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ABSTRACT

Covariance matrices play important roles in many areas of mathematics, statistics, and machine
learning, as well as their applications. In computer vision and image processing, they give rise
to a powerful data representation, namely the covariance descriptor, with numerous practical
applications.

In this book, we begin by presenting an overview of the finite-dimensional covariance ma-
trix representation approach of images, along with its statistical interpretation. In particular, we
discuss the various distances and divergences that arise from the intrinsic geometrical structures
of the set of Symmetric Positive Definite (SPD) matrices, namely Riemannian manifold and
convex cone structures. Computationally, we focus on kernel methods on covariance matrices,
especially using the Log-Euclidean distance.

We then show some of the latest developments in the generalization of the finite-
dimensional covariance matrix representation to the infinite-dimensional covariance operator rep-
resentation via positive definite kernels. We present the generalization of the affine-invariant
Riemannian metric and the Log-Hilbert-Schmidt metric, which generalizes the Log-Euclidean
distance. Computationally, we focus on kernel methods on covariance operators, especially using
the Log-Hilbert-Schmidt distance. Specifically, we present a two-layer kernel machine, using
the Log-Hilbert-Schmidt distance and its finite-dimensional approximation, which reduces the
computational complexity of the exact formulation while largely preserving its capability. The-
oretical analysis shows that, mathematically, the approximate Log-Hilbert-Schmidt distance
should be preferred over the approximate Log-Hilbert-Schmidt inner product and, computa-
tionally, it should be preferred over the approximate affine-invariant Riemannian distance.

Numerical experiments on image classification demonstrate significant improvements of
the infinite-dimensional formulation over the finite-dimensional counterpart. Given the numer-
ous applications of covariance matrices in many areas of mathematics, statistics, and machine
learning, just to name a few, we expect that the infinite-dimensional covariance operator for-
mulation presented here will have many more applications beyond those in computer vision.

KEYWORDS

covariance descriptors in computer vision, positive definite matrices, infinite-
dimensional covariance operators, positive definite operators, Hilbert-Schmidt
operators, Riemannian manifolds, affine-invariant Riemannian distance, Log-
Euclidean distance, Log-Hilbert-Schmidt distance, convex cone, Bregman diver-
gences, kernel methods on Riemannian manifolds, visual object recognition, image
classification
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Introduction

Symmetric Positive Definite (SPD) matrices, in particular covariance matrices, play an impor-
tant role in many areas of mathematics, statistics, and their applications in many disciplines
in science and engineering. The practical applications of SPD matrices are numerous, includ-
ing Diffusion Tensor Imaging (DTI) in brain imaging [5, 29, 66, 95], kernel learning [2, 60]
in machine learning, radar signal processing [3, 9, 40], and Brain Computer Interface (BCI)
applications [7, 8, 24, 100].

In the field of computer vision and image processing, covariance matrices have recently
emerged as a powerful approach for data representation. In the simplest setting in this approach,
a 2D image is represented by a covariance matrix, called its covariance descriptor, encoding corre-
lations between different, typically low-level, features extracted from that image. This represen-
tation is compact, robust to noise, and is flexible in its ability to combine various different image
teatures together. Practically, the covariance matrix representation of images has been demon-
strated to work very well and as a consequence, it has been generalized for representing videos,
3D shapes, and 3D point clouds. The successful applications of the covariance matrix represen-
tation are many, including tracking [50, 94], object detection and classification [120, 122, 123],
face recognition [20, 46, 72, 73, 90, 108, 125, 127], emotion recognition [134], texture classi-
fication [19, 20, 72, 108], image retrieval [21], image set classification [34, 51, 52, 127], video
surveillance [119, 120], action recognition [41, 46, 101, 133], activity recognition [125], person
re-identification [19, 20, 46, 73], and 3D vision [20, 23, 35, 36, 48, 115, 116]. Recently, apart
from low-level features, covariance matrices of convolutional features have also been employed,
both directly [126], and as parts of deep networks with end-to-end-learning [53, 131].

Finite-dimensional covariance matrices. Mathematically, covariance matrices, properly reg-
ularized if necessary, are SPD matrices, whose properties must be considered for optimal design
of numerical algorithms. Our focus here is on the geometrical structures of SPD matrices and
how to exploit them algorithmically. The set Sym ™ (n) of all n x n SPD matrices is not a vector
subspace of Euclidean space under the standard matrix addition and scalar multiplication oper-
ations. Instead, it is an open convex cone, since it is only closed under positive scalar multiplica-
tion. At the same time, it also admits a smooth manifold structure and can be endowed with a
Riemannian metric. Consequently, in general, the optimal measure of similarity between covari-
ance matrices is not the Euclidean distance, but a distance/similarity measure that captures the
intrinsic geometrical structures of Sym™ T (). Among the most widely used Riemannian metrics
for Sym™ T (n) is the classical affine-invariant Riemannian metric [10, 11, 65, 86, 92, 123], under
which Sym™** (1) becomes a Riemannian manifold with nonpositive sectional curvature. An-
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other commonly used Riemannian metric for Sym™ ™ (n) is the recently introduced bi-invariant
Log-Euclidean metric [5, 6], under which the manifold is flat, that is having zero sectional
curvature. Compared to the affine-invariant Riemaian metric, the Log-Euclidean metric is
faster to compute, especially on large datasets. Furthermore, the Log-Euclidean metric endows
Sym™ ¥ (n) with a vector space and inner product structure, turning it into an inner product
space. Thus, it can be used to define many positive definite kernels, such as the Gaussian kernel,
allowing kernel methods to be applied directly on the manifold [55, 72, 120]. Another approach
that is different from the Riemannian metric approach utilizes the Bregman divergences, e.g.,
Alpha Log-Det divergences [18], with the symmetric Stein divergence [110] as a special case,
which exploit the convex cone structure of Sym™* Tt (n). These divergences are not Riemannian
metrics but also possess desirable theoretical properties, are efficient to compute, and have been
shown to work well on various applications, see, e.g., [21, 60, 128].

From finite-dimensional covariance matrices to infinite-dimensional covariance operators.
Despite their effectiveness in many applications, one major limitation of covariance matrices is
that they only encode /inear correlations between the original input features. The desire to encode
nonlinear input correlations motivated the generalization of the covariance matrix representation
framework to the infinite-dimensional setting by the use of positive definite kernels, as follows.

As is widely known in kernel-based machine learning [103, 104], each positive definite
kernel on the original input features of an image, such as the Gaussian kernel, induces a feature
map that nonlinearly maps each input point into a high- (generally infinite) dimensional feature
space. The covariance matrix of the infinite-dimensional and highly nonlinear features in the
teature space, which is an infinite-dimensional covariance operator, then encodes the nonlinear
correlations between the original input features. This infinite-dimensional covariance operator
is then used as the representation for the image. In the exact formulation, this representation
is implicit and all necessary computations are carried out via the Gram matrices corresponding
with the given kernels.

As in the finite-dimensional setting, the geometrical structures of infinite-dimensional co-
variance operators play a crucial role in the design of numerical algorithms. Regularized infinite-
dimensional covariance operators are positive definite operators, which form a convex cone and
an infinite-dimensional smooth manifold. The generalizations of the affine-invariant Riemannian
metric, Log-Euclidean metric, and Bregman divergences to the infinite-dimensional setting
have all been mathematically developed recently, with the first due to [64] in the general Hilbert
space setting and [78] in the RKHS setting, and the latter two due to [75, 76, 79, 80] (see also
related work in [44, 135]). In particular, in [76], we introduced the Log-Hilbert-Schmidt met-
ric, which generalizes the Log-Euclidean metric in [6] and allows kernel methods to be applied
directly on the manifold of positive definite operators.

Numerical experiments to date have indicated that the results obtained by kernel methods
using the Log-Hilbert-Schmidt metric and infinite-dimensional covariance operators substan-
tially outperform those obtained using Log-Euclidean metric and finite-dimensional covariance
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matrices. However, this comes with a considerably higher computational cost, especially on large
data sets. To overcome this issue, recently we introduced an approximate version of the Log-
Hilbert-Schmidt metric [84], which is more efficient computationally while at the same time
maintaining an effective discriminative capability.

Aims of the book. The following are the two principal aims of the current book.

1. We aim to provide a methodical overview of the finite-dimensional matrix representation
approach along with the geometry of SPD matrices. Computationally, we focus on kernel
methods on covariance matrices.

2. We aim to present some of the latest developments, both mathematically and computa-
tionally, on the infinite-dimensional covariance operator representation and the geometry
of positive definite operators. Computationally, we focus on kernel methods on covariance
operators. A large portion of the material in this part of the book has been developed by
the authors and collaborators.

It is worth pointing out that, compared to the finite-dimensional case, the mathematical
theory in the infinite-dimensional setting dated from very recently and is still undergoing
active development at the time of writing.

Organization of the book. This book consists of two parts, arranged as follows.
Part I: Covariance Matrices and Applications.

* In Chapter 1, “Data Representation by Covariance Matrices,” we present an overview of
the finite-dimensional covariance matrix representation, along with its connection to the
estimation of covariance matrices of multivariate Gaussian probability density functions.

* In Chapter 2, “Geometry of SPD Matrices,” we present an overview of the various
distances and divergences between SPD matrices, including Euclidean distance, affine-
invariant Riemannian distance, Log-Euclidean distance, and Alpha Log-Determinant
divergences (which include the symmetric Stein divergence as a special case). We dis-
cuss their different invariance properties, along with the corresponding interpretations,
and their connections to different distances/divergences between multivariate Gaussian
probability density functions. Also briefly discussed are the highly general Alpha-Beta
Log-Det divergences, which include both the affine-invariant Riemannian distance and
Alpha Log-Determinant divergences as special cases, and the power Euclidean distance,
which includes the Log-Euclidean distance as a special case.

* In Chapter 3, “Kernel Methods on Covariance Matrices,” we describe kernel methods on
covariance matrices using the Euclidean distance/inner product, and more importantly,
the Log-Euclidean distance/inner product. Numerical experiments in image classification
are presented.
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Part I1: Covariance Operators and Applications.

* In Chapter 4, “Data Representation by Covariance Operators,” we generalize the co-
variance matrix representation in Part I to the infinite-dimensional setting, via infinite-
dimensional feature maps associated with positive definite kernels.

* In Chapter 5, “Geometry of Covariance Operators,” we present several geometrical struc-
tures of positive Hilbert-Schmidt operators and positive trace class operators, along with
the corresponding distances, divergences, and inner products, namely (i) Hilbert-Schmidt
distance and inner product; (ii) Affine-invariant Riemannian distance; (iii) Log-Hilbert-
Schmidt distance and inner product; and (iv) Alpha Log-Determinant divergences. We
show in particular how they can be evaluated, via closed form expressions of Gram matri-
ces, in the case of RKHS covariance operators.

* In Chapter 6, “Kernel Methods on Covariance Operators,” we present the following con-
cepts.

— A two-layer kernel machine using the Hilbert-Schmidt distance/inner product and,
more importantly, the Log-Hilbert-Schmidt distance/inner product.

— A two-layer kernel machine with the finite-dimensional approximate Log-Hilbert-
Schmidt distance.

— Convergence analysis of the approximate Log-Hilbert-Schmidt distance, the ap-
proximate Log-Hilbert-Schmidt inner product, and the approximate affine-invariant
Riemannian distance. These convergences are all non-trivial and, in particular, we
show why, mathematically, we prefer the approximate Log-Hilbert-Schmidt dis-
tance over the approximate Log-Hilbert-Schmidt inner product.

— Numerical experiments in image classification.

Finally, Appendix A contains further technical material and mathematical proofs.




PART 1

Covariance Matrices and
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CHAPTER 1

Data Representation by
Covariance Matrices

We begin by describing the covariance matrix framework for image representation and its gen-
eralization to the representation of videos and 3D objects. We then present a statistical inter-
pretation of this framework, which shows that assuming that an image can be represented by
a covariance matrix is essentially equivalent to assuming that its features are random variables
generated by a multivariate Gaussian probability distribution with mean zero. We discuss two
different empirical estimates of the covariance matrix of this distribution which are commonly
used in practice, namely the maximum likelihood estimate (MLE) and the unbiased estimate,
along with their theoretical properties. By representing images as covariance matrices, similarity
measures between images can then be chosen to be distances/divergences between the corre-
sponding covariance matrices, or equivalently, distances/divergences between the corresponding
multivariate Gaussian probability distributions, which will be presented in Chapter 2.

1.1 COVARIANCE MATRICES FOR DATA
REPRESENTATION

Covariance matrix representation of images. Covariance matrices were first proposed as re-
gion descriptors for images in [122], with application in object detection and texture classi-
fication, and [94], with application in tracking. The covariance matrix framework for image
representation proceeds as follows. For each image F, at every pixel (or a subset of the pixels),
we extract a feature vector consisting of n features, for example intensity, gradient, colors, and
filter responses. Suppose that we perform feature extraction at m pixels, with each pixel giving
a feature vector x; € R"”,i = 1,...,m, we then obtain a data matrix of size n x m, given by

X =[x1,..., Xm]s (1.1)

with each column consisting of features extracted at the ith pixel.
We define the empirical mean of the data matrix X to be the n x 1 vector

1 m
S § i 1.2
1254 X (1.2)

i=1
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We define the empirical covariance matrix associated with the data matrix X tobe the n x n
matrix

1 & 1
Cx = ;(xj =)0 — )" = — XX (1.3)

'The covariance matrix Cx is then used as the representation for the image F and we call Cx the
covariance descriptor of F .
In Eq. (1.3), the m x m matrix J,, is the column centering matrix, defined by

1
Jn = Im— =110 where 1,, =(1,..., DT e R™.
m

It is a symmetric, positive semi-definite matrix, with the property that J2 = J,,. Given any
matrix 4 € R™*™, the right multiplication with J,, gives the matrix AJ,,, which is obtained
by subtracting from A its mean column. It is straightforward to see from Eq. (1.3) that Cx
is a symmetric, positive semi-definite matrix. Furthermore, it can be readily verified that 0 is an
eigenvalue of J,,,, with corresponding eigenvector 1,,, and 1 is an eigenvalue of J,, of multiplicity
m — 1, with the corresponding eigenspace being the subspace of R™ orthogonal to 1,,, hence
rank(J,,) = m — 1. Consequently, Cx has rank at most m — 1.

