0 in Eq. (5.83), we recover Eq. (2.84).

Similarly, with 
 D �, Eqs. (5.79) and (5.80) become, respectively

d1logdetŒ.AC 
I /; .B C 
I /�

D trXŒ.B C 
I /�1.AC 
I / � I � � log detXŒ.B C 
I /�1.AC 
I /�; (5.84)
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d�1
logdetŒ.AC 
I /; .B C 
I /�

D trX.AC 
I /�1.B C 
I / � I � � log detXŒ.AC 
I /�1.B C 
I /�; (5.85)

which directly generalize Eqs. (2.85) and (2.86), respectively. For A;B 2 SymCC.n/, by setting

 D 0, we recover Eqs. (2.85) and (2.86), respectively.

TheRKHS setting. As in the case of the affine-invariant Riemannian and Log-Hilbert-
Schmidt distances in Section 5.2, in the case of RKHS covariance operators, the Alpha Log-Det
divergences

d˛logdetŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� (5.86)

admit closed forms, expressed via the Gram matrices corresponding to X and Y, as follows.

Theorem5.26 [75]. Assume that dim.HK/ D 1. Let 
 > 0,� > 0. For�1 < ˛ < 1, the diver-
gence d˛logdetŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� is given by

d˛logdetŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� (5.87)

D
4

1 � ˛2
logdet

"
1

ms.
; �; ˛/

 
.1 � ˛/JmKŒX�Jm

p
1 � ˛2JmKŒX;Y�Jmp

1 � ˛2JmKŒY;X�Jm .1C ˛/JmKŒY�Jm

!
C I2m

#
�

4ˇ

1 � ˛2
logdet

�
JmKŒX�Jm

m

C Im

�
�
4.1 � ˇ/

1 � ˛2
logdet

�
JmKŒY�Jm

m�
C Im

�
C c.˛; 
; �/:

Here the quantities s.
; �; ˛/ and c.˛; 
; �/ are given by

s.
; �; ˛/ D .1 � ˛/
 C .1C ˛/�; (5.88)

c.˛; 
; �/ D
4 log.s.
; �; ˛/=2/

1 � ˛2
�
2 log 

1C ˛

�
2 log�
1 � ˛

: (5.89)

The corresponding formula when dim.HK/ < 1 is given by the following result.

Theorem 5.27 [75]. Assume that dim.HK/ < 1. Let 
 > 0, � > 0. Then for �1 < ˛ < 1,

d˛logdetŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/�

D
4

1 � ˛2
logdet

"
1

ms.
; �; ˛/

 
.1 � ˛/JmKŒX�Jm

p
1 � ˛2JmKŒX;Y�Jmp

1 � ˛2JmKŒY;X�Jm .1C ˛/JmKŒY�Jm

!
C I2m

#
�

2

1C ˛
log det

�
1

m

JmKŒX�Jm C Im

�
�

2

1 � ˛
log det

�
1

m�
JmKŒY�Jm C Im

�
C c.˛; 
; �/ dim.HK/: (5.90)
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Remark5.28 It can be shown that c.˛; 
; �/ � 0, with equality if and only if 
 D �.The kernel
matrices KŒX�; KŒY�; KŒX;Y�; KŒY;X� have finite sizes m �m. Thus, for m 2 N fixed and 
 ¤

�, so that c.˛; 
; �/ > 0, the right-hand side of Eq. (5.90) approaches infinity as dim.HK/ !

1. Thus, except in the case 
 D �, the infinite-dimensional case cannot be obtained from the
finite-dimensional case as the dimension approaches infinity.

Consider now the limiting cases ˛ D ˙1. The following gives the formula for
d�1

logdetŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� when dim.HK/ D 1. For ˛ D 1, we use the dual
symmetry formula (see [75])

d1logdetŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D d�1Œ.Cˆ.Y/ C �IHK
/; .Cˆ.X/ C 
IHK

/�:

Theorem 5.29 [75]. Assume that dim.HK/ D 1. The divergence d�1
logdetŒ.Cˆ.X/ C


I /; .Cˆ.Y/ C �I/� is given by

d�1
logdetŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� D

�
�



� 1 � log �




�
C tr

�
JmKŒY�Jm


m

�
�
�



tr
"�

JmKŒX�Jm
m

C
JmKŒX;Y�JmKŒY;X�Jm

m2�

��

Im C

JmKŒX�Jm
m

��1
#

C
�



log det

�
JmKŒX�Jm


m
C Im

�
�
�



log det

�
JmKŒY�Jm

�m
C Im

�
: (5.91)

The corresponding finite-dimensional result is given by the following.

Theorem 5.30 [75]. Assume that dim.HK/ < 1. Then d�1
logdetŒ.Cˆ.X/ C 
IHK

/; .Cˆ.Y/ C

�IHK
/� is given by

d�1
logdetŒ.Cˆ.X/ C 
IHK

/; .Cˆ.Y/ C �IHK
/�

D

�
�



� 1 � log �




�
dim.HK/C tr

�
JmKŒY�Jm


m

�
�
�



tr
"�

JmKŒX�Jm
m

C
JmKŒX;Y�JmKŒy; x�Jm

m2�

��

Im C

JmKŒX�Jm
m

��1
#

C log det
�
JmKŒX�Jm


m
C Im

�
� log det

�
JmKŒY�Jm

�m
C Im

�
: (5.92)

Computational complexity. In both Theorems 5.26 and 5.27, the computation of the
d˛logdet divergences, for �1 < ˛ < 1, requires the Cholesky decompositions of a 2m � 2m ma-
trix and two m �m matrices. Thus the computational complexity required is O.m3/. The com-
putational complexity of d�1

logdet (and hence d1logdet), as given in Theorems 5.29 and 5.30, is
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similarlyO.m3/. If we have a set of N data matrices fXj gNjD1, then the computational complex-
ity required for computing all the pairwise divergences between the corresponding regularized
covariance operators in O.N 2m3/.

Alpha-BetaLog-Determinantdivergences betweenpositivedefiniteHilbert-Schmidt
operators. The Alpha Log-Determinant divergences on the cone of positive definite trace
class operators presented in this section can be substantially generalized to the Alpha-Beta
Log-Determinant divergences on the entire Hilbert manifold of positive definite Hilbert-
Schmidt operators.These divergences generalize the Alpha-Beta Log-Determinant divergences
on SymCC.n/, as presented in Section 2.7, and include the affine-invariant Riemannian distance
in Section 5.2 as a special case. The generalization requires the concept of the extended Hilbert-
Carleman determinant for extended Hilbert-Schmidt operators, in addition to the extended
Fredholm determinant we presented here. The interested reader is referred to [79] and [80]
for detail of the mathematical formulation.

5.4 SUMMARY
In this chapter, we presented several geometrical structures of positive trace class operators and
positiveHilbert-Schmidt operators, along with the corresponding divergences, distances and in-
ner products. We show in particular how they can be evaluated, via closed form expressions, in
the case of RKHS covariance operators and/or their corresponding regularized versions. Specif-
ically, the following were presented:

1. Hilbert-Schmidt distance and inner product;

2. affine-invariant Riemannian distance;

3. Log-Hilbert-Schmidt distance and inner product;

4. Alpha Log-Determinant divergences.

For the affine-invariant Riemannian distance, Log-Hilbert-Schmidt distance and inner prod-
uct, and Alpha Log-Determinant divergences, the formulas in the infinite-dimensional case are
generally different from the corresponding finite-dimensional versions, which generally diverge
to infinity when the dimension goes to infinity. This can be seen by directly comparing Theo-
rem 5.11 with Theorem 5.12, Theorem 5.15 with Theorem 5.17, and Theorem 5.26 with Theo-
rem 5.27. These differences play a key role in the theoretical analysis of the finite-dimensional
approximations of kernel methods on covariance operators, which we present next in Chapter 6.
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C H A P T E R 6

KernelMethods on Covariance
Operators

In Chapter 5, we presented explicit formulas, in terms of Gram matrices, for the Hilbert-
Schmidt distance and inner product, affine-invariant Riemannian distance, and Log-Hilbert-
Schmidt distance and inner product between RKHS covariance operators. In this chapter, we
show how the Hilbert-Schmidt and Log-Hilbert-Schmidt distances and inner products can be
used to define positive definite kernels, allowing us to apply kernel methods on top of covariance
operators. This effectively creates a two-layer kernel machine, with the kernel in the first layer
giving rise to covariance operators and the kernel in the second layer having those covariance
operators as input for subsequent tasks such as regression and classification. We put empha-
sis in particular on the Log-Hilbert-Schmidt distance and inner product, which are intrinsic
to the set of positive definite Hilbert-Schmidt operators. The kernel machine with the Log-
Euclidean distance and inner product presented in Chapter 3 can be viewed as a special case
of this framework, with the kernel in the first layer being the linear kernel. Along with kernels
defined using the exact Log-Hilbert-Schmidt distance, we present kernels defined using finite-
dimensional approximations of the infinite-dimensional Log-Hilbert-Schmidt distance, which
incur considerably lower computational costs while largely preserving the capability of the exact
formulation. The general theoretical framework is accompanied by a concrete numerical imple-
mentation along with experiments in image classification. Overall, the methods in this chapter
can be viewed as the generalizations of the kernel methods on covariance matrices in Chapter 3
to the infinite-dimensional setting.

6.1 POSITIVEDEFINITEKERNELSONCOVARIANCE
OPERATORS

In the following, we present positive definite kernels defined using the Hilbert-Schmidt metric
and Log-Hilbert-Schmidt metric, which generalize the positive definite kernels defined using
the Euclidean metric and Log-Euclidean metric in Section 3.2. A summary of the kernels de-
fined via these metrics are given in Table 6.1. As of the time of writing, we are not aware of
theoretical results on positive definite kernels defined using the infinite-dimensional symmetric
Stein divergence in [75] (or the versions employed in [44, 135]) that are comparable to those in
the finite-dimensional case, as proven in [110, 111] and described in Section 3.2.3.
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Table 6.1: Common positive definite kernels on infinite-dimensional covariance operators. The
explicit expressions of the Log-Hilbert-Schmidt inner product and Log-Hilbert-Schmidt dis-
tance in terms of Gram matrices are given in Section 5.2.2.

Kernels by Hilbert-Schmidt inner product and distance

K.Cˆ.X/; Cˆ.Y// D .hCˆ.X/; Cˆ.Y/iHS C c/d , c � 0, d 2 N
K.Cˆ.X/; Cˆ.Y// D exp.� 1

�2 jjCˆ.X/ � Cˆ.Y/jj
p
HS/, � ¤ 0, 0 < p � 2

Kernels by Log-Hilbert-Schmidt inner product and distance

KŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� D .hlog.Cˆ.X/ C 
I /; log.Cˆ.Y/ C �I/ieHS C c/d ,

 > 0; � > 0; c � 0, d 2 N

KŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� D exp.� 1
�2 jj log.Cˆ.X/ C 
I / � log.Cˆ.Y/ C �I/jj

p
eHS/,


 > 0; � > 0; � ¤ 0, 0 < p � 2

6.1.1 KERNELSDEFINEDUSINGTHEHILBERT-SCHMIDTMETRIC
Since covariance operators are Hilbert-Schmidt operators, we can automatically apply to them
any positive definite kernels that can be defined on Hilbert-Schmidt operators. Following the
notation in Chapter 5, let H be a separable Hilbert space and HS.H/ the Hilbert space of all
Hilbert-Schmidt operators on H. The following are some examples of positive definite ker-
nels K W HS.H/ � HS.H/ ! R that are defined either via the Hilbert-Schmidt inner product
hA;BiHS or the Hilbert-Schmidt distance jjA � B jjHS.