Features for constructing covariance descriptors. The following is an example of the features
used for constructing covariance descriptors. Suppose that we are given a color image F. At the
pixel at location (x, y) in the image F, we extract the following feature vector

oR

dx

aG doB| |0B
a s a a'@ i| s (1'4)

’

fr. y) = [1<x,y), R(x. ). G(x. ). B(x. ).

oR
ay |’

G
dy

where I(x, y) denotes the intensity at pixel (x, y), R, G, and B denote the color channels red,
green, blue, respectively, and the remaining terms denote the magnitudes of the partial deriva-
tives of the three color channels. The feature vectors at all the pixels then form the data matrix
X, with each column of X corresponding to one feature vector, which, in this particular example,
has dimension 10. One then forms the covariance matrix Cx by Eq. (1.3). For an example of
the covariance matrix constructed by the features given in Eq. (1.4), see Figure 1.1.

A key property of covariance descriptors is the flexibility in choosing the features and
hence in designing the descriptors themselves. Many other features have been utilized, including
the location (x, y), the Gabor filters, SIF'T, and, recently, convolutional features from deep
learning.

Motivations for the covariance descriptor. Before providing a statistical interpretation of the
covariance descriptor Cx in Section 1.2, we list some of its motivations from the perspectives of
computer vision, as follows.
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Figure 1.1: An example of the covariance descriptor. At each pixel (x, y), a 10-dimensional fea-
ture vector f(x.y) = [/(x.y). R(x.7). G(x.y). B y). |GG G IG LG L1551 is ex-
tracted. From top to bottom, left to right: the original color image; the grayscale image 7; the
three color channels R (red), G (green), and (blue); the magnitudes of the partial derivatives
|g—§|, |g—§|, |%|, |%|, |g—l;|, |g—§|; and, finally, the 10 x 10 covariance matrix of these features.

&
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1. Covariance descriptors encode /inear correlations (second-order statistics) between all the
different extracted features.

2. Covariance descriptors allow the flexibility in using multiple, different features and the
ability to fuse them together. The features can be either the traditional handcrafted ones,
such as colors or SIFT, or convolutional features that have emerged recently from deep
learning.

3. 'The image representation by covariance matrices is compact (this, however, is not the case
with the infinite-dimensional covariance descriptors in Chapter 4).

4. Covariance descriptors are robust to noise.

Covariance matrix representation for videos. The covariance descriptors for 2D images have
been generalized for representing videos, see e.g., [41, 101], which include a temporal dimen-
sion. In this case, it is necessary to employ features that capture the temporal information, such
as optical flow. An example of a feature vector in this setting is the following (see, e.g., [41] for
a more comprehensive feature vector)

f(x’y’t) = [X, yvt’ll(xv y,t),u(x,y,t),v(x,y,t),u,(x, y7t)avt(x’ y’t)]7 (15)

where (x, y) denote the spatial coordinates,  denotes the temporal coordinate, I(x, y,¢) denotes
the raw video sequence, (u(x,y,?),v(x,y,t)) denotes the corresponding optical flow at pixel
position (x,y,t), with I;,u;,v; denoting, respectively, the partial derivatives of 7, u, and v,
with respect to ¢.

Covariance matrix representation for 3D point clouds. 'The covariance descriptors have also
been generalized for representing 3D point clouds and 3D shapes, see, e.g., [23, 35, 36, 48, 115,
116]. In this setting, geometric features such as curvature and surface normal vectors have been
employed to construct covariance descriptors.

1.2 STATISTICAL INTERPRETATION

We now provide a statistical interpretation of the image representation by covariance matrices

described in Section 1.1. We show in particular that this representation is essentially equivalent

to representing each image by a multivariate Gaussian distribution p with zero mean, with the

empirical covariance matrix Cx being the maximum likelihood estimate of the covariance matrix

C of p, given the data matrix X. In this viewpoint, the feature vectors extracted from the image

are random observations of an n-dimensional random vector with probability distribution p.
Let p be a Borel probability distribution on R” with finite second moment, that is

/R Il Pdp(x) < oo, (1.6)
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Then its first moment is also finite and hence the mean vector
= / xdp(x) € R" 1.7)
Rn

is well-defined. Moreover, p defines a unique n x n matrix C such that the following bilinear
form from R” x R"” — R is well-defined

(%Cﬂ=/>w—www—MJMMﬂ,yJ€R” (1.8)

'The matrix C is called the covariance matrix of p and is given by

C=/'u—mu—uf@u) (1.9)
Rn

It is straightforward to see that C is a symmetric, positive semi-definite matrix.

Equivalently, let X = (Xi,..., X,) be an n-dimensional random vector with probability
distribution p, with each Xj, 1 < n, being a real-valued random variable. Then  is the expected
value of X, that is

u = E(X), (1.10)
and C is its covariance matrix, with
C=E[X - m)(X -] (1.11)
The (i, i)th diagonal element of C, 1 <i < n, given by
Cii = E[(X; — i)?] (1.12)

is the wariance of the random variable X;, and the (i, j)thentryof C, 1 <i,j <n,i # j,which
is given by

Cij = cov(Xi, Xj) = E[(Xi — wi)(X; — )] (1.13)

is the covariance between the two random variables X; and X;. The correlation between X; and
X; is then given by

C,‘j . .
- b l 9
corr(X;, Xj) = ¢~/ CiiCij 7 (1.14)
1, i= ]
Given the data matrix X = [x1,..., X;], if the columns x; € R", 1 <i < m, are random

observations of the random vector X, then ux, as defined in Eq. (1.2), and Cx, as defined
in Eq. (1.3), are the empirical versions of the true mean u and the true covariance matrix C,
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respectively. Furthermore, Cx encodes, empirically, the correlations between the different pairs
of real-valued random variables X; and X;.

Consider the case p ~ N (i, C), the multivariate Gaussian distribution in R” with mean
1 € R" and covariance matrix C. Furthermore, we assume throughout the book that in the
Gaussian distribution p ~ N (i, C), the covariance matrix C is also non-singular, so that it is
positive definite. Then p possesses a density function, which we denote by the same symbol and
which is defined explicitly and completely in terms of u and C, namely

1 1 T 1
) = s o (3T C ). (1.15)
If the mean pu = 0, then N(0, C) is determined completely by its covariance matrix C.

Thus, if the feature vectors of an image F are random observations of a random vector
with a multivariate Gaussian distribution p ~ A (0, C), with mean zero and covariance matrix
C, then the representation of the image F by C is equivalent to representing F by the probabil-
ity distribution p itself. The representation of F by the empirical covariance matrix Cx, which
approximates C, can then be considered an approximation of the exact probability representa-
tion.

Maximum likelihood estimate (MLE) interpretation of the empirical mean and empirical co-
variance matrix. Assume that the columns x;, 1 <i < m, in the data matrix X = [x1,..., X]
are I1ID (independent, identically distributed) samples drawn from a Gaussian distribution
N (., C). The likelihood function of the parameters u and C given the data matrix X has the
form

L. C|X) = @m)™""2 det(C) ™2 exp (—% > (i =mTC7 i — u)) . (e

i=1

with the log-likelihood function given by

m
log L(1t, C1X) = = log(27) — L log det(C) — lZ(x,- T i — ). (1.17)
2 2 2 &
It can be shown (see e.g., [54] for the derivation) that the global maximizer of the log-likelihood
function is precisely (ux, Cx).
Thus, in the Gaussian setting, ux and Cx are the maximum likelihood estimates of the
true mean p and the true covariance matrix C, respectively.

Unbiased estimate of the covariance matrix. 'The empirical mean ux, as defined in Eq. (1.2),
is an unbiased estimate of the true mean p, in the sense that its expectation is precisely the true
mean, that is

E(ux) = .
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On the other hand, the empirical covariance matrix Cx, as defined in Eq. (1.3), is a &iased
estimate of the true covariance matrix C, since
m

E(Cx) = m-1. # C. (1.18)

m

It is common in the literature to multiply Cx by a factor of "+ to obtain
Oy = i(‘ )(xi VT = L xJ,xT (1.19)
X—m_1.1x1 MX)Xi — UX =1 .
=

which is an unbiased estimate of C, since now
E(Cx) = C. (1.20)

Comparison of the two estimates via the mean squared error (MSE). In practical applica-
tions, both estimates, the MLE estimate Cx and the unbiased estimate Cx, have been employed.
In computer vision applications with covariance descriptors, the unbiased estimate Cx was em-
ployedin, e.g., [35, 122, 123], while the MLE estimate was employed in, e.g., [19, 48, 94, 116].
It is thus instructive to have a comparison between them. An important measure between the
different empirical estimates with respect to the true covariance matrix is the mean squared error
(MSE). For an estimate C of C, its MSE with respect to C is defined to be (see Appendix A.1
for further detail)

MSE(C) = E(||C - C|[3), (1.21)

where || || denotes the Frobenius norm, which, for an n x m matrix A = (a;;), 1 <i <n,1 <
J < m, is defined by

4]} = te(AT4) =) "> "al. (1.22)

i=1j=1

Consider the case where the columns x;, 1 <i < m, in the data matrix X = [x1,..., Xp]
are IID (independent, identically distributed) random samples drawn from a multivariate Gaus-
sian distribution A/ (it, C). The univariate case has been discussed thoroughly in the statistics
literature, see e.g., [15, Examples 7.3.3 and 7.3.4] (together with the accompanying discus-
sion). In this case, the columns x;, 1 <i < m, are IID samples drawn from the distribution
p ~N(u,02),0 #0,and the corresponding estimates are

m

1 - R
Cx=ox=—3 (i —mx)?, Cx=0x=—") (x— ) (1.23)
i=1

i=1
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with the MSEs given by

2m —1
m2

2
——o*.
—1
In the multivariate case, the MSEs are given by (Lemma A.1 in Appendix A.1)

E(oz —0?)* = ot <E@Gx —0%)? = (1.24)

BlICx — Clfs = " (O + - r(C?) < E||Cx — Cll} = ——— {[ir(©)F + tr(C?).
(1.25)

with the biases and variances given by

1 ~

bias(Cx) = —|[C||F, bias(Cx) =0, (1.26)
m
-1 ~ 1

(mm2 ) {[tr(C)]* + tr(C?)} < var(Cx) = — {[tr(C))* + tx(C?)}. (1.27)
Thus, in the Gaussian setting, the biased MLE Cx has smaller MSE than the unbiased estimate
Cx, since it has smaller variance. Furthermore, the bias of Cx is %| |C|| F, which goes to zero as
m — oo. Thus the MLE estimate is asymptotically unbiased.

More importantly, however, is the fact that both estimates are consistent, in the sense that
the MSE approaches zero as the sample size m — oo, that is

var(Cx) =

lim E||/Cx —C||%> = lim E||Cx —C||% =0. (1.28)
m—00 m—00

In general, as discussed in [15], without further information, there is no strong case to
favor one estimate over the other. While they are difterent, especially when the sample size m is
small, this difference, via the factor mT_l, diminishes as m becomes large. In the current work,
following our own previous work [75, 76, 84], we employ the MLE estimate Cx, as defined
in Eq. (1.3), which leads to more elegant formulations in the infinite-dimensional setting in
Chapter 4. Readers who wish to employ the unbiased estimate Cx in Eq. (1.19) can simply
replace the factor 1L by —L-.

Regularization. Both estimates Cx and Cx are simple to implement and are straightforward
to generalize to the covariance operator setting in Chapter 4. However, they may not necessarily
be good estimates of the true covariance matrix C when the number of observations m is smaller
than the dimension n. This is particularly true when C is strictly positive definite. As we noted in
Section 1.1, the n x n matrix Cx hasrank(Cx) < m — 1 and thus forn > m, Cx is rank-deficient
and hence not positive definite. Even when Cx is positive definite, it might not necessarily be
well-conditioned.

To overcome these limitations, in the current book, we employ the following regularized
covariance matrix

Cxy = Cx +y1, (1.29)
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for some regularization parameter y > 0. The regularized covariance matrix Cx , is guaranteed to
be always well-conditioned and positive definite. This also allows us to apply to Cx_, the mathe-
matical theory and algorithms for SPD matrices, which we describe in Chapter 2. Furthermore,
this regularization approach is straightforward to implement and is readily generalizable to the
infinite-dimensional setting in Chapter 4.

Also related to the above regularization approach is the line of work on shrinkage estimators,
see e.g., [39, 67, 121]. In [67], the authors proposed an estimator of the form

Cx = (1—p)Cx + pvl, (1.30)

with 0 < p < 1 and v > 0 chosen so as to minimize the mean squared error E| |ICx — C| |%.. The
idea in this approach is to shrink the eigenvalues of Cx toward the eigenvalues of the matrix v/
(or in general, a well-conditioned, positive definite target matrix 7'). Since the true covariance
matrix C is unknown, both p and v need to be estimated from the given data. Currently, this
approach has been proposed for high-dimensional covariance matrices but, at the time of writ-
ing, we are not aware of any work on shrinkage estimators for infinite-dimensional covariance
operators.

15
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CHAPTER 2

Geometry of SPD Matrices

In practical applications, such as image classification and clustering, it is necessary to have a sim-
ilarity measure between images. Having represented images by covariance matrices, this means
that we need to have a similarity measure between covariance matrices. Since covariance matri-
ces, properly regularized if necessary, are symmetric, positive definite (SPD matrices), a natural
approach to measuring their similarity is via a distance (or distance-like) function between SPD
matrices.

Let Sym ™ (n) denote the set of SPD matrices of size n x n. In this chapter, we present
several distance and distance-like functions on Sym™* (n) that are the most commonly used in
the literature. They are the following:

1. Euclidean distance;
2. affine-invariant Riemannian distance;
3. Log-Euclidean distance; and

4. Bregman divergences, in particular Log-Determinant divergences.

These functions arise from three different viewpoints of Sym™** (n). In the first viewpoint,
Sym™ ¥ (n) is considered simply as a subset of the Euclidean space R™ and thus automatically
inherits the Euclidean distance on this space. In the second viewpoint, Sym™* (n) is considered
as a smooth manifold and the affine-invariant Riemannian distance and Log-Euclidean distance
are geodesic distances corresponding to two different Riemannian metrics on this manifold. Fi-
nally, in the third viewpoint, Sym™* ™ (n) is considered as an open convex cone, with this convex
structure giving rise to the Bregman divergences.

Each of these viewpoints has its own theoretical and computational advantages and dis-
advantages, as we now discuss in detail.

2.1 EUCLIDEAN DISTANCE

Let R™" denote the set of all n x n real matrices, which is a vector space of dimension n? under
the standard matrix addition and scalar multiplication operations (+, -). Let Sym(n) denote the
set of all symmetric n x n real matrices, then (Sym(n), +, -) is a vector subspace of (R"*", +, )
of dimension @, since by symmetry, each matrix in Sym(n) can be represented by its upper
triangular entries. Then the set of all n x n real SPD matrices Sym™ ¥ (1) is an open subset of
Sym(n).
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For A, B € R™", a straightforward and commonly used distance between 4 and B is the
Euclidean distance, which is also called the Frobenius distance, defined by

dg(A, B) = ||A— B||F. 2.1)

Here || ||r denotes the Frobenius norm, which is defined by

1AllF = \tr(AT 4) =

The Frobenius norm is associated with the Frobenius inner product

Yo ap. A= (@) 2.2)

i,j=1

n
(A.B)p =tr(ATB) = > ajjbij. A= (a;j)};=1. B = (bij)} ;. (2.3)

i,j=1

One immediately sees that the Frobenius inner product (A4, B)r and Frobenius norm ||A||r
are obtained by essentially converting A and B into vectors' in R”* and taking the standard
Euclidean inner product and norm, respectively, of the corresponding R™ vectors.

Unitary invariance. An important property of the Frobenius distance is the following.
Let C € R™" be an invertible matrix, with CT C = I, that is C is a unitary matrix.” Then by
property of the trace operation

(€ACT,CBCTYp = tr(CATCTCBCT) = tr(CTCATCTCB) = tr(AT B) = (A, B)F.

Thus, the Frobenius inner product is invariant under the transformation A — CACT, B —
CBCT,where CTC = I. It then follows that

dg(CACT ,CBCT)=dg(A,B), CTC =1. (2.4)

We call this property unitary invariance.
Computational complexity. For two matrices A, B in R”*", the computational complex-

ity for computing dg (4, B) is O(n?). Thus foraset {4;}}V., of N matrices in R"*", the computa-

N

tional complexity required for computing the matrix of all pairwise distances {dg (Ai, 4;)};";_,

is O(N?n?).

Advantages and disadvantages of the Euclidean distance. Among all the
distance/distance-like functions considered in this chapter, the Euclidean distance ||A — B||r
is the simplest and the fastest to compute, since it only involves the pointwise multiplication and
addition of matrix entries. However, it has its disadvantages compared to the other distances
and divergences on Sym™* T (1), namely the following.
1Tn MATLAB, the operation A(:) converts 4 into a vector by stacking its columns on top of each other.

2Here we use the terminology unitary, which is also standard in the infinite-dimensional setting. A real, finite-dimensional
unitary matrix is also commonly called an orthogonal matrix.
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* By treating each matrix simply as a vector, it disregards any structure inherent in the ma-
trices A and B. On the set Sym™ T (n), ||4 — B||F captures neither the fact that A, B are
SPD matrices, nor the manifold and convex cone structures of Sym™ ™ (n).

* The metric space (Sym™* T (), || ||F) is incomplete. This means that a Cauchy sequence
{Ak}ken of SPD matrices, that is a sequence such that |[Ax — A;||r becomes arbitrar-
ily small for k, [ large enough, e.g., as resulting from an iterative algorithm, might not
converge to an SPD matrix. This is in contrast to complete metric spaces, where Cauchy
sequences are always guaranteed to converge to an element in the space.

* 'The Euclidean metric might lead to a swelling effect, that is when computing the mean of a
set of SPD matrices, the determinant of the Euclidean matrix mean can be strictly larger
than the determinants of the original matrices (see [6] for a discussion of this phenomenon
and its undesirability in the context of brain imaging).

* 'The suboptimality of the Euclidean distance has also been demonstrated in many practical
applications.

In the following sections, we present the affine-invariant Riemannian and Log-Euclidean
distances, which are defined based on the manifold structure of Sym™*™* (n), and the Bregman
divergences, which are defined based on the convex cone structure of Sym* ™ (n). A summary
of the distances and divergences considered in this chapter is given in Table 2.1. Apart from
unitary invariance, they satisfy the following properties:

* scale invariance;

o

* affine invariance (for daip and d* edet

), thatis the matrix C in Eq. (2.4) can be any invertible
matrix in R"*";

* invariance under inversion; and

* the metric spaces (Sym™ ¥ (), daig), (Sym™* ™ (n), diogr), and (Sym™ ™ (n), dytein) are com-
plete.

A summary of these properties is given in Table 2.2.

2.2 INTERPRETATIONS AND MOTIVATIONS FOR THE
DIFFERENT INVARIANCES

Before describing the non-Euclidean distances and divergences on Sym™ ™ (), let us discuss
the interpretations and motivations for the invariances satisfied by them, as listed in Table 2.2,
especially in our current context of covariance descriptors. As we see later on, these invariances
also illuminate the crucial differences between the extrinsic Euclidean distance and the intrin-
sic Log-Euclidean distance on Sym™ (1), both of which arise from Riemannian metrics with
curvature zero.
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Table 2.1: Several commonly used distances and divergences on Sym™ ¥ (). Here || || r denotes
the matrix Frobenius norm.

Euclidean distance de(A.B) =||A— B||F
Affine-invariant Riemannian distance daie (A, B) = ||log(A~2BA=1/2)||p
Log-Euclidean distance diogr(A, B) = || log(A) —log(B)||F
1—a 4o
Log-Determinant divergences dipgaer (4. B) = = 4 log [ det( Z aA+ 2 13+)a ]
@ det(4) 2 det(B) 2

-l<a<l1
(A, B) =tr(B7'A — 1) —logdet(B~'A)

logdet

(A, B) =tr(A7'B —I) —logdet(A™'B)

logdet

Symmetric Stein divergence (@ = 0)  d2_, (4, B) = log det(#) - %log det(AB)
(AZein(A. B) = 3d33,4.,(4. B))

stein logdet

Table 2.2: Properties of four commonly used distances on Sym™*(n): (i) Eu-
clidean distance dg(A,B) =||A— B||r; (i) affine-invariant Riemannian distance
dain(A, B) = ||log(A"1/2BA71/2)||p; (i) Log-Euclidean distance  djogr(4, B) =
|| log(A) —log(B)||F; (iv) square-root of the symmetric Stein divergence dgtein(A, B) =

\/ log det(AJrTB) — % log det(AB). Here || ||F denotes the matrix Frobenius norm.

‘ Euclidean ‘ Log-Euclidean | Affine-Invariant ‘ Stein

Geodesic distance Yes Yes Yes No
Affine invariance No No Yes Yes
Scale invariance No Yes Yes Yes
Unitary invariance Yes Yes Yes Yes
Inversion invariance No Yes Yes Yes
Inner product distance Yes Yes No No
Complete metric No Yes Yes Yes
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Affine invariance. Let GL(n) denote the set of all n x n invertible matrices. A dis-
tance/divergence function d : Symtt(n) x Sym*t(n) - Rt is said to be affine-invariant if
for any invertible matrix A € GL(n), we have

d(AC1 AT, AC,AT) = d(C1,C) VCi,Cy € Sym™ T (n). (2.5)

To see the meaning and significance of this property in our context, let us recall the statistical
interpretations of the covariance descriptors as described in Section 1.2 (see also the discussion
in [92]).

Let X be a random n-vector with probability distribution p. Let A € GL(n) be any n x n
invertible matrix and b € R” be an arbitrary vector. Then we have the following affine transfor-
mation

Typ:R" > R", Typ(X)=AX +b. (2.6)
'The expected value of the transformed random vector I'y 5(X) is then given by
pr,x) = E[Lap(X)] = AE(X) +b = Aux + b. (2.7)
'The corresponding covariance matrix is given by

Cr, ) = E[(Tap(X) — pr, ,x0)Tap(X) — pr, ,0) 1= ACx AT (2.8)

Thus if the random vector X undergoes the affine transformation X — AX + b, then its covari-
ance matrix undergoes the transformation Cy — ACx AT, independent of the translation factor
b.

For two random vectors X, Y, an affine-invariant distance/divergence function d on
Sym™** (n) then gives

d(Cr, ,x),Cr, (1) = d(ACx AT, ACy AT) = d(Cx, Cy).

that is this distance/divergence is invariant if X and ¥ undergo the same, but arbitrary, afhine
transformation on R”.

'This invariance property remains true when we transition from the theoretical covariance
matrices to the empirical covariance matrices. Let X = [xq, ..., X»] be a data matrix of size n x
m, where the vectors x; € R”, 1 <i < n, are random, independent observations of the random
vector X. Then under the affine transformation I'y 5, the empirical expected value becomes

1 m
HEp00 = — D (AX; +b) = Apx + D, (2.9)

i=1

and the empirical covariance matrix becomes

1 m
Cr,,x = - D (Axi +b = pry ) (Axi + b — pr, ,x)"T = ACxAT. (2.10)

i=1
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'Thus, the empirical covariance matrix also undergoes the same transformation Cx — ACx AT,
Hence, if two data matrices X and Y undergo the same, but arbitrary, affine transformation I'4 p,
then an affine-invariance distance/divergence between their corresponding empirical matrices
remains the same, that is

d(Cr, ,x).Cr, ,v) = d(ACxAT, ACyAT) = d(Cx. Cy).

Affine invariance is satisfied by the affine-invariant Riemannian distance and the Log-
Determinant divergences.

Scale invariance. This is a special case of the affine-invariance property, with » = 0 and
A = /51, for some scalar s > 0, in the affine transformation Iy 5 in Eq. (2.6). This property
states that if we scale the random vectors X and Y (or the corresponding data matrices X and
Y) by the same factor /s, then the distance/divergence between their corresponding covariance
matrices, which are scaled by the factor s, remains the same, that is

d(sCx,sCy) = d(Cx, Cy). (2.11)

Scale invariance is satisfied by the Log-Euclidean distance, which does not satisfy the full affine
invariance property. It is not satisfied by the Euclidean distance.

Unitary invariance. This is another special case of the affine invariance property, with
b =0and AT = A7!in Eq. (2.6), that is A is an n x n unitary matrix. This property states that
if the random vectors X and Y undergo the same, but arbitrary unitary transformation A in R”,
such as a rotation, then the distance/divergence between the corresponding covariance matrices
remains the same, that is

d(Cr,(x), Cr v)) = d(ACx A™', ACy A™") = d(Cx, Cy). (2.12)

Unitary invariance is satisfied by all four distances/divergences listed in Table 2.1, namely
Euclidean distance, Log-Euclidean distance, affine-invariant Riemannian distance, and Log-
Determinant divergences.

Invariance under inversion. A distance/divergence function d :Sym™(n) x
Sym*t(n) — R is said to be invariant under inversion if

d(Cy,Cy) =d(C;', Y, VYCy,Ca, e Sym™t T (n). (2.13)

To see the significance of this property, consider the correspondence between Sym™* ™ (n) and
the set of multivariate Gaussian density functions on R” with mean zero. We recall that each
Gaussian density function N'(0,C), C € Sym™**(n), is completely determined by its covari-
ance matrix C, or equivalently, its precision matrix C~'. Hence, we can take as the dis-
tance/divergence between two multivariate Gaussian density functions N (0, Cy), N (0, C,) the
distance/divergence between the corresponding covariance matrices C; and C;. The invariance
property in Eq. (2.13) states that one obtains the exact same measure by taking the same dis-

tance/divergence between the corresponding precision matrices C; ! and C;1.
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Invariance under inversion is satisfied by all the symmetric non-Euclidean dis-
tances/divergences listed in Table 2.1, namely the Log-Euclidean distance, affine-invariant Rie-
mannian distance, and symmetric Stein divergence, but not the Euclidean distance.

2.3 BASIC RIEMANNIAN GEOMETRY

FINITE-DIMENSIONAL
RIEMANNIAN MANIFOLD

Figure 2.1: The set Sym ™+ (1) of n x n SPD matrices viewed as a Riemannian manifold.

Let us consider the viewpoint of Sym™ ¥ (1) as a Riemannian manifold. We first pro-
vide a brief overview of Riemannian geometry and refer to, e.g., [28, 58] for a comprehensive
treatment. In general, Riemannian manifolds are generalizations of two-dimensional regular
surfaces in 3D space, with one of the simplest examples being the two-dimensional sphere, on
which many of the abstract concepts involved assume a much more concrete form (see, e.g., [27]
for a comprehensive treatment).

'The following are some of the key concepts from Riemannian geometry which are neces-
sary for our current purposes.

* Riemannian metric and the associated Riemannian distance (i.e., the shortest distance
between two points on the manifold).
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* Geodesics, Riemannian exponential map, and Riemannian logarithm map.