1. Polynomial kernels

K.A;B/ D ŒhA;BiHS C c�d D Œtr.A�B/C c�d ; c � 0; d 2 N: (6.1)

2. Generalized Gaussian kernels

K.A;B/ D exp
�

�
1

�2
jjA � Bjj

p
HS

�
; � ¤ 0; 0 < p � 2: (6.2)

For two RKHS covariance operators Cˆ.X/ and Cˆ.Y/, as we show in Section 5.1, both the
Hilbert-Schmidt inner product hCˆ.X/; Cˆ.Y/iHS and the Hilbert-Schmidt distance jjCˆ.X/ �

Cˆ.Y/jjHS admit closed form expressions via the corresponding Gram matrices. Thus, the cor-
responding kernel K.Cˆ.X/; Cˆ.Y// also admits a closed form expression in terms of Gram ma-
trices.
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However, as in the finite-dimensional case, the Hilbert-Schmidt metric does not reflect

the intrinsic geometry of the set of positive Hilbert-Schmidt operators. Thus, kernels defined
in this metric are generally not optimal in practical applications.

6.1.2 KERNELSDEFINEDUSINGTHELOG-HILBERT-SCHMIDT
METRIC

We recall the Hilbert manifold †.H/ D fAC 
I > 0 W A 2 HS.H/; A� D A; 
 2 Rg of posi-
tive definite operators onH which are Hilbert-Schmidt operators plus a multiple of the identity
operator. As we discussed in Section 5.2.2,

.†.H/;ˇ;~; h ; ilogHS/

is a Hilbert space with the Log-Hilbert-Schmidt inner product

h.AC 
I /; .B C �I/ilogHS D hlog.AC 
I /; log.B C �I/ieHS;

where .AC 
I /; .B C �I/ 2 †.H/, along with the corresponding Log-Hilbert-Schmidt norm
jjAC 
I jjlogHS D

p
h.AC 
I /; .AC 
I /ilogHS. The Log-Hilbert-Schmidt distance between

.AC 
I /; .B C �I/ is then the Hilbert distance

dlogHSŒ.AC 
I /; .B C �I/� D jj.AC 
I /ˇ .B C �I/�1jjlogHS
D jj log.AC 
I / � log.B C �I/jjeHS:

Consequently, we can define positive definite kernels on†.H/ using the inner product h ; ilogHS
and the norm jj jjlogHS.The following are the Log-Hilbert-Schmidt counterparts of theHilbert-
Schmidt kernels defined in Section 6.1.1 and the infinite-dimensional generalizations of the
Log-Euclidean kernels defined in Section 3.2.2.

Theorem 6.1 [76]. The following kernelsK W †.H/ �†.H/ ! R are positive definite

KŒ.AC 
I /; .B C �I/� D .h.AC 
I /; .B C �I/ilogHS C c/d ; c � 0; d 2 N

D .c C hlog.AC 
I /; log.B C �I/ieHS/
d ; (6.3)

KŒ.AC 
I /; .B C �I/� D exp
 

�
jj.AC 
I /ˇ .B C �I/�1jj

p
logHS

�2

!
D exp

 
�

jj log.AC 
I / � log.B C �I/jj
p
eHS

�2

!
; (6.4)

for � ¤ 0, 0 < p � 2.
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Theorem 6.1 thus generalizes Theorem 3.1 to the infinite-dimensional setting. In partic-

ular, for H D Rn, †.H/ D SymCC.n/, 
 D � D 0, and A;B 2 SymCC.n/, we recover Theo-
rem 3.1.

For two RKHS covariance operators Cˆ.X/ and Cˆ.Y/, as we show in Section 5.2.2,
for any 
 > 0, � > 0, both the Log-Hilbert-Schmidt inner product h.Cˆ.X/ C 
I /; .Cˆ.Y/ C

�I/ilogHS, and the Log-Hilbert-Schmidt distance dlogHSŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� admit
closed form expressions in terms of the corresponding Gram matrices. Thus, it follows that the
corresponding kernel KŒ.Cˆ.X/ C 
I /; .Cˆ.Y/ C �I/� also admits a closed form expression in
terms of Gram matrices.

6.2 TWO-LAYERKERNELMACHINES
We now combine the geometric framework of RKHS covariance operators in Chapter 5 with
the analytic construction of positive definite kernels just described in Section 6.1. This gives us
a two-layer kernel machine architecture, as presented in [76, 81, 83, 84], as follows.

1. In the first layer, let the input space X be any non-empty set. Let K be a positive definite
kernel defined on X � X , such as the Gaussian kernel. Then K defines, implicitly, a set of
RKHS covariance operators, each of the form Cˆ.X/, where X is a data matrix randomly
sampled from X according to a probability distribution �. The corresponding set of reg-
ularized RKHS covariance operators .Cˆ.X/ C 
I /, 
 > 0, forms a subset of the Hilbert
manifold of positive definite Hilbert-Schmidt operators.

In the context of image representation, X D Rn, for some n 2 N, and for each image
one extracts a data matrix X D Œx1; : : : ; xm� at m pixels, with each xi 2 Rn being the n-
dimensional feature vector extracted at the i th pixel, 1 � i � m. A positive definite kernel,
such as the Gaussian kernel, defined on these feature vectors, then induces an implicit
covariance operator representing the image.

The Hilbert-Schmidt and Log-Hilbert-Schmidt distances (or inner products) between
two covariance operators then represent the distances (or inner products) between the
corresponding images.

2. In the second layer, using the pairwise Hilbert-Schmidt/Log-Hilbert-Schmidt distances
(or inner products) obtained in the first layer, we define a new positive definite kernel,
e.g., by Theorem 6.1. With this kernel, we can then apply any kernel method on top of
the covariance operators defined in the first layer, such as least square regression or SVM
classification.

This two-layer kernel machine is depicted graphically in Figure 6.1 and algorithmically in
Algorithm 6.2. Numerical results on the task of image classification using this framework are
presented in Section 6.4.
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Figure 6.1: Two-layer kernel machine with the exact Log-Hilbert-Schmidt distance. Other al-
ternative machines can be obtained by replacing the Log-Hilbert-Schmidt distance by the Log-
Hilbert-Schmidt inner product, Hilbert-Schmidt distance, or Hilbert-Schmidt inner product.

Remark 6.2 The approach in [55, 72, 120], as presented in Section 3.3, which apply kernel
methods on top of the Log-Euclidean distance and inner product, is a special case our framework
with the Log-Hilbert-Schmidt distance and inner product, where the kernel in the first layer is
linear (which is equivalent to not having the first layer).

6.3 APPROXIMATEMETHODS
A key feature of kernel methods is their ability to capture nonlinear structures in data, which
is achieved by implicitly mapping, via the corresponding feature maps, the original input data
into a high-dimensional (and often infinite-dimensional) feature space and carrying out linear
learning algorithms in the feature space. This is widely known as the kernel trick and has been
employed extensively [102, 104]. However, this power to learn nonlinear structures in data also
comes with a price in computational complexity. In exact kernel methods, the feature map ˆ is
often infinite-dimensional and, even if it is known explicitly (see [82] for explicit expressions of
many feature maps), tends to be analytically complicated. Thus, ˆ is only used implicitly and all
computations are carried out using the corresponding Gram matrices. Therefore, on very large
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Algorithm 6.2 Two-layer kernel machine with the Log-Hilbert-Schmidt distance/Log-
Hilbert-Schmidt inner product, as depicted in Figure 6.1. Other alternative machines can be
obtained by using the Hilbert-Schmidt distance or Hilbert-Schmidt inner product instead.
Input: Set of N data matrices Xi , 1 � i � N , each of size n �m

(For image classification, each image gives rise to one such data matrix Xi , with each column
being a feature vector extracted from the image.)
Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:
Positive definite kernels K1, K2
Regularization parameters 
i > 0, 1 � i � N

Procedure:

1. For each pair of data matrices Xi , Xj , 1 � i; j � N , compute the Gram matrices corre-
sponding to kernel K1, namely K1ŒXi �, K1ŒXj �, and K1ŒXi ;Xj �, according to Eq. (5.9).

2. For each pair of implicitly defined covariance operatorsCˆ.Xi / andCˆ.Xj /, compute the cor-
responding Log-Hilbert-Schmidt distance, according to Eq. (5.57), or the corresponding
Log-Hilbert-Schmidt inner product, according to Eq. (5.58), using regularization param-
eters 
i ; 
j , respectively.

3. Using kernelK2, compute anN �N kernel matrix using the above Log-Hilbert-Schmidt
distances, e.g., according to Eq. (6.4), or the above Log-Hilbert-Schmidt inner products,
e.g., according to Eq. (6.3).

datasets, which result in very large Gram matrices, the required computational cost can be very
high.

Motivated by the need to reduce the computational cost of exact kernel methods, a line
of work has emerged recently, see e.g., [96, 124, 130], which proposes to work with explicit
approximations of the high-dimensional feature map ˆ. Specifically, given a kernel K W X �

X ! R and a corresponding feature mapˆ W X ! H, one computes an explicit, low dimensional,
approximate feature map

Ô
D W X ! RD; where D is finite and D << dim.H/; (6.5)

so that the corresponding kernel is approximately equal to the original kernel K, that is

h Ô
D.x/; Ô

D.y/iRD D OKD.x; y/ � K.x; y/ 8.x; y/ 2 X � X ; (6.6)

and so that as the feature dimension D ! 1, the approximate kernel OKD approaches the true
kernel K, that is

lim
D!1

OKD.x; y/ D K.x; y/ 8.x; y/ 2 X � X : (6.7)
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Having explicitly computed the approximate feature map Ô
D , we then use it directly as input

in the learning algorithms, which no longer involve the computation and processing of large
Gram matrices. We remark that the convergence stated in Eq. (6.7) can be either probabilistic,
as in the case of the random Fourier feature map approach in [96], or deterministic, as in the
case of the quasi-random Fourier feature map approach in [130]. It has been demonstrated, see
e.g., [96, 124, 130], that this approximation approach can substantially reduce the computational
cost of kernel methods, with relatively small loss in empirical performance.

We next show how to utilize the feature map approximation approach for reducing the
computational complexity of the affine-invariant Riemannian and Log-Hilbert-Schmidt dis-
tances. In particular, the approximate Log-Hilbert-Schmidt distance gives rise to an approx-
imate version of the two-layer kernel machine in Figure 6.1, which incurs considerably lower
computational costs while largely preserving the capability of the exact formulation. On the
other hand, we also show that the same approximation approach is generally not applicable to
the Log-Hilbert-Schmidt inner product.

6.3.1 APPROXIMATELOG-HILBERT-SCHMIDTDISTANCEAND
APPROXIMATEAFFINE-INVARIANTRIEMANNIANDISTANCE

In our current setting, we wish to reduce the computational cost of the exact infinite-dimensional
affine-invariant Riemannian distance and the exact infinite-dimensional Log-Hilbert-Schmidt
distance. As we saw in Section 5.2.2, to compute the exact Log-Hilbert-Schmidt distance be-
tween two infinite-dimensional covariance operators Cˆ.X/ and Cˆ.Y/, we need to compute the
three correspondingm �mGrammatrices, namelyKŒX�,KŒY�, andKŒX;Y�, and carry out the
SVD of the first two matrices, with computational complexity O.m3/. To reduce this compu-
tational cost, we employ finite, low-dimensional covariance operators to approximate the infinite-
dimensional covariance operators Cˆ.X/ and Cˆ.Y/. The exact Log-Hilbert-Schmidt distance
between Cˆ.X/ and Cˆ.Y/ is then approximated by the Log-Euclidean distance between the
corresponding approximate covariance operators. This approach was first presented in [84] and
is further extended upon in [83]. Similarly, the exact infinite-dimensional affine-invariant Rie-
mannian distance between Cˆ.X/ and Cˆ.Y/ is approximated by the finite-dimensional affine-
invariant Riemannian distance between the corresponding approximate covariance operators.