We are particularly interested in geodesically complete manifolds, on which there always exists a
geodesic connecting any two points, whose length is equal to their Riemannian distance. Among
geodesically complete manifolds, we are interested in those which are simply connected and
have nonpositive curvature, the so-called Cartan-Hadamard manifolds. On these manifolds,
the geodesic connecting two points is unigue and its length, which is equal to their Riemannian
distance, is completely determined by the Riemannian logarithm map. Examples of this class
of manifolds are the space R” under the standard Euclidean metric and Sym™*™ (1) under both
the affine-invariant and Log-Euclidean Riemannian metrics, which we describe in Sections 2.4
and 2.5, respectively.

Smooth manifold, tangentvector, and tangent space. Informally speaking (see, e.g., [68]
for the formal definition), a fopological manifold M of dimension n, n € N, is a topological space
that is Jocally Euclidean, in the sense that each point P on M has a neighborhood ¢/ that is home-
omorphic to an open subset I = ¢(U) C R”, where ¢ : U — U is a homeomorphism, that is a
continuous bijective map with a continuous inverse.’ The pair (U, ¢) is called a coordinate chart,
or simply chart on M. A collection of charts whose domains cover M is called an at/as of M.
For P e U, let (P) = (x1(P), ..., xn(P)) € R", then the component functions (xi,...,x,)
of ¢ are called the Joca/ coordinates on U.

A smooth manifold, also called differentiable manifold, is a topological manifold M with
a smooth atlas, that is any chart in the atlas can be smoothly transitioned to any other chart.
'This means that if (U, ¢) and (V, ) are two charts on M belonging to this atlas, then either
U NV = @, or the transition map ¢ o ¢! : (U N'V) — ¥ (U N V), as a map between two open
subsets (U N V) and ¥ (U N'V) in R”, is C*°, that is having continuous partial derivatives of
all orders.

Two key concepts for working on a smooth manifold M are tangent vector and tangent
space. These are the generalizations of the corresponding concepts on a regular surface S in R3.
We recall that (see, e.g., [27]), for a parametrized smooth curve y : I = (a,b) — R3, where
I = (a,b) C R is some interval on the real line, with y’(¢) # 0 V¢ € I, the tangent vector to
the curve at the point y(fp), to € 1, is the vector y’(tp). On a regular surface S C R3, a tangent
vector to S at a point P € S is the tangent vector at P of a smooth curve on S passing through
P. More specifically, it is the tangent vector y’(0) of a smooth curve y : (—€,€) — S, for some
€ > 0, with y(0) = P. It can then be shown that the set of all tangent vectors to S at P forms
a two-dimensional vector space, called the zangent plane of S at P, denoted by Tp(S).

The generalization of the concept of tangent vectors to an abstract smooth manifold M
is based on the above definition of tangent vectors of curves as their derivatives, as follows (see
[28] and [68] for further detail). First consider the case M = R”. Let y : (—€,€¢) — R” be a
smooth curve in R”, y(0) = P, with coordinates y(t) = (x1(¢),....x,(¢)). The tangent vector

3Formally, M is also required to be a HausdorfF'space, that is any two distinct points in M are contained in two disjoint open
sets, and second countable, that is there exists a countable basis for the topology of M (see, e.g., [68] for further detail).
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toyatt =0is

V = y’(()) = (xll (0), ... ,X,;(O))'

Let Dp be the set of all functions f : R” — R that are differentiable at P, then Dp is a vec-
tor space under function addition and scalar multiplication. By the chain rule, the directional
derivative of a function f € Dp along the vector V' at the point P is given by

N (g @
o _]Z o 0= (}; x;(0) o, \P) f (2.14)

Thus, the tangent vector V of the curve y at the point P defines a linear map from Dp — R,
namely the directional derivative along V. This viewpoint leads to the following definition of
the concept of tangent vectors on a general smooth manifold M.

Let M be a smooth manifold and y : (—¢, €) — M be a smooth curve on M, with y(0) =
P.Let Dp be the set of all functions f : M — R that are differentiable at P. The tangent vector
to the curve y at P is defined to be the /inear map y'(0) : Dp — R given by

d(foy)

dt t=0’

ax;
t=0 0t

d(foy)
dt

Y'(0) f = f € Dp. (2.15)

A tangent vector at P is then defined to be the tangent vector at ¢ = 0 for a smooth curve y :
(—€,€) > Mwith y(0) = P. The set of all tangent vectors at a point P € M forms the zangent
space of M at P, denoted by Tp (M).

Assume the local coordinate representation ¢(y(f)) = (x1(¢),...,x,(¢)) € R", with

@(P) = ¢(y(0)) = (x1(0),...,x,(0)). Then
(for) @) =((fop™Holpoy))=(fop™)(x1(0),...,xx (1)),
with the function f o ¢~! : R” — R. By the chain rule

- 3UO¢) o)
=0 fo( " ‘ o(P) (;xf(o)ﬁj)p) S (216)

vy = 4o

where we define % Pf a(fow 1)‘ . Note that in the case M = R”, we have ¢ = idgn,

the identity map, and the expans1on in Eq (2.16) reduces to the expansion in Eq. (2.14). From
this expansion, it can be shown that the tangent space Tp (M) is an n-dimensional vector space.
Furthermore, for a smooth chart (U, ¢) containing P, with ¢(P) = (x1(P),...,xn(P)), a basis

: d
for the tangent space Tp (M) is the set {Wj ’P yauy
Riemannian manifold and Riemannian metric. A Riemannian manifold M is a smooth

manifold equipped with a Riernannian metric. Informally speaking, a Riemannian metric on M
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is a formulation for defining distances on the manifold. Formally, for each point P on M, let
Tp (M) denote the tangent space to M at P. A Riemannian metric on M (see, e.g., [28, 58, 68])
is a family of inner products ( , )p defined on each tangent space Tp (M) that varies smoothly
with the base point P. Let ({,¢ = (x1,...,xp)) be alocal coordinate chart containing P, so

that the tangent space Tp (M) admits the basis {% ‘P};l:l , then the Riemannian metric can be
J

represented as an 7 x n SPD matrix (gi;(P))} ;_;, defined by
0 0 o
gij(P)=<3_x,~‘P’§j‘P>P’ 1<i,j<n. 2.17)

Given a smooth manifold M, a Riemannian metric {, )p, P € M, induces the norm
VIilp = {V.V)p, V € Tp(M), which induces a distance on the tangent space Tp(M). We
thus have a family of distances on the tangent spaces Tp (M), P € M, which varies smoothly
with P and which in turn induces a distance function on the manifold M, as follows.

Riemannian distance. Let / C R be an open interval and y : I — M be a smooth, i.e.,
C°, curve on M. Let y () denote the tangent vector to the curve at the point y(¢). Let[a,b] C 1
be a closed interval. Then at any point ¢ € [a, b], the tangent vector (), in the tangent space
Ty(r)(M), has length ||y (2)]], (). The length of the curve segment y, with ¢ ranging from a to b,
can then be defined to be the integration of the lengths of these tangent vectors over the entire
segment, i.e.,

b
L(y) = / 17Oyt (2.18)

If y is a piecewise smooth curve, then its length is defined to be the summation of the lengths
of all its smooth pieces.

Definition2.1 The Riemannian distance between two points 4, B € M, induced by the Rie-
mannian metric { , )p, is defined to be

d(A,B) = inf{L(y) : y : [a,b] - M piecewise smooth, y(a) = A, y(b) = B}. (2.19)

'The following result is fundamental and can be found in [28, 58, 68].

Theorem 2.2 The functiond : M x M — R™ as defined in Eq. (2.19) satisfies all the axioms of

a metric, namely
1. Positivity: d(A, B) > 0, withd(A, B) = 0 <= A = B,
2. Symmetry: d(A, B) = d(B, A),

3. Triangle inequality: d(A, B) < d(A,C) 4 d(C, B),
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VA, B,C e M, sothat (M, d) is a metric space.

'The Riemannian distance d(A, B) is closely connected with the lengths of geodesic curves
on M, as we explain next.

Geodesics. A geodesic curve y on a Riemannian manifold M is a generalization of a
straight line in R”, in the sense that it is a curve with zero acceleration. Specifically, a smooth
curve y : [a, b] — M is called a geodesic if it is a critical point of the energy functional

1re
E0) =5 [ 17Ol

An important property of geodesics is that they have constant speed, that is

d . .
7Ol = 0.

Riemannian exponential map. For a given point P € M and a given tangent vector
V € Tp(M), the theory of ordinary differential equations guarantees that there exists € > 0 and
a unique geodesic curve py : [0, €] — M, starting at the point P and moving along M in the
direction V, that is with yy(0) = P and yy(0) = V. Furthermore, there is always a neighbor-
hood Up C Tp(M) of 0 € Tp(M) such that yy is defined on [0, 1] YV € Up. The Riemannian
exponential map Expp is then defined by

Expp :Up C Tp(M) > M, Expp(V) = yp(1), (2.20)

that is Expp (V) is the point on M reached at unit time (# = 1) by the geodesic curve yy. Since
yv is a geodesic, its speed || (?)|,, () is constant and thus the length of yy, with yy(0) = P,
yv (1) = Expp(V), is given by

1
L(yv) =[0 v Ollyy dt = llyv O]y ) = [IV]p. (2.21)

Example2.3 For M = R” under the standard Euclidean metric, Tp (M) = R" VP € R” and

yw(t) =P + Vi, Vi €R, with Expp(V)=P +V VP,V € R". (2.22)

Thus, in general, Expp (V) can be viewed as a generalization of the operation of vector addition
in R”, with the base point P € M being the initial point and Expp (V) € M being the end
point, respectively, of a geodesic curve with initial direction V' € Tp(M) and length ||V||p.
A geometrical interpretation of the exponential map Expp is given in Figure 2.2; see also the
discussion in [92].
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Tangent space

v (0)=P

v () '

%

Expp(V) = vy (D)

Figure 2.2: Geometrical interpretation of the Riemannian exponential map. At a point P on
the manifold M, given a tangent vector V' in the tangent space Tp (M) at P, there is a unique
geodesic yy, starting at P and moves along the manifold in the direction V/, that is yy (0) =
P, py(0) = V. The Riemannian exponential map Expp maps V to the point yy (1) on the
manifold, that is Expp (V) = yy(1). The length of the curve yy joining P and Expp (V) on
the manifold M is precisely the length of the vector V' in the tangent space Tp (M), that is
L(yy) = ||V||p. If M is a Cartan-Hadamard manifold, such as Sym™ ¥ (n), then the geodesic
connecting any two points on M is unique, with length equal to their Riemannian distance, so
that d(P,Expp(V)) = L(yy) = ||V||p. If M = R", then Expp(V) = P + V and, in general,
Expp (V) can be considered as a generalization of this vector addition operation.

Geodesically complete manifolds. A Riemannian manifold M is said to be geodesically
complete it Y P € M, the exponential map Expp is defined on all of Tp(M), in which case
we can write Expp : Tp(M) — M. For a geodesically complete manifold M, there exists a
geodesic connecting any two points, whose length is equal to their Riemannian distance (such
a geodesic is called minimizing), due to the following fundamental result (see e.g., [28, 58] for
the full statement).
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Theorem 2.4 (Hopf-Rinow). For a Riemannian manifold M, the following statements are
equivalent.

1. (M, d) is a complete metric space.

2. M is geodesically complete, that is the exponential map Expp is defined on all of Tp (M) VP €
M.

Either of these two statements implies that any two points A, B € M can be joined by a geodesic of
length d(A, B), that is by a geodesic of shortest length.

Riemannian logarithm map. Let us consider now the inverse of the Riemannian expo-
nential map. A map f : M — N between two smooth manifolds M and N is said to be a
diffeomorphism if it is a smooth bijection with a smooth inverse. One important property of the
exponential map Expp is that there exists a neighborhood Vy of 0 € Tp (M) so that Expp maps
Vo diffeomorphically onto a neighborhood of Wp of P in M. This implies that there exists an

inverse function for Expp, which we denote by

LogP WpC M=V, C TP(M),
Logp(Q) =V < Expp(V) = 0, (2.23)

that maps Wp C M diffeomorphically onto Vo C Tp(M).

Example 2.5 For M = R” under the standard Euclidean metric,

Expp(V) = P +V, sothat Logp(Q)=Q — P, P,Q,V eR". (2.24)

Thus, in general, Logp can be viewed as a generalization of the vector subtraction operation
in R”, with base point P. A geometrical interpretation of the logarithm map Logp is given in
Figure 2.3, see also the discussion in [92].

Curvature. A fundamental concept of Riemannian geometry is that of curvature, which
essentially measures how much a Riemannian manifold deviates from Euclidean space. We
briefly discuss this concept here and refer the readers to [28], for example, a comprehensive
treatment. The concept of curvature on Riemannian manifold generalizes the much more con-
crete concept of Gaussian curvature for regular surfaces in R3, which is treated thoroughly in
e.g., [27]. In brief, let S be a regular, oriented surface in R3 and P be a point on S. Let V be
a unit vector in the tangent plane Tp(S) and N(P) be the unit normal vector to S at P, then
the intersection of the plane containing V, N(P) with S is called a normal section of S. Each
normal section is thus a curve on S passing through P and possessing a curvature, called normal

curvature. The maximum and minimum of the normal curvatures at P are called the principal
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ZpM)

Tangent space

Q= Expp(V)

Figure 2.3: Geometrical interpretation of the Riemannian logarithm map. At a point P on
the manifold M, the logarithm map Logp is the inverse of the exponential map Expp and
maps a neighborhood of P in M onto a neighborhood of the vector 0 in the tangent space
Tp(M). If M is a Cartan-Hadamard manifold, such as Sym™ " (n), then VP € M, Logp :
M — Tp(M) diffeomorphically, that is it is bijective, smooth, and the inverse Expp is also
smooth. In that case, the Riemannian distance between P and Q is precisely the length of V' in
Tp(M), thatis d(P, Q) = ||[VI|p = ||[Logp(Q)||p. If M = R", then Logp(Q) = Q — P and

in general, Logp (Q) can be considered as a generalization of this vector subtraction operation.

curvatures of the surface S at P. The product of the principal curvatures is called the Gaussian
curvature of S at P, which is a quantity intrinsic to S.