Approximate covariance operator. The low-dimensional, approximate covariance opera-
tor of Cˆ.X/ can be computed via the approximate feature map Ô

D in Eq. (6.5) as follows. Note
that at the moment we are referring to an abstract, general feature map Ô

D . A concrete example
of Ô

D , namely the Fourier feature map, along with its implementation, will be presented in de-
tail later in Section 6.3.5. Applying the map Ô

D to the original data matrix X D Œx1; : : : ; xm�,
we obtain the corresponding feature matrix

Ô
D.X/ D Œ ÔD.x1/; : : : ; Ô

D.xm/� (6.8)
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of size D �m, and the corresponding approximate covariance operator is given by

C Ô
D.X/ D

1

m
Ô
D.X/Jm Ô

D.X/T W RD ! RD: (6.9)

This is a symmetric positive semi-definite matrix of size D �D. By the assumption that
D << H, this matrix is much smaller than the potentially infinite matrixCˆ.X/ of size dim.H/ �

dim.H/.
ApproximateLog-Hilbert-Schmidtdistance. Given two covariance operatorsCˆ.X/ and

Cˆ.Y/ and their corresponding approximate covariance operators C Ô
D.X/ and C Ô

D.Y/, the Log-
Euclidean distance between the approximate operators C Ô

D.X/ and C Ô
D.Y/ is then used as the

approximate version of the Log-Hilbert-Schmidt distance between the infinite-dimensional co-
variance operatorsCˆ.X/ andCˆ.Y/. Specifically, the following is taken as an approximate version
of the Log-Hilbert-Schmidt distance given in Eq. (5.51)

dlogEŒ.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C �ID/�

D




log.C Ô
D.X/ C 
ID/ � log.C Ô

D.Y/ C �ID/




F
: (6.10)

Approximate affine-invariant Riemannian distance. Similarly, the finite-dimensional
affine-invariant Riemannian distance between C Ô

D.X/ and C Ô
D.Y/ is used as the approximate

version of the infinite-dimensional affine-invariant Riemannian distance between Cˆ.X/ and
Cˆ.Y/. Specifically, the following is taken as an approximate version of the affine-invariant Rie-
mannian distance in Eq. (5.38)

daiEŒ.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C �ID/�

D jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C �ID/.C Ô

D.X/ C 
ID/
�1=2�jjF : (6.11)

Convergence of the approximations. We need to determine whether the Log-Euclidean
distance in Eq. (6.10) is a consistent finite-dimensional approximation of the Log-Hilbert-
Schmidt distance in Eq. (5.51), in the sense that

lim
D!1




log.C Ô
D.X/ C 
ID/ � log.C Ô

D.Y/ C �ID/




F

D jj log.Cˆ.X/ C 
IH/ � log.Cˆ.Y/ C �IH/jjeHS: (6.12)

Likewise, we need to determine whether the following convergence holds

lim
D!1

jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C �ID/.C Ô

D.X/ C 
ID/
�1=2�jjF

D jj logŒ.Cˆ.X/ C 
IH/
�1=2.Cˆ.Y/ C �IH/.Cˆ.X/ C 
IH/

�1=2�jjeHS: (6.13)

It turns out that, in general, both of these convergences are not valid. This fact stands in
sharp contrast to the assumption stated in Eq. (6.7) on the approximability of the exact ker-
nel value K.x; y/ by the approximate kernel OKD.x; y/, which is satisfied by many approxima-
tion schemes in practice, including the random Fourier feature approximation [96] and the
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quasi-random Fourier feature approximation [130]. This is because, as pointed out by [76], the
infinite-dimensional Log-Hilbert-Schmidt distance is generally not obtainable as a limit of the
finite-dimensional Log-Euclidean distance as the dimension approaches infinity, and the same
is true regarding the infinite-dimensional and finite-dimensional affine-invariant Riemannian
distances, as pointed out in [78].

Specifically, we have the following divergence result, first proved in [84].

Theorem 6.3 [84]. Assume that 
 ¤ �, 
 > 0, � > 0. Then, for the approximate Log-Hilbert-
Schmidt distance,

lim
D!1




log
�
C Ô

D.X/ C 
ID

�
� log

�
C Ô

D.Y/ C �ID

�



F

D 1: (6.14)

The following is the corresponding divergence result for the approximate affine-invariant
Riemannian distance.

Theorem 6.4 Assume that 
 ¤ �, 
 > 0, � > 0. Then, for the approximate affine-invariant Rie-
mannian distance,

lim
D!1

jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C �ID/.C Ô

D.X/ C 
ID/
�1=2�jjF D 1: (6.15)

Proof. See Appendix A.5. �

The infinite limits in Theorems 6.3 and 6.4 show that in general, Eq. (6.7), which states
the convergence of the approximate kernel value OKD.x; y/ to the exact kernel value K.x; y/ as
D ! 1, is not sufficient to guarantee the convergence of the approximate Log-Hilbert-Schmidt
distance to the exact Log-Hilbert-Schmidt distance, or the convergence of the approximate
affine-invariant Riemannian distance to the exact infinite-dimensional version.

Both of these convergences are in fact non-trivial and are only valid in the following sce-
nario. In the regularized covariance operators .C Ô

D.X/ C 
ID/ and .C Ô
D.Y/ C �ID/, we assume

that the regularization parameters are the same, that is 
 D �. This is a mild assumption that is
also practically reasonable and realizable. In this setting, we obtain the desired convergence for
the approximate Log-Hilbert-Schmidt distance, as stated in the following result.

Theorem 6.5 [84]. Assume that 
 D � > 0. Then, for the approximate Log-Hilbert-Schmidt dis-
tance,

lim
D!1




log.C Ô
D.X/ C 
ID/ � log.C Ô

D.Y/ C 
ID/




F

D jj log.Cˆ.X/ C 
IH/ � log.Cˆ.Y/ C 
IH/jjeHS: (6.16)
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The following is the corresponding convergence result for the approximate affine-invariant
Riemannian distance.

Theorem 6.6 Assume that 
 D � > 0. Then, for the approximate affine-invariant Riemannian
distance,

lim
D!1

jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C 
ID/.C Ô

D.X/ C 
ID/
�1=2�jjF

D jj logŒ.Cˆ.X/ C 
IH/
�1=2.Cˆ.Y/ C 
IH/.Cˆ.X/ C 
IH/

�1=2�jjeHS: (6.17)

Proof. See Appendix A.5. �

Mode of convergence. We remark that the mode of convergence in Theorems 6.3, 6.4,
6.5, and 6.6 is the same as that in Eq. (6.7) on the convergence of the approximate kernel
OKD.x; y/ to the exact kernelK.x; y/ asD ! 1, which is either probabilistic, e.g., if the random
Fourier feature map [96] is used in Eq. (6.7), or deterministic, e.g., if the quasi-random Fourier
feature map [130] is used in Eq. (6.7).

Practical implication. With Theorems 6.3, 6.4, 6.5, and 6.6 as theoretical guidance, for
consistent finite-dimensional approximations of the affine-invariant Riemannian distance and
Log-Hilbert-Schmidt distance in practice, we need to use the same regularization parameter

 > 0 to compute the approximate affine-invariant Riemannian distances and approximate Log-
Hilbert-Schmidt distances between all regularized approximate covariance operators .C Ô

D.X/ C


ID/.

Remark 6.7 In [33], the authors proposed twomethods: (i) Nearest Neighbor using effectively
the approximate affine-invariant Riemannian distance given in Eq. (6.19) with 
 D � D 0 and
(ii) the CDL algorithm in [127] using the representation log.C Ô

D.X//. Both of these methods
require the assumption that C Ô

D.X/ is positive definite. However, since C Ô
D.X/ has rank at most

m � 1 (see Section 1.1), when D � m, C Ô
D.X/ is always rank-deficient and neither its inverse

nor log can be computed.Thus, neither the CDL algorithm nor the approximate affine-invariant
Riemannian distance without regularization can be used when D � m. In other words, these
methods are not consistent.
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6.3.2 COMPUTATIONALCOMPLEXITY
We now present the computational complexity analysis of the approximations of both the Log-
Hilbert-Schmidt distance, as given in Eq. (6.10), and the affine-invariant Riemannian distance,
as given in Eq. (6.11), along with the comparison on the scalability between the two approaches
to large datasets.

Computational complexity of the approximation of the Log-Hilbert-Schmidt dis-
tance. Consider first the approximate Log-Hilbert-Schmidt distance, as given in Eq. (6.10),
according to which we compute the following quantity


log.C Ô

D.X/ C 
ID/ � log.C Ô
D.Y/ C �ID/





F
: (6.18)

Themain computational cost in Eq. (6.18) is the SVD for .C Ô
D.X/ C 
ID/ and .C Ô

D.Y/ C �ID/,
which takes timeO.D3/. Since the matrices .C Ô

D.X/ C 
ID/ and .C Ô
D.Y/ C �ID/ in Eq. (6.18)

are uncoupled, if we have N data matrices fX1; : : : ;XN g, in order to compute their pairwise
approximate Log-Hilbert-Schmidt distances using Eq. (6.18), we need to compute an SVD
for each .C Ô

D.Xi /
C 
ID/, which enables us to compute log.C Ô

D.Xi /
C 
ID/, then compute all

the pairwise distances in the corresponding set of matrices flog.C Ô
D.Xi /

C 
ID/g, with total
computational complexity O.ND3/.

We recall that for N pairs of data matrices, the computational complexity of the exact
Log-Hilbert-Schmidt formulation [76] and the RKHS Bregman divergences [44] is of order
O.N 2m3/. Thus, for D < m and N large, the approximate Log-Hilbert-Schmidt formulation
will be much more efficient to compute than both the exact Log-Hilbert-Schmidt and the
RKHS Bregman divergences (see [84] for the actual running time comparison between the
approximate and exact Log-Hilbert-Schmidt formulations)

Computational complexity of the approximation of the affine-invariant Riemannian
distance. Consider now the approximate affine-invariant Riemannian distance, as given in
Eq. (6.11), according to which we compute the following quantity:


log

h
.C Ô

D.X/ C 
ID/
�1=2.C Ô

D.Y/ C �ID/.C Ô
D.X/ C 
ID/

�1=2
i



F
: (6.19)

The main computational cost in Eq. (6.19), which consists of a matrix square root and inver-
sion, two matrix multiplications and an SVD, is also O.D3/. However, computationally, the
key difference between Eq. (6.18) and Eq. (6.19) is that in Eq. (6.18), .C Ô

D.X/ C 
ID/ and
.C Ô

D.Y/ C �ID/ are uncoupled, whereas in Eq. (6.19), they are coupled. Thus, if we have N data
matrices fX1; : : : ;XN g, in order to compute all the pairwise approximate affine-invariant Rie-
mannian distances using Eq. (6.19), we need to compute an SVD for each pair .C Ô

D.Xi /
C 
ID/,

.C Ô
D.Xj /

C 
ID/, with computational complexity O.N 2D3/. Thus, on a set of N data matrices
fX1; : : : ;XN g, the approximation of all the pairwise Log-Hilbert-Schmidt distances is O.N/
times faster than the approximation of all the pairwise affine-invariance Riemannian distances.
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Comparison of scalability. The above analysis shows that for a large set of matrices, it

is much faster to compute all the pairwise approximate Log-Hilbert-Schmidt distances than to
compute all the pairwise affine-invariant Riemannian distances. Moreover, since the two terms
log.C Ô

D.X/ C 
ID/ and log.C Ô
D.Y/ C �ID/ in Eq. (6.18) are uncoupled, they can be computed

in parallel, further speeding up the computation of the Log-Hilbert-Schmidt distances. Thus,
overall, in terms of computational complexity, the approximate Log-Hilbert-Schmidt distance
is much more efficient than the approximate affine-invariant Riemannian distance, especially on
large-scale datasets.