Let now M be a Riemannian manifold. For a fixed point P € M, consider a fwo-
dimensional subspace Xp of the tangent space Tp(M) at P. Let R denote the Riemannian
curvature tensor (see, e.g., [28], Chapter 4, for the definition and Section 2.4 below for an ex-
ample in the Sym™ ¥ (n) setting). Then for any basis vectors {X, Y} € X p, the quantity

(RIX,Y)X,Y)p

K(Xp) = Kp(X,Y) =
IX[[B1Y 3 —(X.Y)3

(2.25)
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is well-defined and is independent of the choice of the basis vectors X,Y € Xp. This quantity
is called the sectional curvature of Tp at P. In particular, for a regular surface S C R3, there is
precisely one two-dimensional subspace of Tp (S), namely Tp (S) itself. In this case, the sectional
curvature K(7p(S)) coincides with the Gaussian curvature of S at P. In general, the sectional
curvature K(Xp) is the Gaussian curvature at P of a small surface formed by geodesics on M
starting at P, with directions lying on the two-dimensional subspace Xp of Tp(M).

Some common examples of manifolds with constant sectional curvature are

* Euclidean space R”, with K = 0 (flat manifold).

* n-dimensional unit sphere S"~! = {(x1,...,x,) € R" : x? +--- +x2 = 1},with K = 1
(positive curvature).

* n-dimensional hyperbolic space H" = {x = (x1,...,x,) € R” : x, > 0}, under the Rie-

. . 8ij . .
mannian metric g;; (X1, ...,Xp) = x’—g, with K = —1 (negative curvature).
n

Of particular interest for our current purposes are manifolds with nompositive sectional
curvature, which we turn to next.

Manifolds with nonpositive curvature and uniqueness of geodesics. On a geodesically
complete manifold, there is always a minimizing geodesic joining any two points. Such a mini-
mizing geodesic is not necessarily unique, however. An obvious example is the two-dimensional
sphere, where any two antipodal points are joined by infinitely many minimizing geodesics of
equal length. We now consider a class of Riemannian manifolds in which uniqueness of mini-
mizing geodesics is guaranteed, namely simply connected manifolds with nonpositive (or semi-
negative) sectional curvature. The space R” under the standard Euclidean metric and the mani-
fold Sym™* (1) of SPD matrices, under both the affine-invariant and Log-Euclidean Rieman-
nian metrics, belong to this class. The following theorem is a fundamental result for this class of

manifolds, see, e.g., [28, 58, 62].

Theorem 2.6 (Cartan-Hadamard). Assume that M is a geodesically complete Riemannian man-
ifold with nonpositive sectional curvature. If M is simply connected, then the exponential map Expp :
Tp(M) — M is a diffeomorphism N P € M.

A Riemannian manifold satisfying the hypothesis of Theorem 2.6 is called a Cartan-
Hadamard manifold. On such a manifold, since Expp : Tp (M) — M is a diffeomorphism, the
Riemannian logarithm map Logp : M — Tp(M) is well-defined on all of M and is a difteo-
morphism from M onto Tp (M).

Riemannian distance and Riemannian exponential and log maps. An important conse-
quence of Theorem 2.6 is that on a Cartan-Hadamard manifold M, any two points P, Q € M
are joined by a unique geodesic whose length is equal to their geodesic distance. In fact, let V' €
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Tp (M) be the unique tangent vector in Tp (M) such that QO = Expp(V), then this geodesic
curve has the form

yv(t) = Expp(tV), V = Logp(Q).

'The Riemannian distance between P and Q is then given by

d(P,Q) = L(yv) = |[Vllp = |[Logp(Q)llp. (2.26)

Equivalently,
d(P,Expp(V)) = |[V][p. (2.27)

Thus, on Cartan-Hadamard manifolds, the geodesic connecting two points P, Q is unique and
the Riemannian distance d(P, Q) is determined completely via knowledge of the Riemannian
logarithm map.We apply this fact on the manifold Sym™*™* (1) of SPD matrices, which is de-

scribed next.

2.4 AFFINE-INVARIANT RIEMANNIAN METRIC ON SPD
MATRICES

We start with one of the most widely studied and well-understood Riemannian metrics on
Sym™*t(n), namely the affine-invariant Riemannian metric. In the mathematics literature, the
study of this Riemannian metric goes as far back as [105] and [86]. For more recent treatment,
we refer to [10, 11, 65, 92, 117], for example.

For M = Sym™ ¥ (n), for each P € Sym™ " (n), the tangent space at P is given by

Tp(Sym™ T (n)) = Sym(n), (2.28)

where Sym(n) is the vector space of symmetric n x n matrices.
Riemannian metric. The affine-invariant Riemannian metric is defined by the following
inner product on the tangent space at P € Sym™ (n),

(A,B)p = (PV/24P~ V2 p~12BP~12\ ' VA, B e Sym(n). (2.29)
Equivalently, since (4, B)r = tr(AT B), we have
(A,B)p = tr(P"'AP™!B). (2.30)

'The inner product (, )p defines a notion of length, namely the corresponding norm || ||p, on
the tangent space Tp (Sym™ " (n)), with

I|Allp = ||[P7Y2AP7V2||p = Vtr(P~YAP~1A), A € Sym(n). (2.31)
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In particular, at the identity matrix 7,

[A]l7 = Vtr(4?) = [|A]|F. (2.32)

Affine-invariance. The terminology affine-invariant is motivated by the following. Let
GL(n) denote the set of invertible n x n matrices. Each matrix C € GL(n) gives rise to the
following linear transformation

e :RP" - R™" T A— I'c(A) = CACT,

which is called an affine or congruent transformation (the two matrices A and CACT are said
to be congruent to each other, see, e.g., [87]). Clearly, if A € Sym(n), then CACT € Sym(n)
and if P € Sym*t(n), then CPCT € Sym™ ™ (n), so that I'¢ : Sym(n) — Sym(n) and T'c :
Sym*t(n) — Sym™ ™ (n).

As can be readily verified, the inner product (, )p is invariant under all affine transfor-
mations; that is,

(CACT ,CBCT)¢cper = (A.B)p =tr(P"YAP™'B), VYC € GL(n), (2.33)

hence the name affine-invariant Riemannian metric.

Sectional curvature. Under the affine-invariant metric, Sym™* (1) becomes a Rieman-
nian manifold with nonpositive sectional curvature, as confirmed by the following result, whose
proof can be found in [62] (we note that [62] uses a different sign convention for the Riemannian
curvature tensor, opposite that of [28], which we follow here).

Theorem 2.7  Under the affine-invariant Riemannian metric, Sym™ " (n) is a Cartan-Hadamard
manifold, that is it is geodesically complete, simply connected, and with nonpositive sectional curvature.

In fact, in this setting, the sectional curvature of Sym™ (1) can be computed explicitly.
For simplicity, we illustrate this on the tangent space at the identity matrix I (see [62], [120]
for the derivation). On 77 (Sym™ (1)) = Sym(n), the Riemannian curvature tensor R assumes
a particularly simple form

R(X.Y)Z =[[X.Y].Z]. X.Y.Z € Sym(n), (2.34)

where [X,Y] = XY — YX denotes the matrix commutator between X and Y. Thus by defini-
tion, for any two linearly independent matrices X,Y € Sym(n), the sectional curvature of the
two-dimesional subspace of Sym(n) spanned by X and Y is given by

tr[(XY)? — X272]

KX n) =25 ar) — @ re = (2.35)
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where the inequality on the right-hand side follows from the Cauchy-Schwarz inequality, with
zero equality if and only if XY = Y X, that is if and only if X and ¥ commute.

Geodesic curve. Since the sectional curvature is nonpositive, by the Cartan-Hadamard
‘Theorem (Theorem 2.6) and the subsequent discussion in Section 2.3, there is a unique geodesic
connecting any two points A, B € Sym™ ¥ (1) whose length is the Riemannian distance be-
tween A and B. This distance is completely determined by the Riemannian exponential and log
maps, which are diffeomorphisms between Sym™ ¥ (n) and the tangent space Tp (Sym ™+ (n)) =
Sym(n).

For any fixed P € Sym™ ¥ (n) and any V € Sym(n) = Tp (Sym™ ¥ (n)), the geodesic curve
yv (), with yy(0) = P and py (0) = V is given by (for a derivation, see, e.g., [85])

yw () = PY2exp(tP~ V2P V2 PY2 1 eR. (2.36)

For any two points 4, B € Sym™ ™ (n), the unique geodesic curve y45 : [0, 1] — Sym™ ¥ (n) join-
ing them, with y4p(0) = A, y4p(1) = B, is given by

vap(t) = AY2 exp[t log(A™Y2BA™Y2)14Y2, 1 € [0,1]. (2.37)

Riemannian exponential and logarithm maps. It follows that the Riemannian expo-
nential map Expp : Tp(Sym™ ¥ (1)) — Sym™ ™ (n) is well-defined on all of the tangent space
Tp(Sym™*™ (n)), with

Expp(V) = yr(1) = P2 exp(PV2VP~V2)PY2 vV e Sym(n). (2.38)

Its inverse, the Riemannian logarithm map Logp : Sym™ ¥ (n) — Tp(Sym™**(n)) is well-
defined on all of Sym™ ¥ () and is given by

Logp(A) = PY?log(P~Y24P~Y2)PV/2 4 € Sym™ T (n). (2.39)
In particular, at the identity matrix 7,
Exp; (V) = exp(V), Log;(4) =log(A), V € Sym(n), A € Sym**(xn). (2.40)

In Egs. (2.36), (2.37), (2.38), and subsequently, exp(A) refers to the matrix exponential map. In
Eq. (2.39) and subsequently in all the mathematical expressions in the rest of the chapter, log(A4)
refers to the principal matrix logarithm of A, which is an inverse function of exp. For more detail
on the matrix exponential and principal logarithm maps, we refer to Appendix A.2.

Affine-invariant Riemannian distance. By Eqs. (2.26), (2.39), and (2.31), the affine-
invariant Riemannian distance between two matrices A, B € Sym™* ™+ (n) is given by

dae(A, B) = ||Logy(B)||4 = || log(A"Y2BA™Y2)||F, (2.41)

where log denotes the principal matrix logarithm as defined in Eq. (A.13).
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Equivalently, since the geodesic joining 4 and B is unique, with length equal to the Rie-
mannian distance between A and B, by Egs. (2.18) and (2.37),

1
doin(A, B) = L(yap) = [0 1748 O]y 50dt = ||log(A™2BAY?)||F.

Let {A¢}?_, denote the eigenvalues of A~1/2BA~1/2 which are the same as the eigenval-
ues of A™! B, then we have the equivalent expression

duin(A. B) = ) log? (). (2.42)
k=1

'This is the expression that is used to compute daig(A4, B) in an actual implementation.

Remark 2.8  We use the notation d,ir(A, B) to denote the finite-dimensional affine-invariant
Riemannian distance between the SPD matrices 4 and B to emphasize that the norm of the
function log(A~'/2 BA~1/2), which defines this distance, is the Euclidean norm || || . The cor-
responding infinite-dimensional affine-invariant Riemannian distance in Section 5.2 will be de-
noted by dains, where the norm of the corresponding log function is based on the Hilbert-
Schmidt norm || ||gs.

Properties of the afhne-invariant Riemannian distance.

1. Afhne invariance. For any invertible n xn matrix C, the eigenvalues of
(CACT)™H(CBCT) = (CT)"'A7'BCT are the same as the eigenvalues of A7!B,
thus we have

daip(CACT . CBCT) = d,r(A, B), (2.43)
which confirms the affine-invariance of the Riemannian distance d,;k.

2. Scale invariance. In particular, for C = /sI, where s € R,s > 0, affine invariance be-
comes scale invariance, that is

daiE(SA, SB) = daiE(A, B) (244)

3. Unitary invariance. For CT = C 71, that is C is a unitary matrix,

daie(CACT ,CBCT) = dyp(4,B), CTC =1. (2.45)

4. Inversion invariance.

dain(A™Y, B™Y = din(A, B). (2.46)



36 2. GEOMETRY OF SPD MATRICES

5. Complete metric space. Since Sym™ ¥ (n) is a geodesically complete Riemannian mani-
fold under the affine-invariant metric, it follows from the Hopf-Rinow Theorem that the
metric space (Sym™t(n), dug) is complete.

Computational complexity. For two matrices 4, B € Sym™*(n), the computation of
dain(A, B) as specified in Eqs. (2.41) and (2.42) requires the computation of the eigenvalues
of the matrix A~!B or A=1/2BA~1/2, Since matrix inversion requires time complexity O(n?),
matrix multiplication requires time complexity O(n?), and the eigenvalue computation requires
time O(n?) (see, e.g., [89]) the overall computational complexity of this process is thus O(n?).
Since the computation of d,ig(A, B) involves computing the eigenvalues of either A™'B or

A7Y2BA™1/2, in which A and B are coupled together, if we have a set of N matrices {4;})_,

N

in Sym™ T (n), then the computation of all the pairwise distances {dair(4;, A )i = takes time

O(N?n3).

2.4.1 CONNECTION WITH THE FISHER-RAO METRIC

The affine-invariant Riemannian metric on Sym™ ™ (n), as described in Section 2.4, is closely
connected with the Fisher-Rao Riemannian metric on the statistical manifold of multivariate
Gaussian density functions on R” with mean zero.

To describe the Fisher-Rao metric, let us first briefly review the concept of statistical man-
ifold (see [1] for detail). Let S be a family of probability density functions Pg on X = R",
parametrized by a parameter § = (0!, ..., 60%) € ©, where © is an open subset in R¥, for some
k € N, that is

S=1{Py=P(x:0)]|0=0",....0F € © Cc RF}, (2.47)

where the mapping 6 — Py is assumed to be injective. Such an S is called a k-dimensional sza-
tistical model or a parametric model on X. Assume further that for each fixed x € X, the mapping
6 — P(x;0) is C, so that all partial derivatives, such as %, 1 <i <k, are well-defined
and continuous.