6.3.3 APPROXIMATELOG-HILBERT-SCHMIDT INNERPRODUCT
We consider next the finite-dimensional approximation of the infinite-dimensional Log-
Hilbert-Schmidt inner product between the covariance operators Cˆ.X/ and Cˆ.Y/, as defined
by Eq. (5.58), namely

h.Cˆ.X/ C 
IH/; .Cˆ.Y/ C �IH/ilogHS D hlog.Cˆ.X/ C 
IH/; log.Cˆ.Y/ C �IH/ieHS: (6.20)

As in the case of the approximate Log-Hilbert-Schmidt distance and approximate affine-
invariant Riemannian distance in Section 6.3.1, we consider approximating the Log-Hilbert-
Schmidt inner product h ilogHS in Eq. (6.20) by the finite-dimensional Log-Euclidean inner
product h ilogE, as defined by Eq. (2.70), between the approximate covariance operators C Ô

D.X/
and C Ô

D.Y/, namely

h.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C �ID/ilogE D hlog.C Ô
D.X/ C 
ID/; log.C Ô

D.Y/ C �ID/iF :

(6.21)

Convergence of approximation. Assuming the approximation of the kernelK as given in
Eq. (6.6) and Eq. (6.7), we need to determine whether the approximation of the Log-Hilbert-
Schmidt inner product in Eq. (6.20) by the Log-Euclidean inner product in Eq. (6.21) is con-
sistent, in the sense that

lim
D!1

D
log.C Ô

D.X/ C 
ID/; log.C Ô
D.Y/ C �ID/

E
F

D
˝
log.Cˆ.X/ C 
IH/; log.Cˆ.Y/ C �IH/

˛
eHS : (6.22)

It turns out that this is only true in the special case 
 D � D 1. For all other values of

 > 0; � > 0, the left-hand side of Eq. (6.22) either approaches infinity or a finite limit that is
not equal to the right-hand side.

Specifically, we have the following result, first presented in [83].

Theorem 6.8 [83]. Assume that dim.H/ D 1. Let 
 > 0, � > 0. There are four possible cases, as
follows.
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1) If 
 D � D 1, then

lim
D!1

D
log.C Ô

D.X/ C ID/; log.C Ô
D.Y/ C ID/

E
F

D
˝
log.Cˆ.X/ C IH/; log.Cˆ.Y/ C IH/

˛
eHS : (6.23)

2) If 
 D 1, � ¤ 1, then

lim
D!1

D
log.C Ô

D.X/ C ID/; log.C Ô
D.Y/ C �ID/

E
F

D
˝
log.Cˆ.X/ C IH/; log.Cˆ.Y/ C �IH/

˛
eHS

C .log�/tr
�
log

�
1

m
JmKŒX�Jm C Im

��
: (6.24)

3) If 
 ¤ 1, � D 1, then

lim
D!1

D
log.C Ô

D.X/ C 
ID/; log.C Ô
D.Y/ C ID/

E
F

D
˝
log.Cˆ.X/ C 
IH/; log.Cˆ.Y/ C IH/

˛
eHS

C .log 
/tr
�
log

�
1

m
JmKŒY�Jm C Im

��
: (6.25)

4) If 
 ¤ 1, � ¤ 1, then

lim
D!1

D
log.C Ô

D.X/ C 
ID/; log.C Ô
D.Y/ C �ID/

E
F

D ˙1: (6.26)

The limiting value on the right-hand side of Eq. (6.26) depends on the sign of .log 
/.log�/. If
.log 
/.log�/ > 0, then this limit is C1. If .log 
/.log�/ < 0, then this limit is �1.

Implications of Theorem 6.8 for the approximation of positive definite kernels de-
fined using the Log-Hilbert-Schmidt inner product. The results stated in Theorem 6.8
mean that except in the special case 
 D � D 1, it is not possible to approximate
positive definite kernels which are functions of the infinite-dimensional Log-Hilbert-
Schmidt inner product

˝
log.Cˆ.X/ C 
IH/; log.Cˆ.Y/ C �IH/

˛
eHS by their natural correspond-

ing finite-dimensional versions, which are functions of the Log-Euclidean inner productD
log.C Ô

D.X/ C 
ID/; log.C Ô
D.Y/ C �ID/

E
F
. This is true in particular for the linear kernel, that

is the Log-Hilbert-Schmidt inner product itself, and polynomial kernels, namely kernels of the
form �

hlog.Cˆ.X/ C 
IH/; log.Cˆ.Y/ C �IH/ieHS C c
�d
; c � 0; d 2 N:
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In fact, for these kernels, in the case 
 ¤ 1; � ¤ 1, 
 > 0; � > 0, the corresponding finite-
dimensional versions, namely kernels of the form�

hlog.C Ô
D.X/ C 
ID/; log.C Ô

D.Y/ C �ID/iF C c
�d
; c � 0; d 2 N;

will approach ˙1 as D ! 1.

6.3.4 TWO-LAYERKERNELMACHINEWITHTHEAPPROXIMATE
LOG-HILBERT-SCHMIDTDISTANCE

Having theoretically analyzed the finite-dimensional approximations of the Log-Hilbert-
Schmidt distance, Log-Hilbert-Schmidt inner product, and affine-invariant Riemannian dis-
tance, along with their computational complexity, we now use this analysis as a guidance to
construct a new two-layer kernel machine, depicted in Figure 6.2. This machine is built so that
it mathematically approximates the exact two-layer kernel machine depicted in Figure 6.1, with
considerably lower computational cost, while at the same time largely preserves the capability
of the exact machine. It is based on the following steps.

Images
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Material
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Log-EKernel
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Infinite-Dimensional
Covariance Operator

Approximate
Finite-Dimensional
Covariance Operator

Distance
Matrix
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Ф

e.g.,
Gaussian

SVM
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Figure 6.2: Two-layer kernel machine with the approximate Log-Hilbert-Schmidt distance.

1. The first step is defining a positive definite kernel K1 in Figure 6.2, which induces an
implicit feature mapˆ from the original input space into an (infinite-dimensional) feature
space. For each input data matrix X, the map ˆ gives rise to the feature matrix ˆ.X/ and
the corresponding covariance operator Cˆ.X/.
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For each input instance x, we compute the approximate feature map Ô
D.x/ (we describe

two methods for computing the approximate feature map in Section 6.3.5). For each data
matrix X, we then obtain the approximate feature matrix Ô

D.X/, defined by Eq. (6.8) and
the corresponding approximate covariance operator C Ô

D.X/ of Cˆ.X/, defined by Eq. (6.9).

2. Next, for two data matrices X and Y, we compute the finite-dimensional Log-Euclidean
distance

jj log.C Ô
D.X/ C 
ID/ � log.C Ô

D.Y/ C �ID/jjF :

By Theorems 6.3 and 6.5 in Section 6.3.1, this distance consistently approximates the
infinite-dimensional Log-Hilbert-Schmidt distance jj log.Cˆ.X/ C 
IH/ � log.Cˆ.Y/ C

�IH/jjeHS if and only if 
 D � > 0.

3. The previous step in turns implies that, for 
 D � > 0, the generalized Gaussian kernel
exp.�jj log.Cˆ.X/ C 
IH/ � log.Cˆ.Y/ C 
IH/jj

p
eHS=�

2/, 0 < p � 2, which is defined on
the infinite-dimensional manifold †.H/, is consistently approximated by the correspond-
ing kernel exp.�jj log.C Ô

D.X/ C 
ID/ � log.C Ô
D.Y/ C 
ID/jj

p
F =�

2), which is defined on
the finite-dimensional manifold SymCC.D/.
Thus, as an example, we can choose as K2 in Figure 6.2 the following positive definite
kernel:

exp.�jj log.C Ô
D.X/ C 
ID/ � log.C Ô

D.Y/ C 
ID/jj
p
F =�

2/; 0 < p � 2; (6.27)

with p D 2 giving the Gaussian kernel and p D 1 giving the Laplacian kernel.
The same line of reasoning is valid if the generalized Gaussian kernel is replaced by any
continuous positive definite shift-invariant kernels defined on†.H/, under the assumption
that all covariance operators share the same regularization parameter 
 > 0.

4. Based on the results of Theorem 6.8 and its implications discussed in Section 6.3.3, when
defining the kernelK2 in Figure 6.2, we exclude kernels defined using the Log-Euclidean
inner product of approximate covariance operators, since they generally do not converge
to the corresponding kernels defined using the Log-Hilbert-Schmidt inner product of
covariance operators and in fact often diverge to infinity.

5. Having defined the positive definite kernel K2, we can then apply any kernel methods
from machine learning using this kernel, such as SVM classification.

The approximate Log-Hilbert-Schmidt distance is chosen over the approximate affine-
invariant Riemannian distance for the following reasons.

1. It is much more straightforward to define positive definite kernels using the approximate
Log-Hilbert-Schmidt distance, by the discussion in Chapter 3.
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2. For large-scale datasets, the approximate Log-Hilbert-Schmidt distance can be computed

much more efficiently than the approximate affine-invariant Riemannian distance, by the
complexity analysis in Section 6.3.2.

A concrete realization the two-layer kernel machine depicted in Figure 6.2 is presented in
the next section.

6.3.5 CASE STUDY: APPROXIMATIONBY FOURIER FEATUREMAPS
In the following, we assume that we have as input data matrices of the form X D Œx1; : : : ; xm�

of size n �m, with each matrix representing one input instance. A concrete implementation of
the kernel machine in Figure 6.2 involves a choice of the kernel K1, along with an approximate
feature map Ô

D , and a choice of the kernel K2.
For the kernel K2, as discussed in Section 6.3.4, we choose a shift-invariant kernel, e.g.,

the one defined in Eq. (6.27).
The choice of the kernel K1 is more flexible. If we choose K1 to be shift-invariant, then

two general methods for computing the approximate feature map Ô
D are Random Fourier fea-

tures [96] and Quasi-random Fourier features [130], which we now describe (see the discussion
below for other choices of kernels and feature maps).

Random Fourier feature maps. This is the approach first proposed in [96] for comput-
ing approximate feature maps Ô

D of shift-invariant kernels. Let K W Rn � Rn ! R be a con-
tinuous positive definite kernel of the form K.x; y/ D k.x � y/, for some continuous positive
definite function k W Rn ! R. A fundamental result for such a function is Bochner’s Theorem,
see e.g., [97], which states that k is positive definite if and only if it is the Fourier transform of
a finite positive measure � on Rn, that is if and only if

k.x/ D

Z
Rn

e�ih!;xid�.!/; (6.28)

so that

K.x; y/ D k.x � y/ D

Z
Rn

e�ih!;x�yid�.!/ (6.29)

D

Z
Rn

�!.x/�!.y/d�.!/; where �!.x/ D e�ih!;xi:

Without loss of generality, we can assume that � is a probability measure on Rn, so that

K.x; y/ D E!��Œ�!.x/�!.y/�: (6.30)

By symmetry, K.x; y/ D
1
2
ŒK.x; y/CK.y; x/�, so that by the relation 1

2
Œe�ih!;x�yi C

eih!;x�yi� D cos.h!; x � yi/ we have

K.x; y/ D

Z
Rn

cos.h!; x � yi/d�.!/ D E!��Œcos.h!; x � yi/�: (6.31)
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Motivated by the expectation interpretation of K.x; y/, in order to approximate K.x; y/, we
can randomly sampleD points f!j gDjD1 independently from the distribution � and compute the
empirical version

OKD.x; y/ D
1

D

DX
jD1

cos.h!j ; x � yi/: (6.32)

By the law of large numbers, Eq. (6.7) is satisfied, namely

lim
D!1

OKD.x; y/ D K.x; y/;

where the convergence is almost surely for each fixed pair .x; y/ 2 Rn � Rn (see [96] for the
original convergence analysis, and [112, 114] for improved, optimal convergence rates).

Let W D .!1; : : : ; !D/ be a matrix of size n �D, with each column !j 2 Rn ran-
domly sampled according to �. Motivated by the cosine addition formula, cos.h!j ; x � yi/ D

cosh!j ; xi cosh!j ; yi C sinh!j ; xi sinh!j ; yi, we define

cos.W T x/ D .cosh!j ; xi/DjD1 2 RD; (6.33)
sin.W T x/ D .sinh!j ; xi/DjD1 2 RD: (6.34)

The desired approximate feature map is the concatenation of these two vectors, that is

Ô
D.x/ D

1
p
D

�
cos.W T x/

sin.W T x/

�
2 R2D; (6.35)

which obviously satisfies

h Ô
D.x/; Ô

D.y/i D OKD.x; y/;

which is the assumption stated in Eq. (6.6).
For computational purposes, we assume further that the probability distribution � has a

density, which we also denote by �. If the function k W Rn ! R is integrable, then the density �
is uniquely determined as the inverse Fourier transform of k, that is

�.!/ D
1

.2�/n

Z
Rn

k.x/eih!;xidx: (6.36)

In the case of the Gaussian kernel K.x; y/ D e
�

jjx�yjj2

�2 , which is used in the experiments in
Section 6.4 below, � is a multivariate Gaussian probability distribution with mean zero and
density function given by

�.!/ D
.�

p
�/n

.2�/n
e�

�2jj!jj2

4 � N
�
0;
2

�2

�
: (6.37)
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Quasi-random Fourier feature maps. The Random Fourier feature maps presented

above arise from the Monte-Carlo approximation of the kernel K expressed as the integral in
Eq. (6.29), using a random set of points !j ’s sampled according to the distribution �. An alter-
native approach, first proposed in [130], employs the methodology of Quasi-Monte Carlo in-
tegration [26], in which the !j ’s are deterministic points arising from a low-discrepancy sequence
in Œ0; 1�n. Having generated the !j ’s, 1 � j � D, the approximate feature map Ô

D is then con-
structed in the same way as in the case of random Fourier features, namely by Eq. (6.35). We
describe this approach in detail in Appendix A.4.

Algorithm6.3Two-layer kernel machine with the approximate Log-Hilbert-Schmidt distance,
as depicted in Figure 6.2. In the algorithm, steps 2 and 3 are fixed, whereas step 1 depends on
the choice of kernel K1 and feature map Ô

D , and step 4 depends on the choice of kernel K2.
Input: Set of N data matrices Xi , 1 � i � N , each of size n �m

(For image classification, each image gives rise to one such data matrix Xi , with each column
being a feature vector extracted from the image.)
Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:
Positive definite kernels K1, K2, where K2 is shift-invariant
Regularization parameter 
 > 0
Approximate feature dimension D
Procedure:

1. For each data matrix Xi D Œxi1; : : : ; xim�, compute the feature matrix Ô
D.Xi / D

Œ ÔD.xi1/; : : : ; Ô
D.xim/� where Ô

D.xij /, 1 � i � m, is the approximate feature of xij in-
duced by the kernel K1, computed according to, e.g., Eq. (6.35).

2. With the feature matrix Ô
D.Xi /, compute the corresponding approximate covariance op-

erator C Ô
D.Xi /

, according to Eq. (6.9).

3. For each pair of approximate covariance operators C Ô
D.Xi /

and C Ô
D.Xj /

, compute the
corresponding approximate Log-Hilbert-Schmidt distance, according to Eq. (6.10), using
the same regularization parameter 
 > 0.

4. Using kernel K2, compute a kernel matrix using the
above approximate Log-Hilbert-Schmidt distances, e.g., according to Eq. (6.27).

Other choices of kernels and feature maps. The random Fourier and quasi-random
Fourier feature maps are two general methods for computing approximate feature maps of shift-
invariant kernels. In the literature on kernel approximation, other featuremaps have been studied
and can be readily employed in the current framework. Examples include the feature maps for
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additive homogeneous kernels proposed in [124] and the random feature maps for inner product
kernels proposed in [59].

Complete implementation pipeline. Having defined the kernels K1, K2, and computed
the approximate feature map Ô

D corresponding to kernel K1, the two-layer kernel machine
in Figure 6.2 can be readily implemented and applied to a practical application. The complete
pipeline for this framework is summarized in Algorithm 6.3. Actual numerical results obtained
using this algorithm are presented in Section 6.4 below.

6.4 EXPERIMENTS IN IMAGECLASSIFICATION
In this section, we present several numerical experiments to illustrate the two-layer kernel ma-
chines in Figures 6.1 and 6.2. These experiments were reported in [76, 83, 84].

Fish recognition. We apply the framework described here to the task of Fish recognition,
using the Fish Recognition dataset [12]. Samples from this dataset are displayed in Figure 6.3.
The fish data are acquired from a live video dataset resulting in 27,370 verified fish images. The
whole dataset is divided into 23 classes. The number of images per class ranges from 21–12,112,
with a medium resolution of roughly 150 � 120 pixels. The challenges in the recognition task
are due to the significant variations in color, pose, and illumination inside each class.

Two experiments were carried out. In the first experiment, we resized each image to 128 �

128 and sampled from m D 1,024 pixels using a coarse 4 � 4 grid, that is every 4 pixels in
the horizontal and vertical directions. At the pixel location .x; y/, the following 3-dimensional
feature vector of the color channels Red, Green, and Blue was extracted

f.x; y/ D ŒR.x; y/; G.x; y/; B.x; y/�: (6.38)

We randomly selected 5 images from each class for training and 15 for testing, repeating the
entire procedure 10 times. The classification was carried using Gaussian SVM (except with
Stein), with the Euclidean distance, Log-Euclidean distance, Hilbert-Schmidt distance, ex-
act Log-Hilbert-Schmidt distance, and approximate Log-Hilbert-Schmidt distance. For the
last three distances, the kernel K1 in the first layer is the Gaussian kernel. The approximate
Log-Hilbert-Schmidt distance was implemented using both the random and quasi-random
Fourier feature approaches, with the feature dimensionD D 200. All parameters were chosen by
cross-validation. For the experiments using the symmetric Stein divergence (Stein), the Nearest
Neighbor approach was used.

In the second experiment, the CNN features from [47] were used. We randomly selected
5 images from each class for training and used the rest of the images for testing. The two ap-
proximate Log-Hibert-Schmidt distance methods were tested using the same protocol as in the
previous experiment.

The classification accuracies are reported in Table 6.2.
Further experiments with the KTH-TIPS2b and ETH-80 datasets. Table 6.3, on the

other hand, is an extension of Table 3.2 in Section 3.4. In this table, we report results on the task



122 6. KERNELMETHODSONCOVARIANCEOPERATORS

Class 1 Class 2 Class 3 Class 4 Class 5 Class 6 Class 7 Class 8 Class 9

Class 10 Class 11 Class 12 Class 13 Class 14 Class 15 Class 16

Class 19 Class 20 Class 21 Class 22 Class 23

Class 17 Class 18

Figure 6.3: Samples from each of the 23 classes of the Fish Recognition dataset [12].

of image classification using the KTH-TIPS2b and ETH-80 datasets, obtained using Gaus-
sian SVM, with the Hilbert-Schmidt distance and approximate Log-Hilbert-Schmidt distance.
In both cases, the kernel K1 in the first layer is the Gaussian kernel. The approximate Log-
Hilbert-Schmidt distance was implemented using both the random and quasi-random Fourier
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Table 6.2: Experimental results obtained on the task of image classification on the Fish recogni-
tion dataset. The classification was carried out by SVM classification with the Gaussian kernels,
defined using the Euclidean distance (E), Log-Euclidean distance (Log-E), Hilbert-Schmidt
distance (HS), approximate Log-Hilbert-Schmidt distance with quasi-random Fourier features
(QApprox-LogHS), approximate Log-Hilbert-Schmidt distance with random Fourier features
(Approx-LogHS), and exact Log-Hilbert-Schmidt distance (Log-HS). By comparison, the ex-
periments Stein, using the symmetric Stein divergence, were carried out using the Nearest
Neighbor approach. The two entries Approx-LogHS (CNN) and QApprox-LogHS (CNN) were
experiments tested with CNN features.

Method Accuracy

E 26.9% (±3.5%)

Stein 43.9% (±3.5%)

Log-E 42.7% (±3.4%)

HS 50.2% (±2.2%)

Q Approx-LogHS 54.3% (±3.4%)

Approx-LogHS 53.9% (±4.3%)

Log-HS 56.7% (±2.9%)

Q Approx-LogHS (CNN) 74.6% (±3.6%)

Approx-LogHS (CNN) 75.3% (±3.5%)

feature approaches, with the feature dimension D D 200. All parameters were chosen by cross-
validation.

Running time in comparisonwith the exactLog-Hilbert-Schmidtdistance.We carried
out a comparison of running time in the first experiment with the Fish data set. This shows that
both Approx LogHS andQApprox LogHS incur much smaller computation costs compared to the
exact Log-Hilbert-Schmidt distance. Using aMATLAB implementation on an Intel Xeon E5-
2650, 2.60 GHz PC, we obtained a speed up of 30 times with QApprox LogHS (Train: 6:7 sec.
Test: 18 sec.) and more than 50 times with Approx LogHS (Train: 3:6 sec. Test: 9:9 sec.) with
respect to the baseline Log-Hilbert-Schmidt (Train: 175:7 sec. Test: 565:1 sec.).

Results. As can be seen in both Tables 6.2 and 6.3, there are generally strong improve-
ments when one moves from the Euclidean to the Log-Euclidean and the Hilbert-Schmidt
to the Log-Hilbert-Schmidt framework. More importantly, there are generally substantial
improvements when one moves from the finite-dimensional setting (Euclidean and Log-
Euclidean) to the infinite-dimensional setting (Hilbert-Schmidt and Log-Hilbert-Schmidt).
The improvement of the Log-Hilbert-Schmidt distance, both exact and approximate, frame-
work over the Euclidean distance framework is particularly remarkable, which clearly demon-
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Table 6.3: Experimental results obtained on the task of image classification on the KTH-
TIPS2b and ETH-80 datasets. The classification was carried out by SVM classification with
the Gaussian kernels, defined using the Euclidean distance (E), Log-Euclidean distance (Log-
E), Hilbert-Schmidt distance (HS), approximate Log-Hilbert-Schmidt distance with quasi-
random Fourier features (QApprox-LogHS), and approximate Log-Hilbert-Schmidt distance
with random Fourier features (Approx-LogHS). By comparison, the experiments Stein, using
the symmetric Stein divergence, were carried out using the Nearest Neighbor approach.