A k-dimensional statistical model S can be considered as a smooth manifold as follows.
With S = {Py | 0 € O}, the mapping ¢(S) — O C R¥, defined by ¢(Py) = 6, provides a co-
ordinate chart on S. Furthermore, consider the change of coordinates (or re-parametrization)
¥ : © — ¥(0), where 1 (®) is an open subset of R¥. Suppose that v is a diffeomorphism, that is
it is bijective and both  and its inverse ! are C° mappings. Then the re-parametrized family
of probability density functions {Py,—1(,) | p € ¥(®)} is the same as S. Thus, if all diffeomor-
phic parametrizations are considered to be equivalent to each other, then S can be considered
as a smooth manifold.

Given a k-dimensional statistical manifold S, at each point 6 € ©, the Fisher information
matrix [1] of S at 6 is the k x k matrix G(6) = [g;;(0)], | <i,j <k, with the (i, j)th entry
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given by

g1, (60) = / 0In P(x:0) d1n P(x:0)

o sar— P6)dx. (2.48)

It is clear from the definition that the Fisher information matrix G(f) is symmetric, positive
semi-definite. Assume further that G () is strictly positive definite V6 € ©, then it defines an in-

ner product on the tangent space Tp, (S), via the inner product on the basis {% }}‘=1 of Tp,(S),
by

d d

'This inner product defines a Riemannian metric on S, the so-called Fisher-Rao metric, or Fisher
information metric.
Consider now the family S of multivariate Gaussian density functions on R” with mean
zero. Since the corresponding covariance matrices are SPD matrices in Sym ™ (n), which are
n(n+1) . . . . .
completely determined by the upper triangular entries, these Gaussian density functions

are parametrized by 6 € R¥, where k = "("TH) Thus,

1 1
P(x;0) = ex ——xTZQ_lx),EQ e Sym*t(n), 6 € R¥
(5:0) = e o (50 1x) 30 < s
(2.50)
where k = "("TH) and 0 = [0, ..., 0], with the 87 corresponding to the upper triangular

entries in X(6) according to the following order: £(0)1; = 0!, Z(0)12 =62, ..., Z(0)22 =
0" Z (@) = 0"
In this case, the Fisher information matrix is given by the following result (see, e.g., [37,

70, 109]).

Theorem 2.9  For the parametrized family of Gaussian densities on R" with mean zero, as given in

Eq. (2.50),
gij (0) = —tr[ 10 2)X 710, 2)], 1<i,j <k, (2.51)

89_1' = i

o0
where 0gi = 307> 387

Since the means of the density functions in S are zero, we can identify the statistical
manifold S with the manifold Sym™ ¥ () and the corresponding tangent space Tp, (S) with the
tangent space Tg(g)(Sym++(n)) =~ Sym(n).
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For1 <r <s <n,r,s €N, define the following matrices

1, forr =3,

lr,s + ]-s,r for r # S, (252)

Egs) =
where 1,5 is the matrix with entry 1 at location (r,s) and 0 everywhere else. Clearly
{E(r,5)} 1<r<s<n forms a basis for Sym(n).

Consider the following identification of indices: 1 — (1,1), 2 — (1,2), 3 — (1,3),
on+1— (2,2),...,@ — (n,n).Byassumption, £(6) = _, _._;-, 07 E(..5), s0 that
gez(fes)) = E(+5). Then we can identify the basis {er.s)}lsrsssn of Tp,(S) with the basis
{E@.s)'1<r<s<n of Sym(n). Thus, Eq. (2.51) gives

1 _
(E¢rs0: Egasn)z = J0[E YEr s E 7 Erysn)]- (2.53)

Therefore, for any two matrices A, B € Sym(n), by expanding in the basis {Ers}1<r<s<n, We
arrive at the following result (see also [70, 109]).

Theorem2.10  The Riemannian metric on Sym™ T (n) induced by the Fisher information matrix on
the statistical manifold of multivariate Gaussian densities on R" with zero mean is given by

1
(A, B)sy = Etr[z—lAz—lB], A, B € Sym(n), T € Sym™ *(n). (2.54)

Thus, the Riemannian metric on Sym™ ™ (n) induced by the Fisher information matrix is pre-
cisely half the affine-invariant Riemannian metric as defined in Eq. (2.30) in Section 2.4.

2.5 LOG-EUCLIDEAN METRIC

As discussed in the previous section, the computational complexity of computing all the pairwise
distances {d.ig(4;, Aj)}f\’/j=1 for a set of N matrices {A; }jN:l in Sym™*t(n) is O(N2n3). This
computational cost becomes very large when N is large. The reduction in computational com-

plexity is one of the motivations for the consideration of the Log-Euclidean distance [6], which

is defined by
dioge(4, B) = [|1og(4) —log(B)||F. (2.55)

If A and B commute, thatis if AB = BA, then the Log-Euclidean distance djogr and the affine-
invariant Riemannian distance d,;g coincide, that is

diogin(4, B) = duin(A4, B) = ||log(A™2BA™Y/?)||p = ||log(A) —log(B)||r.  (2.56)

Interpretations. There are (at least) two possible different interpretations for the Log-
Euclidean distance diog, as follows.
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1. diogr(A, B) is an approximation of the affine-invariant Riemannian distance da;ig (A4, B),
obtained by first projecting A and B, via the Riemannian log map, to the tangent space
Ty (Sym™ ™ (n)) at the identity, then computing the Euclidean distance between the pro-
jections.

2. diogr (A, B) is the geodesic distance of a Riemannian metric on Sym™ (1), namely the
Log-Euclidean metric, which was formulated in [6].

We discuss these interpretations in detail in Sections 2.5.1 and 2.5.2.

Computational complexity. To compute the distance djozr(A, B) as defined in
Eq. (2.55), we need to compute the principal matrix logarithms log(A4) and log(B), which in-
volves computing the singular value decomposition (SVD) of A and B, with time complexity
O(n®). However, a key difference between Eq. (2.55) and Eq. (2.41) is that in Eq. (2.55), 4
and B are uncoupled. Thus, when computing all the pairwise distances {diogr(A4;, A ])}fv = for
a set {Ai}f\’:l in Sym™t(n), we can first compute all the functions log(4;), 1 <i < N, sepa-
rately, then compute the distance matrix between them. The computational complexity of this
process is thus O(Nn?), which is O(N) times faster than that for the affine-invariant Rieman-
nian distance d,ig. Furthermore, it is straightforward to parallelize the computation of the set
{log(A;)}N_,, leading to faster actual running time of the overall algorithm.

2.5.1 LOG-EUCLIDEAN DISTANCE AS AN APPROXIMATION OF THE
AFFINE-INVARIANT RIEMANNIAN DISTANCE

Let us now consider the first interpretation of the Log-Euclidean distance as defined in
Eq. (2.55). We recall that under the affine-invariant Riemannian metric, Eq. (2.40) states that at
the identity matrix 7, the Riemannian log map is given by Log; (4) = log(4) VA € Sym™ ¥ (n),
and Eq. (2.32) states that the norm on the tangent space T;(Sym ™ (n)) at I is the Frobenius
norm, that is || B||; = ||B||r ¥B € Sym(n). Thus,

||Log; (A) — Log; (B)|r = |[log(4) —log(B)|[F = dioge(4. B). (2.57)

Thus, diogr(A, B) is equal to the distance between the projections of A, B via the Rieman-
nian log map corresponding to the affine-invariant Riemannian metric onto the tangent space
Ty (Sym ™t (n)) at the identity. A geometrical visualization of this interpretation is depicted in
Figure 2.4.

Approximation via the Campbell-Baker-Hausdorff (CBH) formula. The following is a
more illuminating result illustrating the relationship between the affine-invariant Riemannian
distance daig(A, B) and the Log-Euclidean distance diogr(A4, B) when A, B are sufhiciently
close to the identity matrix /. It is based on the Campbell-Baker-Hausdorff (CBH) formula
[42], which states that for any two n x n matrices 4, B sufficiently close to the zero matrix, the
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Tangent space

Log;(B) = log(B)

Manifold  Sym™(n)

Figure 2.4: The Log-Euclidean distance viewed as an approximation of the affine-invariant Rie-
mannian distance on Sym™ T (n). Given two matrices A, B € Sym™ 1 (n), log(4) = Log; (A)
and log(B) = Log; (B) are the projections of A and B, respectively, onto the tangent space
Ty (Sym™ ™ (n)) at the identity matrix /. The Log-Euclidean distance diogr (4, B) = || log(A) —
log(B)||F is thus the distance between log(A) and log(B) in the tangent space Ty (Sym™ ¥ (n))
and can thus be considered as an approximation of the affine-invariant Riemannian distance
daiu(A, B) between A and B on the manifold Sym™ ™ (n).

tollowing series expansion converges:
1 1 1
exp(A) exp(B) = exp (A + B + E[A’ B] + E[A, [A4, B]] + E[B, [B, A]] + ) , (2.58)

where [A, B] = AB — BA denote the commutator of A and B. Since

ATV2BATY2 = exp(—1/21og(A)) exp(log(B)) exp(—1/2log(A)).
when A4, B € Sym™ ™ (n) are sufficiently close to the identity matrix, so that log(4) and log(B)
are close to the zero matrix, by applying the Campbell-Baker-Hausdorft formula twice, we ob-

tain the following convergent series expansion

log(A~Y/2BA™1/2)

= —log(4) + log(B) — %[log(/l), [log(A4). log(B)]] — %[log(B), [log(B). log(A)]] + -
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From this expansion, we obtain the following result (see also [120] for a detailed derivation and
[6] for a comparable result).

Theorem 2.11  For any pair of matrices A, B € Sym ™ (n) sufficiently close fo the identity matrix
I,

|| log(A™2BA™Y?)||% = || log(A4) — log(B)|%
1
+ 751 {llog(4). [log(4). log(B)]](log(4) — log(B))}

+ étr{[log(B), [log(B), log(A)]](log(A) —log(B))} +-+- . (2.59)

Thus, by taking only the first term in Eq. (2.59) and truncating the rest, we obtain the
Log-Euclidean distance diogr(A4, B) as an approximation of the affine-invariant Riemannian
distance d,ig (A, B) when A, B are sufficiently close to the identity matrix /.

Caveat. While this viewpoint is intuitive and geometrically appealing, further interpre-
tations based upon it need to be made with careful considerations. For example, the fact that A
and B are both projected onto the tangent space Ty (Sym™ " (1)) at the identity matrix I may
give the impression that the farther 4 and B are to the identity matrix /, the farther the Log-
Euclidean distance diogr (A4, B) is to the affine-invariant Riemannian distance dig(A, B). This
is not necessarily true in general. We illustrate this phenomenon via the following example.

Let A, B € Sym™™ (n), with the eigenvalues of 4 and B being {(1 + EJA)};-‘:l and {(1 +
GJB)};’ZI, respectively, where EJA > 0, ef > 0,1 < j < n.The distances between A4 and the iden-
tity matrix / and between B and I are then given by

n
dain(1, A) = diogu(1, A) = [[log(A)||F = | D _log”(1 + €,
N
n
dain(I. B) = diogu(I. B) = ||log(B)||r = | Y log”(1 + 7).
=
By choosing /!, ¢? arbitrarily small, we can make 4 and B as close to the identity matrix / as

we wish.
We consider now any scalar s > 0 along with the scaled matrices s4 and sB. We have

n
duip(I,54) = diggr(1,54) = ||log(sA)||lr = | Y log?[s(1 + €],
\J/=!

du(I.5B) = diogu(I.sB) = ||log(sB)|lr = |3 log?[s(1 + €5)].
\J=1
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By choosing s arbitrarily large, we can make the matrices sA and sB as far away from the identity
matrix / as we wish.
On the other hand, by scale invariance, we always have

daiE(SA7 SB) = daiE(Aa B)a dlogE(SA7 SB) = dlogE(A7B) Vs > 0.

'Thus, in this example, both the Log-Euclidean distance and the affine-invariant Rieman-
nian distance between sA4 and sB remain the same, no matter how far or how close both s4 and
sB are from the identity matrix /.

2.5.2 LOG-EUCLIDEAN DISTANCE AS A RIEMANNIAN DISTANCE

Consider now the second interpretation, in which the Log-Euclidean distance is the geodesic
distance of a Riemaian metric on Sym™* ™ (n), the so-called Log-Euclidean metric, as formu-
lated by [6]. This metric arises from the following commutative Lie group multiplication on
Sym™™" (n),

©:Sym™T (1) x Sym™ T (n) - Sym™* Tt (n),
A © B = exp(log(A) + log(B)). (2.60)

'The Log-Euclidean metric is a i-invariant Riemannian metric on (Sym™ T (n), ®), in the sense
that the Riemannian distance on Sym™ ™ (1) under this metric is invariant under the © operation,
that is

dioge[(A © C), (B © C)] = dioge[(C © 4), (C © B)]
= dioge(A, B), YC € Sym**(n), (2.61)

as can be readily verified (we refer to, e.g., [28] for a more abstract definition of the concept of
bi-invariant metrics).

Riemannian metric. Under the Log-Euclidean metric, the inner product on the tangent
space Tp (Sym™ ™ (n)) = Sym(n), P € Sym™ ¥ (n), is given by (see [6], cf. Eq. (2.29))

(V.W)p = (Dlog(P)(V). D log(P)(W));. V.W € Sym(n), (2.62)

where (, )7 is any inner product on 77 (Sym™* T (n)) and D log denotes the Fréchet derivative
of the function log : Sym™* ™+ (n) — Sym(n). For the definition of the Fréchet derivative, see
Appendix A.3. The analytical expression for D log(P) : Sym(n) — Sym(n) is complicated in
general, see Eq. (A.17) in Appendix A.3, with the exception of the case P = I, when one
has Dlog(/) = id. Fortunately, in the present context, knowledge of D log is not necessary
for computing the geodesic curve, under the Log-Euclidean metric, between two points on
Sym™ T (n) or their Riemannian distance.