Method KTH-TIPS2b ETH-80

E 55.3% (±7.6%) 64.4% (±0.9%)

Stein 73.1% (±8.0%) 67.5% (±0.4%)

Log-E 74.1% (±7.4%) 71.1% (±1.0%)

HS 79.3% (±8.2%) 93.1% (±0.4%)

Q Approx-LogHS 83.4% (±5.6%) 94.9% (±0.6%)

Approx-LogHS 83.6% (±5.4%) 95.0% (±0.5%)

strates the power of the infinite-dimensional covariance operator approach. We also observe
that the use of the approximate Log-Hilbert-Schmidt distance, which is much faster to com-
pute than the exact Log-Hilbert-Schmidt distance, results in relatively small loss in practical
performance. Lastly, the CNN features from [47] can be seen to be much more descriptive than
the three color features R, G, and B .

6.5 SUMMARY
In this chapter, we presented the following concepts.

1. A two-layer kernel machine using the Hilbert-Schmidt distance/inner product and the
Log-Hilbert-Schmidt distance/inner product, with particular attention paid to the Log-
Hilbert-Schmidt distance/inner product, which are intrinsic to positive definite operators.

2. A two-layer kernel machine with the finite-dimensional approximate Log-Hilbert-
Schmidt distance, which is more computationally efficient than the exact Log-Hilbert-
Schmidt distance while largely preserving its capability. We also show that this approxi-
mation approach is not applicable to the exact Log-Hilbert-Schmidt inner product.

3. We also show that, on large datasets, it is much more efficient to compute the approx-
imate Log-Hilbert-Schmidt distance than the approximate affine-invariant Riemannian
distance. The mathematical analysis is accompanied by a concrete implementation using
the random and quasi-random Fourier feature maps.
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4. The theoretical framework is accompanied by numerical experiments in image classifica-

tion, which demonstrate substantial improvements of the infinite-dimensional covariance
operator setting over the finite-dimensional covariance matrix framework in Chapter 3.
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C H A P T E R 7

Conclusion and Future
Outlook

We presented a methodical survey of the data representation framework using covariance ma-
trices and its generalization to infinite-dimensional covariance operators. Mathematically, we
focused in particular on the geometry of covariance matrices and covariance operators and dis-
cussed the distances and divergences that arise by viewing them as Riemannian manifolds and
convex cones. Computationally, we focused on kernel methods on covariance matrices and co-
variance operators and illustrated them with applications in computer vision. We showed that
infinite-dimensional covariance operators, which model nonlinear correlations in the input data,
can substantially outperform finite-dimensional covariance matrices, which only model linear
correlations in the input. This performance gain comes at higher computational costs and we
showed how to substantially decrease these costs via approximation methods.

We believe that the study of covariance matrices and covariance operators and their ap-
plications is a fruitful area of research. Some potential directions for future research include the
following.

Applications of covariance operators. In this book, we focused on the applications of co-
variance operators in computer vision. However, given the numerous applications of covariance
matrices in various domains, including statistics, machine learning, image and signal processing,
to name just a few, we expect that the current mathematical framework for covariance operators
will find many more applications beyond those we have presented here.

Covariancematrices and covariance operators in deep learning. So far in the literature,
most authors have considered handcrafted features of images in building covariance descriptors.
Recently, covariance matrices of convolutional neural network (CNN) features have been em-
ployed as part of deep networks with end-to-end-learning [53, 131]. In our ongoing work [83],
we applied the covariance operator framework to CNN features, with significantly better re-
sults than the same framework applied on handcrafted features. In [126], which was carried out
concurrently with our work in [84], the authors also reported empirical results on covariance op-
erators of CNN features that are substantially better than methods using handcrafted features.
Given the success of deep learning methods, this direction is certainly worth exploring, both
theoretically and computationally.

Connection between the geometry of positive definite operators and the geometry of
infinite-dimensional Gaussian measures. As we have shown, in the finite-dimensional set-
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ting, there is a close connection between the affine-invariant Riemannian metric on the man-
ifold of n � n SPD matrices and the Fisher-Rao metric on the statistical manifold of Gaus-
sian measures with zero mean in Rn. Similarly, there is a close connection between the Alpha
Log-Determinant divergences on the convex cone of SPD matrices and the Rényi divergences
between Gaussian measures with zero mean. Thus, it would be of interest to explore this con-
nection in the infinite-dimensional setting. We will present initial results in this direction in an
upcoming work.



129

A P P E N D I X A

Supplementary Technical
Information

A.1 MEANSQUAREDERRORS FOREMPIRICAL
COVARIANCEMATRICES

Webriefly review here the concepts ofmean squared error (MSE), bias, variance, and bias-variance
tradeoff from the theory of statistical estimation (see, e.g., [15] for further detail). For an esti-
mator O� of a real-valued parameter � , its MSE with respect to � is defined to be

MSE. O�/ D E� . O� � �/2: (A.1)

The MSE decomposes into two components

MSE. O�/ D ŒE� . O�/ � ��2 C E� Œ O� � E� . O�/�2 D Œbias� . O�/�2 C var� . O�/; (A.2)

with the bias, defined by bias� . O�/ D E� . O�/ � � , measuring the accuracy of the estimation and
the variance, defined by var� . O�/ D E� Œ O� � E� . O�/�2, measuring the precision of the estimation.

In the more general case where �; O� are matrix-valued, with �; O� 2 Rn�m, for somem; n 2

N, the MSE is defined in terms of the Frobenius norm by

MSE. O�/ D Ejj O� � � jj
2
F D EtrŒ. O� � �/T . O� � �/�; (A.3)

which decomposes into

MSE. O�/ D jjE� . O�/ � � jj
2
F C E� jj O� � E� . O�/jj2F D Œbias� . O�/�2 C var� . O�/; (A.4)

with the bias of O� defined to be bias� . O�/ D jjE� . O�/ � � jjF and the variance of O� defined to be
var� . O�/ D E� jj O� � E� . O�/jj2F .

An estimator with lowMSE must have both small bias and small variance. It can happen
that a small increase in bias may lead to a larger decrease in variance, or vice versa, leading to an
improvement in the MSE. This phenomenon is called the bias-variance tradeoff. This happens
under the Gaussian distribution, where the biased MLE estimate CX has smaller overall MSE
than the unbiased estimate QCX, since it has smaller variance.



130 A. SUPPLEMENTARYTECHNICAL INFORMATION
In the following, we assume that in the data matrix X D Œx1; : : : ; xm�, the columns xi ’s

are sampled IID from a Gaussian distribution N .�; C / on Rn, with � 2 Rn and C being an
n � n SPD matrix.

Lemma A.1 Assume that m 2 N, m � 2. Then for CX D
1
m

Pm
iD1.xi � �X/.xi � �X/

T and
QCX D

1
m�1

Pm
iD1.xi � �X/.xi � �X/

T , the MSEs are given by

EjjCX � C jj
2
F D

m � 1

m2
Œtr.C /�2 C

1

m
tr.C 2/ < Ejj QCX � C jj

2
F D

1

m � 1

˚
Œtr.C /�2 C tr.C 2/

	
;

(A.5)

with the variances given by

var.CX/ D
.m � 1/

m2

˚
Œtr.C /�2 C tr.C 2/

	
< var. QCX/ D

1

m � 1

˚
Œtr.C /�2 C tr.C 2/

	
: (A.6)

More generally, for the empirical covariancematrix of the form OCc;X D c
Pm
iD1.xi � �X/.xi � �X/

T ,
c 2 R, its MSE is given by

Ejj OCc;X � C jj
2
F D c2.m � 1/Œtr.C /�2 C Œc2m.m � 1/ � 2c.m � 1/C 1�tr.C 2/

D Œbias. OCc;X/�
2

C var. OCc;X/; (A.7)

where the bias and variance of OCc;X are given by

Œbias. OCc;X/�
2

D Œ1 � c.m � 1/�2tr.C 2/; var. OCc;X/ D c2.m � 1/
˚
Œtr.C /�2 C tr.C 2/

	
: (A.8)

TheMSE of OCc;X has global minimum value at the point c� given by

1

mC n
� c�

D
tr.C 2/

Œtr.C /�2 Cmtr.C 2/�
�

1

mC 1
; (A.9)

with equality on the right-hand side if and only if Œtr.C /�2 D tr.C 2/ and equality on the left-hand
side if and only if C is a multiple of the identity matrix I .

For the degenerate case m D 1, Eq. (A.7) gives Ejj OCc;X � C jj2F D tr.C 2/ D jjC jj2F 8c 2

R, which is obviously true, since OCc;X D 0n�n, the zero n � n matrix. Thus, Eq. (A.7) is also
valid for the case m D 1. We see immediately that OCc;X is unbiased if and only if c D

1
m�1

, in
which case the bias term vanishes. In the univariate case, i.e., n D 1, we have Œtr.C /�2 D tr.C 2/,
so that the global minimum of theMSE is c� D

1
mC1

. In general, since C is unknown, the exact
value of c� is also unknown, but the inequalities 1

mCn
� c� �

1
mC1

are always valid and tight.

Proof of Lemma A.1. LetWn.d;†/ denote the Wishart probability distribution on the cone of
n � n SPD matrices, with d degrees of freedom and associated matrix † (see e.g., [30, 54]). As
shown in [54], the MLE estimates �X and CX satisfy

�X � N
�
�;

1

m
C

�
; mCX � Wn.m � 1; C /: (A.10)
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By Formula (3.130) in [54],

E.mCX/ D .m � 1/C ) E.CX/ D
m � 1

m
C:

From [71] (Theorem 4 and the subsequent discussion), we have for U � Wn.m;†/,

E.U 2/ D m†tr.†/Cm.mC 1/†2: (A.11)

Thus with mCX � Wn.m � 1; C /, we have

E.m2C 2X/ D .m � 1/C tr.C /C .m � 1/mC 2

) E.C 2X/ D
m � 1

m2
C tr.C /C

m � 1

m
C 2: (A.12)

It thus follows by the linearity of the trace operation that

EjjCX � C jj
2
F D Etr.CX � C/2 D EŒtr.C 2X � 2CXC C C 2/�

D trŒE.C 2X � 2CXC C C 2/� D
m � 1

m2
Œtr.C /�2 C

1

m
tr.C 2/;

giving us the first part of Eq. (A.5). The variance of CX is

var.CX/ D EjjCX � E.CX/jj
2
F D EjjCX �

m � 1

m
C jj

2
F D

m � 1

m2
Œtr.C /�2 C

m � 1

m2
tr.C 2/:

Similarly,

Ejj QCX � C jj
2
F D E




 m

m � 1
CX � C




2
F

D E

�
tr
�

m2

.m � 1/2
C 2X �

2m

m � 1
CXC C C 2

��
D

1

m � 1
Œtr.C /�2 C

1

m � 1
tr.C 2/ D var. QCX/;

giving us the second part of Eq. (A.5).
In general, for OCc;X D c

Pm
iD1.xi � �X/.xi � �X/

T D cmCX, with c 2 R, we have

f .c/ D Ejj OCc;X � C jj
2
F D EjjcmCX � C jj

2
F D EtrŒc2m2C 2X � 2cmCXC C C 2�

D c2.m � 1/Œtr.C /�2 C Œc2m.m � 1/ � 2c.m � 1/C 1�tr.C 2/
D Œbias. OCc;X/�

2
C var. OCc;X/;

where the bias and variance of OCc;X are given by

Œbias. OCc;X/�
2

D jjC � E. OCc;X/jj
2
F D jjC � c.m � 1/C jj

2
F D Œ1 � c.m � 1/�2tr.C 2/;

var. OCc;X/ D Ejj OCc;X � E. OCc;X/jj
2
F D EjjcmCX � c.m � 1/C jj

2
F

D c2.m � 1/Œtr.C /�2 C c2.m � 1/tr.C 2/:
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For m � 2, by differentiating f .c/, which is quadratic in c, we have

f 0.c/ D 2cŒ.m � 1/.tr.C //2 Cm.m � 1/tr.C 2/� � 2.m � 1/tr.C 2/

and it is straightforward to see that f is minimum at c� D
tr.C2/

Œtr.C/�2Cmtr.C2/�
. Let f�kgn

kD1
be the

eigenvalues of C , which are all non-negative, then we have

tr.C 2/ D

nX
kD1

�2k �

 
nX
kD1

�k

!2
D Œtr.C /�2:

Thus, it follows that

c�
D

tr.C 2/
Œtr.C /�2 Cmtr.C 2/�

�
1

mC 1
;

with equality if and only Œtr.C /�2 D tr.C 2/. Furthermore, by the Cauchy-Schwarz inequality,
we have

Œtr.C /�2 D

 
nX
kD1

�k

!2
� n

 
nX
kD1

�2k

!
D ntr.C 2/;

with equality if and only if �1 D � � � D �n, which happens if and only if C is a multiple of the
identity matrix I . It thus follows that

c�
D

tr.C 2/
Œtr.C /�2 Cmtr.C 2/�

�
1

mC n
:

This completes the proof. �

A.2 MATRIXEXPONENTIALANDPRINCIPAL
LOGARITHM

In Eqs. (2.36), (2.37), (2.38), and subsequently, exp.A/ refers to the matrix exponential map,
which is well-defined for any matrix A 2 Cn�n and is given by

exp W Cn�n
! Cn�n; exp.A/ D

1X
kD0

Ak

kŠ
:

In Eq. (2.39) and subsequently in all the mathematical expressions in the rest of Chapter 2,
log.A/ refers to the principal matrix logarithm of A, which is an inverse function of exp and is
defined as follows (see e.g., [49]). For any A 2 Cn�n, any matrix B 2 Cn�n such that exp.B/ D

A is called a logarithm of A. This matrix logarithm does not always exist, and when it does exist,
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may not be unique. However, if A has no real negative eigenvalues, then there exists a unique
logarithm B of A with all eigenvalues of B lying in the horizontal strip fz W �� < Im.z/ < �g

on the complex plane C. This is called the principal logarithm of A and we write B D log.A/.
For A 2 SymCC.n/, its principal logarithm log.A/ has a particularly simple form. Let

f�kgn
kD1

denote its eigenvalues, which are all positive, arranged in decreasing order, with corre-
sponding orthonormal eigenvectors fukgn

kD1
. Then A admits the spectral decomposition

A D

nX
kD1

�kukuTk D UƒU T ;

where ƒ D diag.�1; : : : ; �n/ and U D Œu1; : : : ; uk�. The principal logarithm of A is then given
by

log.A/ D

nX
kD1

log.�k/ukuTk D U log.ƒ/U T ; (A.13)

where log.ƒ/ D diag.log.�1/; : : : ; log.�n//.

A.3 FRÉCHETDERIVATIVE
For completeness, we present the definition of the Fréchet derivative here, with particular at-
tention on the derivatives D exp of the matrix exponential map exp and D log of the principal
matrix logarithm log. The derivative D log, in particular, is part of the definition of the Log-
Euclidean Riemannian metric, as given in Eq. (2.62).

Let X and Y be two finite-dimensional normed spaces, with norms jj jjX and jj jjY , re-
spectively (for the infinite-dimensional treatment, see e.g., [57]). Let � � X be an open subset
and x0 2 �. Then f is said to be Fréchet differentiable at x0 if there is a continuous linear map
Df .x0/ W X ! Y such that

lim
h!0

jjf .x0 C h/ � f .x0/ � Df .x0/.h/jjY
jjhjjX

D 0: (A.14)

Such a linear map Df .x0/, if it exists, is unique and is called the Fréchet derivative of f at x0.The
simplest scenario is when X D Y D R, in which case for a function f which is differentiable at
x0, its derivative is given by f 0

.x0/ D Df .x0/.1/.
Let X D Rn�n, the space of all real n � n matrices, under the Frobenius norm. Then for

the function f W Rn�n ! Rn�n defined by f .A/ D Ak , k 2 N, it can be verified that for any
fixed A0 2 Rn�n, the Fréchet derivative of f at A0 is given by

Df .A0/.A/ D Ak�1
0 AC Ak�2

0 AA0 C � � � C AAk�1
0 ; A 2 Rn�n (A.15)

In particular, for f .A/ D A, we have

Df .A0/.A/ D A ” Df .A0/ D id 8A0 2 Rn�n;
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where id on the right-hand side denotes the identity operator mapping Rn�n to Rn�n.

For the exponential map exp.A/ D
P1

kD0
Ak

kŠ
, the Fréchet derivative is given by

D exp.A0/.A/ D

1X
kD1

Ak�1
0 AC Ak�2

0 AA0 C � � � C AAk�1
0

kŠ
; A 2 Rn�n: (A.16)

Thus,D exp.A0/ has an analytical expression, which is generally complicated. In the special case
A0 D 0, the zero matrix, it simplifies to

D exp.0/.A/ D A ” D exp.0/ D id:

On the open set SymCC.n/ of Rn�n, the principal matrix logarithm log W SymCC.n/ !

Sym.n/ is well-defined as presented in Section A.2. Since exp.log.A// D A 8A 2 SymCC.n/,
by the chain rule, we have 8A0 2 SymCC.n/,

id D D.exp ı log/.A0// D D exp.log.A0// ıD log.A0/:

Similarly from log.exp.B// D B and the chain rule, we have 8B 2 Sym.n/,

id D D.log ı exp/.B0/ D D log.exp.B0// ıD exp.B0/:

Since each B0 2 Sym.n/ corresponds to a unique A0 2 SymCC.n/ by B0 D log.A0/, one has
8A0 2 SymCC.n/,

id D D log.A0/ ıD exp.log.A0//:

It thus follows that 8A0 2 SymCC.n/,

ŒD exp.log.A0//�ŒD log.A0/� D ŒD log.A0/�ŒD exp.log.A0//� D id:

which is equivalent to

D log.A0/ D ŒD exp.log.A0//��1; (A.17)

where the linear operator D exp.A0/ is defined by Eq. (A.16). Thus D log.A0/ also admits an
analytical expression, which is complicated in general. This is the expression that appears in the
definition of the Log-Euclidean Riemannian metric, as stated in Eq. (2.62). In the special case
A0 D I , it simplifies to

D log.I / D ŒD exp.0/��1 D id: (A.18)
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A.4 THEQUASI-RANDOMFOURIER FEATURES
In this section, we describe in more detail the Quasi-random Fourier feature approach for con-
structing approximate kernel feature maps, as discussed in Section 6.3.5. This approach was first
proposed in [130].

Let K W Rn � Rn ! R be a continuous positive definite kernel of the form K.x; y/ D

k.x � y/, where k W Rn ! R is a positive definite function, that isK is shift-invariant.We recall
that by Bochner’s theorem, there is a unique finite, positive measure �, which we assume to be
a probability distribution, such that

K.x; y/ D k.x � y/ D

Z
Rn

e�ih!;x�yid�.!/ (A.19)

D

Z
Rn

�!.x/�!.y/d�.!/; where �!.x/ D e�ih!;xi:

The Random Fourier feature maps arise from the Monte-Carlo approximation of the integral
in Eq. (A.19), using a random set of points !j ’s sampled according to the distribution �.

In the methodology of Quasi-Monte Carlo integration, see e.g., [26], the !j ’s are deter-
ministic points arising from a low-discrepancy sequence in Œ0; 1�n (see below for further detail).
This approach gives rise to a different method for constructing the Fourier features described in
Section 6.3.5, as follows.

We assume that the probability distribution � in Eq. (A.19) has a density function, which
we also denote by �. Assume that the density function � has the product form

�.!/ D

nY
jD1

�j .!j /;

with each �j , 1 � j � n, being a one-dimensional density function. Assume further that each
component cumulative distribution function

 j .xj / D

Z xj

�1

�j .zj /dzj

is strictly increasing, so that the inverse functions  �1
j W Œ0; 1� ! R are all well-defined. Let

 W Rn ! Œ0; 1�n be defined by

 .x/ D  .x1; : : : ; xn/ D . 1.x1/; : : : ;  n.xn//:

Then its inverse function  �1 W Œ0; 1�n ! Rn is well-defined and is given component-wise by

 �1.z/ D  �1.z1; : : : ; zn/ D . �1
1 .z1/; : : : ;  

�1
n .zn//: (A.20)

With the change of variable ! D  �1.t/, the integral in Eq. (A.19) becomesZ
Rn

e�ih!;x�yi�.!/d! D

Z
Œ0;1�n

e�ih �1.t/;x�yidt: (A.21)
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Instead of approximating the left-hand side of Eq. (A.21) using a random set of points f!j gDjD1

in Rn sampled according to �, in the Quasi-Monte Carlo approach, one approximates the right-
hand side using a deterministic, low-discrepancy sequence of points ftj gDjD1 in Œ0; 1�n. This se-
quence gives rise to a deterministic sequence !j ’s, which are given by

!j D  �1.tj /; 1 � j � D: (A.22)

Having generated the sequence f!j gDjD1, we then construct the Fourier feature map as described
by Eqs. (A.23), (A.24), and (A.25),

cos
�
W T x

�
D .cos.h!1; xi/; : : : ; cos.h!D; xi//T 2 RD; (A.23)

sin
�
W T x

�
D .sin.h!1; xi/; : : : ; sin.h!D; xi//T 2 RD: (A.24)

Ô
D.x/ D

1
p
D

�
cos.W T x/

sin.W T x/

�
2 R2D; (A.25)

just as in the case of random Fourier features.

A.4.1 LOW-DISCREPANCY SEQUENCES
In this section, we briefly review the concept of low-discrepancy sequences in Quasi-Monte Carlo
methods. For a comprehensive treatment, we refer to [88]. Let n 2 N be fixed. Let I n D Œ0; 1/n

and denote its closure by I n D Œ0; 1�n. For an integrable function f in I n, we consider the
approximation Z

I
n
f .u/du �

1

N

NX
jD1

f .xj / (A.26)

using a deterministic set of points P D .x1; : : : ; xN /, which are part of an infinite sequence
.xj /j2N in I n, such that the integration error satisfies

lim
N!1

ˇ̌̌̌
ˇ̌ 1N NX

jD1

f .xj / �

Z
I

n
f .u/du

ˇ̌̌̌
ˇ̌ D 0: (A.27)

This convergence can be measured via the concept of discrepancy as follows. Let N be fixed. For
an arbitrary set B � I

n, define the counting function

A.BIP / D

NX
jD1

�B.xj /; (A.28)

where �B denotes the characteristic function forB .Thus,A.BIP / denotes the number of points
in P that lie in the set B .
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Let B be a non-empty family of Lebesgue-measurable subsets of I n. The discrepancy of
the set P with respect to B is then defined by

DN .BIP / D sup
B2B

ˇ̌̌̌
A.BIP /

N
� vol.B/

ˇ̌̌̌
; (A.29)

with vol.B/ denoting the volume of B with respect to the Lebesgue measure.
The star discrepancy D�

N .P / is defined by

D�
N .P / D DN .J �

IP /; (A.30)

where J � denotes the family of all subintervals of I n of the form
Qn
jD1Œ0; xj /. The star dis-

crepancy and the integration error are related via the Koksma- Hlawka inequality, as follows.
Define

V.f / D

nX
kD1

X
1�i1�����ik�n

Z 1

0

� � �

Z 1

0

ˇ̌̌̌
ˇ @kf

@ui1 : : : @uik

ˇ̌̌̌
ˇ dui1 : : : duik ; (A.31)

which is called the variation of f on I n in the sense of Hardy-Krause.