The length || ||p corresponding to the metric in Eq. (2.62) on the tangent space at P is
given by (cf. Eq. (2.31))

[IVIlp = [IDlog(P)(V)lz. V € Sym(n). (2.63)
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Geodesic curve. The geodesic curve y : [0, 1] — Sym™* ™ (1) joining two points A4, B €
Sym** (n), with y(0) = 4, y(1) = B, is given by (cf. Eq. (2.37))
vap(t) = exp[(1 —1)log(A) + t log(B)]. (2.64)

Riemannian exponential and logarithm maps. The Riemannian exponential map Expp :

Sym(n) — Sym™ T (n) then has the form (cf. Eq. (2.38))
Expp (V) = expllog(P) + D log(P)(V)]. (2.65)

'The inverse Riemannian log map Logp : Sym*™t — Tp(Sym™t(n)) = Sym(n) is given by (cf.
(2.39))
Logp(A) = D exp(log(P))[log(A) —log(P)], A € Sym™t*(n). (2.66)

In particular, at the identity matrix 7,
Exp; (V) = exp(V), Log;(A) =log(A), V € Sym(n), A € Sym™*(n). (2.67)

'Thus, the Riemannian exponential and logarithm maps for the Log-Euclidean metric at the
identity I coincide with those for the affine-invariant Riemannian metric (cf. Eq. (2.40)).

Geodesic distance. By Eqgs. (2.26), (2.66), and (2.31), the geodesic distance between A
and B is given by

dioge (A4, B) = ||Log4(B)l|a = [|1og(A) —log(B)|ls. (2.68)

Equivalently, since the geodesic joining A, B is unique, with length equal to the Riemannian
distance between 4 and B, by Eqgs. (2.18) and (2.64),

1
dioge (A, B) = L(yaB) = /0 [1Y4B(Olly 5@ dt = |[10g(4) —log(B)]lr.

Vector space structure of Sym ™ (1). Together with the group operation ®, one can also
define the following scalar multiplication on Sym™ ™ (n) [6]

® R xSym*™t(n) - Sym™ ™ (n),
A ® A =exp(Llog(d)) = A*, X eR. (2.69)

Endowed with the commutative group multiplication ® and the scalar multiplication ®, the
axioms of vector space can be readily verified to show that (Sym™t(n), ®, ®) is a vector space
[6].

Inner product space structure on Sym™+(n). On top of the vector space structure
(Sym™* T (n), ©, ®), we can define the tollowing Log-Euclidean inner product:

(4. Bhoge = (log(A4).log(B))F = tr[log(4) log(B)] (2.70)
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along with the corresponding Log-Euclidean norm
[141lfoge = (log(4). log(4)) r = tr{log(4)]. 2.71)

The axioms of inner product, namely symmetry, positivity, and linearity with respect to the
operations (O, ®) can be verified to show that

(Sym*T (1), 0, ®, (, )ogr)- (2.72)

is an inner product space. This inner product space structure was first discussed in [72]. In terms
of the Log-Euclidean inner product and Log-Euclidean norm, the Log-Euclidean distance
diogr in Eq. (2.68) is expressed as

doge(A, B) = ||log(4) —log(B)||r = |14 © B~ |[i0gE
= \/(A OB 1,40 B_l)logE. (273)

Zero curvature. Since the Log-Euclidean distance is induced by the Log-Euclidean inner
product in the space (Sym™ " (n), ®, ®, (, )ogr), it follows that as a Riemannian manifold,
Sym™ ™ (n) under the Log-Euclidean metric is flat, that is it has zero sectional curvature.

2.5.3 LOG-EUCLIDEAN VS. EUCLIDEAN

Continuing with the previous discussion, it can be verified that

log . (Sym++(n), o, ®, ( B )logE) - (Sym(n), +, -, ( P )F)
A — log(A) (2.74)

is an isometrical isomorphism between inner product spaces, where (+, -) denote the standard
matrix addition and scalar multiplication operations, respectively. One can say that the Log-
Euclidean metric essentially flattens Sym™* ™ (n) via the map 4 — log(A).

While making Sym ™ (n) into an inner product space, it is important to point out that
the Log-Euclidean metric is fundamentally different from the Euclidean metric. We emphasize
that the vector space operations (O, ®) are nof the vector space operations in the Euclidean
case, namely (+,-), and (Sym™*(n), ®, ®) is not a vector subspace of the Euclidean space
(Sym(n), +, ). The crucial differences between the Log-Euclidean and Euclidean distances can
be seen more clearly through their invariance properties, as follows.

Properties of the Log-Euclidean distance vs. the Euclidean distance. The Log-
Euclidean distance djogr no longer satisfies the full affine-invariance property as in Eq. (2.43),
but it still satisfies many special invariances, including scale invariance, unitary invariance, and
invariance under inversion.

1. Scale invariance. For any scalar s > 0, since log(sA4) = (log(s))I + log(A), we immedi-
ately have

dlogE(SA, SB) = dlogE(A, B). (275)
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In contrast, the Euclidean distance ||A — B||F is clearly nof scale-invariant.

2. Unitary invariance. For any invertible matrix C € R™*" with CT = C~!, thatis C is a
unitary matrix,

dioge(CACT ,CBCT) = dioeu(4,B), CTC =1. (2.76)

Among all the properties listed here, this is the only one that the Euclidean distance shares
with the Log-Euclidean distance.

3. Invariance under inversion. Since log(A™!) = —log(4), we immediately have
dlogE(A_lv B_l) = dlogE(Aa B) (277)
In contrast, the Euclidean distance ||A — B||F is clearly nof inversion-invariant.

4. Complete metric space. Since djogr is the distance induced by an inner product on
Sym™ ¥ (n), it follows that (Sym™* ™ (n), dioeg) is a complete metric space. In contrast, with
the Euclidean distance, (Sym™*™ (). || ||r) is an incomplete metric space.

Thus, in settings that require scale invariance or inversion invariance, for instance, the be-
havior of the Log-Euclidean distance will be very difterent from that of the Euclidean distance.
We compare their empirical performances in kernel methods in Chapter 3.

2.6 BREGMAN DIVERGENCES

So far we have discussed the affine-invariant Riemannian distance d,;r and the Log-Euclidean
distance diogr, both of which are geodesic distances of Riemannian metrics on Sym™ ¥ (n). We
now turn to the second approach, namely Bregman divergences, in which one defines distance-
like functions based on the convex cone structure of Sym™ ™ (n). We focus in particular on
the Log-Determinant divergences, which are obtained based on the strictly convex function
¢(X) = —logdet(X), X € Sym™* ™ (n). The Log-Determinant divergences are not Riemannian
distances on Sym™* ™ (n) and, apart from special cases such as the symmetric Stein divergence,
they are generally 7oz metric distances, since in general they only satisfy the positivity axiom
in the definition of a metric. However, they possess many theoretical properties similar to the
affine-invariance Riemannian distance, can be computed efficiently, and have been shown to
work well in diverse applications [18, 21, 60, 110, 111].

We first recall the concept of Bregman divergence [13]. Let € C R” be a convexsetand ¢ :
Q — R be a differentiable and strictly convex function, then it defines the following divergence
function on Q2

By(x.y) = ¢(x) —p(y) = (Vo(y). x — y). (2.78)
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In particular, for @ = R" and ¢(x) = ||x||?>, we obtain the squared Euclidean distance
By(x,y) = ||x — y||>. More generally, ¢ defines following family of divergences [132],
parametrized by a parameter o € R:

4 l—« l+o l—« 1+«
o — —_
B = o [+ S Nm e (e )] e
with d ;,H defined as the limits of d §asa— 1. In fact, we have
d}(x,y) = lim dg(x, y) = By(x, ), (2.80)
dy'(x.y) = lim dg(x, ) = By(y. ) (2.81)

In general, it can be readily verified that d§ can be expressed in terms of the Bregman divergence
By Yo € R, as follows:

4 ]l -« l -« 1+« 1+« l—«a 1+«
d%(x,y) = B , B , .
6 (X, ) 1_a2[ 5 ¢(x T Yt Y)+ 3 ¢(y 7 *t— y)]
(2.82)

In our current context, we consider @ = Sym™ ™ (n) together with the strictly convex func-
tion ¢(X) = —logdet(X), X € Sym*t(n), resulting in the Log-Determinant divergences on
Sym™* ™ (n), which we discuss next.

2.6.1 LOG-DETERMINANT DIVERGENCES

We now consider the Alpha Log-Determinant (or Log-Det for short) divergences on
Sym™** (n). These are motivated by Ky Fan’s inequality [32] on the log-concavity of the ma-
trix determinant function on Sym™ ¥ (n) which states that

det[aAd 4+ (1 — @) B] > det(A)* det(B)' ™,
VA,B € SymtT(n), 0 <a < 1. (2.83)

For 0 < « < 1, equality happens if and only if 4 = B.

Thus, the function ¢(X) = —logdet(X) is strictly convex on Sym™ ¥ (n). Hence, based
on Eq. (2.79), we obtain the Alpha Log-Determinant divergences, which are a parametrized
family of divergences defined by [18]

1— 1+
det(152 4 4 12 By
det(4)'3* det(B) 3"

4
diogaer (4. B) = 7= 10g|: } l<a<l, (2.84)

with the limiting cases & = =£1, obtained via LHopital’s rule, given by
iogaer (4, B) = lim dif, (A, B) = tx(B™ A — I) — log det(B™" A), (2.85)
dioaqer(A. B) = Jim A qe1(A. B) = tr(A™' B — I) —log det(A™" B). (2.86)
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By Ky Fan’s inequality, the Alpha Log-Det divergences satisfy the positivity properties of dis-

tance functions, namely

ditaer(A, B) = 0, (2.87)
(A, B) =0 < A = B. (2.88)

Instead of symmetry, d* adet satisfies the so-called dual symmetry property (see [18]), which states
that
dipgaer (A, B) = diogqei (B, A). (2.89)

logdet

o

In particular, d adet

is symmetric if and only if « = 0, that is

dl%gdct (A4,B) = dl%gdct (B, A). (2.90)

2 «det» Which is also called the symmetric Stein divergence or Jensen-

Bregman LogDet divergence, has been studied extensively, from both mathematical and prac-
tical perspectives, see, e.g., [18, 21, 60, 110, 111]. In particular, it is shown in [110, 111]

'The symmetric divergence d

that | /dlgg qet (A, B) also satisfies the triangle inequality, thus making it a metric on Sym™ T (n).
Specifically, we have the following result.

Theorem 2.12 [110, 111].  Tke function dsiein Sym™ (1) x Sym™* T (n) - R, defined by

1 det(4£2
dstein(4, B) = E‘ldlggdet(A’ B) = Jlog de:(i) zet)(B) i (2.91)

is a metric on Sym™ T (n).

. . . @ .
Invariance properties. The Alpha Log-Det divergences dy? ., possess many invariance

properties as the affine-invariant Riemannian distance d,;g, including the following.

1. Afhne invariance. For any invertible matrix C € R"*",

dﬁ‘)gdot(CACT, cBCch = A a0 (A. B). (2.92)

2. Scale invariance. In particular, for C = /sI, with s > 0, affine invariance becomes scale
invariance, that is

dl‘zgdet (SA, SB) = dl%gdet (A’ B) (293)

3. Unitary invariance. For CT = C~!, that is C is a unitary matrix,

df e (CACT CBCT) = d(A.B), CTC =1. (2.94)
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4. Dual invariance under inversion. Instead of the invariance under inversion property of
daik, in general dif ., satisfies the dual invariance under inversion property, which states
that

A yaer (A7 BT = di 0% (A, B). (2.95)

In particular, d*

logdet Satisfies invariance under inversion if and only if @ = 0, that is

dl%gdet (A_l ’ B_l) = dl(t)agdet (A’ B) (296)

Computational complexity. For —1 < a < 1, the Log-Det divergences can be written as

4 l -« l+o
dl(égdct(A’ B) = m logdet ( 2 A + 2 B)

log det(B). (2.97)

log det(A) —
[T o losdet(d) ——

(4
logdet

in Sym™ T (n). We first note that the direct computation of logdet(4), A € Sym™ T (n), is in
general only feasible when » is relatively small, typically due to overflow/underflow errors in
computing det(A) when n is large. Fortunately, log det(A4) can be carried out efficiently via the
Cholesky decomposition as follows. We recall that any matrix A € Sym™ ™ (1) admits a unique
Cholesky decomposition, which has the form

'Thus, computing d (A, B) requires the computation of the log det function of three matrices

A=UTUu, U upper triangular,
where all the diagonal entries of U are positive. Thus, it follows that
det(A) = [det(U)]* = logdet(A) = 2logdet(U) = 2trlog(diag(V)), (2.98)

so that only the diagonal entries of U are needed for computing log det(A). Since the computa-
tional complexity of the Cholesky decomposition is O(n?) [43], the overall computational com-
plexity for computing d ., (4, B) is O(n?). Since A and B are coupled together in Eq. (2.97),
for a set of N matrices {A; }jl-v=1 in Sym™* (n), the computational complexity required for com-

puting the matrix of all pairwise divergences {d} ., (4i, Aj)}f-Yj:1 is O(N?n3).

2.6.2 CONNECTION WITH THE RENYI AND KULLBACK-LEIBLER
DIVERGENCES

We now show that the Alpha Log-Det divergences d?_ . are equivalent, up to a multiplicative
constant factor, to the Rényi divergences, for —1 < o < 1, and the Kullback-Leibler divergences,

for @ = %1, between two multivariate normal density functions on R” with zero means.