TheoremA.2 Koksma-Hlawka inequality. If f has bounded variation V.f / on I n in the sense
of Hardy-Krause, then for any set .x1; : : : ; xN / in I n,ˇ̌̌̌

ˇ̌ 1N NX
jD1

f .xj / �

Z
I

n
f .u/du

ˇ̌̌̌
ˇ̌ � V.f /D�

N .x1; : : : ; xN /: (A.32)

By Theorem A.2, to achieve a small integration error, we need a sequence .xj /j2N with low
discrepancy D�

N .x1; : : : ; xN / ! 0 as N ! 1. Some examples of low-discrepancy sequences are
Halton and Sobol sequences (we refer to [26, 88] for the detailed constructions of these and
other sequences). The Halton sequence in particular satisfies D�

N .x1; : : : ; xN / D C.n/ .logN/n
N

forN � 2. We remark that the implementations for the Halton and Sobol sequences are readily
available in MATLAB.1

A.4.2 THEGAUSSIANCASE
In this section, we give the explicit expression for the functions  and  �1, as defined above,
in the case of the Gaussian kernel. It suffices for us to consider the one-dimensional set-
ting here, since the multivariate case is defined component wise using the one-dimensional
1http://www.mathworks.com/help/stats/generating-quasi-random-numbers.html

http://www.mathworks.com/help/stats/generating-quasi-random-numbers.html
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case. For the one-dimensional Gaussian kernel K.x; y/ D e
�

.x�y/2

�2 , the corresponding prob-
ability density function is �.z/ D

�

2
p
�
e� �2z2

4 . We recall the Gaussian error function erf de-
fined by erf.x/ D

2p
�

R x
0
e�z2

dz and the complementary Gaussian error function erfc defined
by erfc.x/ D

2p
�

R1

x
e�z2

dz D 1 � erf.x/. By definition, the cumulative distribution function
 for � is given by

 .x/ D

Z x

�1

�.z/dz D 1 �

Z 1

x

�.z/dz D 1 �
�

2
p
�

Z 1

x

e� �2z2

4 dz D 1 �
1

p
�

Z 1

x�
2

e�u2

du

D 1 �
1

2
erfc

�x�
2

�
:

It follows that the inverse function  �1 is given by

x D  �1.t/ D
2

�
erfc�1.2 � 2t/ D

2

�
erf�1.2t � 1/: (A.33)

This is the one-dimensional component of the expression that is used in Eq. (A.22) for gener-
ating the sequence !j ’s in Rn, given a sequence tj ’s in Œ0; 1�n.

A.5 PROOFSOF SEVERALMATHEMATICALRESULTS
In this section, we prove Theorems 4.1, 6.4, and 6.6. For clarity, we restate all the results that
we wish to prove here.

Assume that � is a Borel probability distribution on X , withZ
X

jjˆ.x/jj2HK
d�.x/ D

Z
X
K.x; x/d�.x/ < 1: (A.34)

The covariance operator Cˆ W HK ! HK is defined to be

Cˆ D

Z
X
.ˆ.x/ � �ˆ/˝ .ˆ.x/ � �ˆ/d�.x/ D

Z
X
ˆ.x/˝ˆ.x/d�.x/ � �ˆ ˝ �ˆ: (A.35)

The following is Theorem 4.1, restated as Theorem A.3.

Theorem A.3 Let X be a complete, separable metric space and K W X � X ! R be a continuous,
positive definite kernel. Let � be a Borel probability measure on X . Assume that Eq. (A.34) is satis-
fied. Then the covariance operator Cˆ W HK ! HK , as defined in Eq. (A.35), is a positive trace class
operator. In other words, Cˆ possesses a countable set of eigenvalues f�kg1

kD1
, �k � 0 8k 2 N, and

1X
kD1

�k < 1: (A.36)



A.5. PROOFSOF SEVERALMATHEMATICALRESULTS 139
Proof. Wemake use of the following result fromChapter III in [25], which defines the following
operator LK W L2�.X / ! L2�.X /, given by

.LKf /.x/ D

Z
X
K.x; y/f .y/d�.y/; f 2 L2�.X /:

This is a self-adjoint, positive, trace class operator onL2�.X /, with eigenvalues f�kg1
kD1

satisfying
1X
kD1

�k D

Z
X
K.x; x/d�.x/ < 1

by the assumption stated in Eq. (A.34) (we note that by assuming that � is a probability measure,
the assumption that X is compact in [25] can be relaxed to requiring that X be a complete,
separable metric space). Since L1=2K W L2�.X / ! HK , when restricted to HK , the operator LK W

HK ! HK is also self-adjoint, positive, trace class, with the same eigenvalues and eigenvectors.
Let now f 2 HK .We have from the reproducing property hˆ.y/; f iHK

D hKy ; f iHK
D

f .y/ that��Z
X
ˆ.y/˝ˆ.y/d�.y/

�
f

�
.x/ D

�Z
X
ˆ.y/f .y/d�.y/

�
.x/ D

Z
X
K.x; y/f .y/d�.y/

D .LKf /.x/ 8x 2 X :

Thus, it follows that

Cˆ D LK � �ˆ ˝ �ˆ:

Since the operator �ˆ ˝ �ˆ is self-adjoint and of rank one, it follows that Cˆ is also a self-
adjoint, trace class operator. Cˆ is also positive, since 8f 2 HK ,

hf; Cˆf iHK
D E�.f

2/ � .E�f /
2

D E�Œf � E�f �
2

� 0:

This completes the proof. �

The following is Theorem 6.4, restated as Theorem A.4.

TheoremA.4 Assume that 
 ¤ �, 
 > 0, � > 0. Then, for the approximate affine-invariant Rie-
mannian distance,

lim
D!1

jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C �ID/.C Ô

D.X/ C 
ID/
�1=2�jjF D 1: (A.37)

The following is Theorem 6.6, restated as Theorem A.5.

Theorem A.5 Assume that 
 D � > 0. Then, for the approximate affine-invariant Riemannian
distance,

lim
D!1

jj logŒ.C Ô
D.X/ C 
ID/

�1=2.C Ô
D.Y/ C 
ID/.C Ô

D.X/ C 
ID/
�1=2�jjF

D jj logŒ.Cˆ.X/ C 
IH/
�1=2.Cˆ.Y/ C 
IH/.Cˆ.X/ C 
IH/

�1=2�jjeHS: (A.38)
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To proveTheoremsA.4 andA.5, in the following, let OKDŒX�, OKDŒY�, OKDŒX;Y�, OKDŒY;X�
be the m �m Gram matrices defined by

. OKDŒX�/ij D OKD.xi ; xj / D h Ô
D.xi /; Ô

D.xj /i; 1 � i; j � m; (A.39)
. OKDŒY�/ij D OKD.yi ; yj / D h Ô

D.yi /; Ô
D.yj /i; 1 � i; j � m; (A.40)

. OKDŒX;Y�/ij D OKD.xi ; yj / D h Ô
D.xi /; Ô

D.yj /i; 1 � i; j � m; (A.41)
. OKDŒY;X�/ij D OKD.yi ; xj / D h Ô

D.yi /; Ô
D.xj /i; 1 � i; j � m: (A.42)

Form 2 N fixed, since the Gram matrices are all finitem �mmatrices, by assumption, asD !

1, we have

lim
D!1

jj OKDŒX� �KŒX�jjF D 0; lim
D!1

jj OKDŒY� �KŒY�jjF D 0;

lim
D!1

jj OKDŒX;Y� �KŒX;Y�jjF D 0; lim
D!1

jj OKDŒY;X� �KŒY;X�jjF D 0: (A.43)

Proof ofTheorems A.4 and A.5. We recall that by Theorem 5.11, when dim.HK/ D 1, we have

d2aiHSŒ.Cˆ.X/ C 
IHK
/; .Cˆ.Y/ C �IHK

/� D tr

8<:log

240@C11 C12 C13
C21 C22 C23
C11 C12 C13

1AC I3m

359=;
2

C

�
log 


�

�2
;

where the m �m matrices Cij , i D 1; 2, j D 1; 2; 3, are given by

C11 D
1

�m
JmKŒY�Jm;

C12 D �
1

p

�m

JmKŒY;X�Jm
�
Im C

1


m
JmKŒX�Jm

��1

;

C13 D �
1


�m2
JmKŒY;X�Jm

�
Im C

1


m
JmKŒX�Jm

��1

JmKŒX;Y�Jm;

C21 D
1

p

�m

JmKŒX;Y�Jm;

C22 D �
1


m
JmKŒX�Jm

�
Im C

1


m
JmKŒX�Jm

��1

;

C23 D �
1


m
JmKŒX�Jm

�
Im C

1


m
JmKŒX�Jm

��1
1

p

�m

JmKŒX;Y�Jm:
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By Theorem 5.12, we have

d2aiHSŒ.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C �ID/� D tr

8̂<̂
:log

264
0B@ OCD;11 OCD;12 OCD;13

OCD;21 OCD;22 OCD;23
OCD;11 OCD;12 OCD;13

1CAC I3m

375
9>=>;
2

� 2

�
log 


�

�
tr

8̂<̂
:log

264
0B@ OCD;11 OCD;12 OCD;13

OCD;21 OCD;22 OCD;23
OCD;11 OCD;12 OCD;13

1CAC I3m

375
9>=>;C

�
log 


�

�2
D;

where the m �m matrices OCD;ij , i D 1; 2,j D 1; 2; 3, are given by

OCD;11 D
1

�m
Jm OKDŒY�Jm;

OCD;12 D �
1

p

�m

Jm OKDŒY;X�Jm
�
Im C

1


m
Jm OKDŒX�Jm

��1

;

OCD;13 D �
1


�m2
Jm OKDŒY;X�Jm

�
Im C

1


m
Jm OKDŒX�Jm

��1

Jm OKDŒX;Y�Jm;

OCD;21 D
1

p

�m

Jm OKDŒX;Y�Jm;

OCD;22 D �
1


m
Jm OKDŒX�Jm

�
Im C

1


m
Jm OKDŒX�Jm

��1
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OCD;23 D �
1


m
Jm OKDŒX�Jm

�
Im C

1


m
Jm OKDŒX�Jm

��1
1

p

�m

Jm OKDŒX;Y�Jm:

Since the Gram matrices are all finite m �m matrices, for 
 ¤ �, we clearly have

lim
D!1

d2aiHSŒ.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C �ID/� D 1:

For 
 D �, by the limits in Eq. (A.43), we have

lim
D!1

d2aiHSŒ.C Ô
D.X/ C 
ID/; .C Ô

D.Y/ C 
ID/�

D lim
D!1

tr

8̂<̂
:log
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0B@ OCD;11 OCD;12 OCD;13

OCD;21 OCD;22 OCD;23
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1CAC I3m

375
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2

D tr

8<:log

240@C11 C12 C13
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C11 C12 C13

1AC I3m

359=;
2
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/�:

This completes the proof. �
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