2.7. ALPHA-BETA LOG-DET DIVERGENCES 49

Let Py, P, be two Borel probability density functions on R”. For 0 < r < 1 fixed, the
Rényi divergence [99] of order r between P; and P; is defined to be

1
dp(P1, Py) = — — log/R Pi(x)" Po(x)"dx. (2.99)

Asr — 1, the Rényi divergence becomes the Kullback-Leibler divergence [61] between P; and
P,, which is given by

Pi(x)
Pa(x)

For two multivariate normal density functions P; ~ N (0, C;) and P> ~ N (0, C3), with zero
means and covariance matrices C; and C, respectively, the Rényi divergence has the following

dgr (P, Py) = /R P1(x)log - dx (2.100)

closed form (see, e.g., [91], note that we follow the original definition of Rényi in [99], which
differs from the definition in [91] by a multiplication factor of 1/r)

det[(1 —r)Cy + r(C;] 4Cr=D
(P1, P) = 101
dp(P1. P2) = 50— los [ det(C)I" det(Cyyr | — 2 osaer (€1 C2): (2.101)
and the Kullback-Leibler divergence has the following closed form
1 1
dgr(Py, Py) = E[tr(Cz_lCl — 1) —logdet(C;'Cy)] = Edlggdet(cl, Cy). (2.102)
By dual invariance under inversion, we have dlogdet (C1,Cy) = bgdet (C;Y, CY, so that
_ _ I, _
dgr (N0, CyH, N0, C5 1Y) = 5dlogldet(cl, Cy). (2.103)

Thus, for all o, —1 <« < 1, dff ., (C1, C2) is equivalent to a Rényi divergence (up to a mul-
tiplicative constant factor) between two multivariate normal density functions on R” with
zero means and covariances C; and C, respectively. For o = —1, dlgédet(Cl, C») is twice the
Kullback-Leibler divergence between two multivariate normal density functions on R” with

zero means and covariances C; ! and C; !, respectively.

2.7 ALPHA-BETA LOG-DET DIVERGENCES

Both the affine-invariant Riemannian distance and the Alpha Log-Det divergences are them-
selves special cases of a more general family of divergences on Sym™* (n), namely the Alpha-

Beta Log-Det divergences [22], which are defined by

D@P (4, B) = —1

og det [O‘(AB_I)ﬂ +B(AB~H) ™

oy i|, a>0p8>0. (2.104)
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'The affine-invariant Riemannian distance is then obtained via the limit

1 1
lim D@ (4 B) = 5 log(A~Y2BA™Y?)| 12 = 5djiE(A, B). (2.105)
The Alpha Log-Det divergences can be readily verified to be special cases of the Alpha-Beta
Log-Det divergences, with

dE (A, B) = DU 59 (4, B), (2.106)
Invariances. The Alpha-Beta Log-Det divergences are affine-invariant and in the case
a = B, are also inversion-invariant (see [22]).
Computational complexity. Let {1} _, be the eigenvalues of AB™!, which are all pos-
itive, then

1O [arf + BA
D(“,B)(A, B) = @ Z log (];Tﬂk) . (2-107)
k=1

This is the expression that is used to compute D@#)(4, B) in an actual implementation, except

for the case B = 1 —a, when D@1~ (4, B) = dltggg‘t (A, B), which can be computed via the
Cholesky decomposition, without the need to compute the eigenvalues of AB~!. In general, for
B # 1 —a, since it depends on the eigenvalues {A}7_, of AB™!, the computational complex-
ity of D@P)(A, B) is essentially the same as that of the affine-invariant Riemannian distance

dain(A, B), that is O(n3). For a set {4;}¥_, of N matrices in Sym™*(n), the computational
N

complexity required for computing the matrix of all pairwise divergences {D@#)(4;, A N i=1

is O(N?2n3).

2.8 POWER EUCLIDEAN METRICS

In [29], the authors proposed the following parametrized family of distances on Sym™ ™ (n)
1
dy(A, B) = E||A°‘—B°‘||p, >0 (2.108)

with the case @ = 0 obtained via the following limit, which is precisely the Log-Euclidean dis-
tance.

Lemma2.13 For A, B € Sym™* T (n),

lin% dy(A, B) = || log(A) —log(B)||F. (2.109)

One advantage of the power Euclidean metrics is that for @ > 0, they are valid also for the
case A, B are positive semi-definite matrices, without the need to carry out any regularization.
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However, we note also that for & > 0, they do 7oz share the same invariance properties of the
Log-Euclidean distance. In particular, they are neither scale-invariant nor inversion-invariant.

'Thus, the power Euclidean metrics do not generalize the Log-Euclidean metrics in the
same way that the Alpha-Beta Log-Determinant divergences generalize the affine-invariant
Riemannian distance. In terms of computational complexity, for « ¢ N, the power-Euclidean
metrics also require the SVD of 4 and B, and thus have the same computational complexity as
the Log-Euclidean metric.

2.9 DISTANCES AND DIVERGENCES BETWEEN
EMPIRICAL COVARIANCE MATRICES

LetX = [x1,...,xm] € R"”™Y = [y1,..., Ym] € R"™ be two data matrices and Cx, Cy their
corresponding n x n empirical covariance matrices. We can immediately compute their Eu-
clidean inner product and distance according to

(Cx, Cy)F = tr(C{ Cy) = tr(CxCy), (2.110)
dg(Cx, Cy) = ||Cx — Cyl|F. (2.111)

'The computation of the non-Euclidean distances and divergences, namely the affine-invariant
Riemannian distance, Log-Euclidean distance, and Log-Det divergences, generally requires
some form of regularization, as we discuss next.

Regularization of empirical covariance matrices. In general, empirical covariance ma-
trices are only guaranteed to be positive semi-definite. Thus, in order to apply the theory and
techniques of SPD matrices to compute the non-Euclidean distances and divergences between
covariance matrices, it is generally necessary to employ some form of regularization to ensure
their positive definiteness. One of the most widely used form of regularization is (Cx + yI), for
some regularization parameter y € R,y > 0, where [ is the n x n identity matrix. This form of
regularization is known as diagonal loading in the literature (see, e.g., [118], [31] for other forms
of regularization). Diagonal loading is straightforward to implement and readily generalizable
to the infinite-dimensional setting, as we show later in Chapter 5.

Thus, for two data matrices X = [x1,...,Xn] € R"™*™ and Y = [y1,..., ym] € R®*™ in-
stead of computing the non-Euclidean distances/divergences between the covariance matrices
Cx and Cy, we compute the non-Euclidean distances/divergences between their corresponding
regularized versions (Cx + yI), (Cy + ), for some regularization parameters y > 0, u > 0
(note that y and p are not required to be the same).

For the affine-invariant Riemannian distance, we thus compute

dnl(Cx + yD), (Cy + D)) = [|1og[(Cx + yD)™2(Cy + uD)(Cx +yD™2llr. - (2112)
For the Log-Euclidean distance, we compute

dioge[(Cx + yI). (Cy + pnl)] = [|log(Cx + yI) —1og(Cy + pl)||F. (2.113)
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For the Log-Euclidean inner product, we compute
(Cx +vD). (Cy + ph)oge = (log(Cx + y1).log(Cy + pl))F. (2.114)

For the Alpha Log-Det divergences, we compute

4 det(152(Cx + yI) + E2(Cy + pl
dl?)gdet[(cx—i_yl)’(CY—i_Ml)]:1_a210g|: (F(Cx +yD) + F(Cy + pl)) 7

det(Cx + yI)*7* det(Cy + pl) ="

—l<a<l, (2.115)
A}t [(Cx + v1). (Cy + )] = tr[(Cy + uI) ™ (Cx + y1) — 1]

—logdet[(Cy + nI)~Y(Cx + yI)], (2.116)
dighaet[(Cx + ). (Cy + puD)] = tx[(Cx + yI) " (Cy + pud) — 1]

—logdet[(Cx + yI) ™" (Cy + nl)]. (2.117)

The mathematical expressions in Egs. (2.112), (2.113), (2.114), (2.115), (2.116), and (2.117)

are those that are computed in actual numerical experiments involving covariance matrices.

2.10 RUNNING TIME COMPARISON

In the previous sections, we have presented the computational complexities of the distances and
divergences considered in this chapter. In this section, we present the actual running time for the
computation of the Euclidean distance, Log-Euclidean distance, affine-invariant Riemannian
distance, and symmetric Stein divergence.

In order to do so, we carried out the following experiments. We generated N data matrices
{X; };‘;1, for N = 500, 1000, and 5000. Each data matrix X;, I < j < N, has size n x m where
n = 25 (corresponding to the number of features) and m = 1024 (corresponding to the number
of observations). The entries in each data matrix X; are randomly generated according to the
Gaussian probability distribution A/(0, 1). The regularization parameter is set to be a fixed y =
1078, We then computed the N x N matrix of all pairwise distances/divergences between all
the (regularized) covariance matrices Cx;, associated with the data matrices X;, 1 < j < N.
'The actual running times (in seconds) are reported in Table 2.3. We stress that the running
time is both program-dependent and system-dependent. The current experiments were run using
MATLAB R2017a on a Dell Precision T5600, with two processors Intel Xeon E5-2620 and
32 GB RAM.

As can be seen from Table 2.3, the Euclidean distance is the fastest to compute, as ex-
pected, followed by the Log-Euclidean distance. Even though they have similar computational
complexities in the O() notation, the Stein divergence is considerably faster to compute than
the affine-invariant Riemannian distance, which is the most computationally expensive. This is
because the Stein divergence involves the Cholesky decompositions, which are faster to com-
pute than the combination of matrix inversion and SVD required in the computation of the

affine-invariant Riemannian distance.
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Table 2.3: Comparison of running time for the different distances and divergences, in seconds,
using MATLAB R2017a, on a Dell Precision T5600, with two processors Intel Xeon E5-2620
and 32 GB RAM. We stress that the running time reported is implementation-dependent. Here
each covariance matrix is of size 25 x 25.

Number of Matrices | Euclidean | Log-Euclidean | Stein | Affine-Invariant

500 0.149 0.162 1.076 6.334
1,000 0.2036 0.2625 3.010 22.279
5,000 1.121 1.270 64.732 601.586

Another important aspect to notice from Table 2.3 is the scaling of the running time with
respect to the number of data matrices N. According to the theoretical analysis of computa-
tional complexities, in both d.ig[(Cx; + vI), (Cx; + yI)] and dsiein[(Cx; + ¥1), (Cx; + v1)],
the covariance matrices Cx, and Cx; are uncoupled, and thus we need to carry out an SVD (for
daig), or a Cholesky decomposition (for dgtein) for each pair of covariance matrices. This requires
a loop of size O(N?). Thus the running time for the case N = 5000 should be about 25 times
the running time for the case N = 1000. This is indeed the case, as can be seen from Table 2.3.
On the other hand, as we noted before, in dioge[(Cx; + vI),(Cx, + y1)], the covariance ma-
trices Cx,; and Cx; are uncoupled, thus only a loop of size N is required for computing the SVD
and log function of each covariance matrix. Then, the Euclidean distances between the princi-
pal logarithms of the covariance matrices can be computed very efficiently via vectorized code
in MATLAB, leading to much faster running time, as can be observed in Table 2.3. The same
observation is true for dg (Cx;, Cx;)- Thus it is much more efficient to scale the Euclidean and
Log-Euclidean distances to large datasets than the affine-invariant Riemannian distance and
Stein divergence.

2.11 SUMMARY

In this chapter, we presented the following metrics and divergences on Sym™*™* (n).
* The Euclidean metric.

* 'The affine-invariant Riemannian metric and its close connection to the Fisher-Rao metric
on the manifold of multivariate Gaussian probability density functions with mean zero,
along with the corresponding affine-invariant Riemannian distance.

* The Log-Euclidean metric as a bi-invariant Riemannian metric, along with the corre-
sponding Log-Euclidean inner product structure on Sym™*(n). We also discussed the
alternative interpretation of the Log-Euclidean distance as an approximation of the affine-
invariant Riemannian distance.
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* 'The Alpha Log-Determinant divergences (which include the symmetric Stein divergence
as a special case) and their connections to the Kullback-Leibler and Rényi divergences
between multivariate Gaussian probability density functions with mean zero.

* 'The highly general Alpha-Beta Log-Det divergences, which include both the affine-
invariant Riemannian distance and Alpha Log-Determinant divergences as special cases,
and the power Euclidean distances, which include the Log-Euclidean distance as a special
case.

* We also discussed the different invariance properties, such as affine invariance and scale
invariance, along with the corresponding interpretations and motivations.

* We presented a comparison of the actual running time, in MATLAB, of the different
distances and divergences, showing that the Euclidean and Log-Euclidean distances are
the most efficient computationally, followed by the symmetric Stein divergence, and finally
the affine-invariant Riemannian distance.
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CHAPTER 3

Kernel Methods on Covariance
Matrices

Having represented images by covariance matrices, which from this point on we assume to be
SPD matrices, and presented various different notions of distances and divergences between
them, we now discuss some of the most important problems encountered in practical applica-
tions, namely classification and regression on SPD matrices. In machine learning, a prominent
paradigm for solving classification and regression problems is that of kernel methods [102, 104].
Since most traditional kernel methods employ positive definite kernels based on the Euclidean
metric, in order to exploit the non-Euclidean distances and divergences inzrinsic to SPD ma-
trices, as described in Chapter 2, it is necessary to define new positive definite kernels based on
these distances and divergences. In this chapter, we describe these kernels and the corresponding
kernel methods.

3.1 POSITIVE DEFINITE KERNELS AND REPRODUCING
KERNEL HILBERT SPACES

We first present a brief overview of the concepts of positive definite kernels and the associated
reproducing kernel Hilbert spaces (RKHS), which play a fundamental role in many areas of
machine learning, statistics, and applications. For more comprehensive treatment, we refer to
e.g., 4,103, 104].

Positive definite kernels. Let X' be an arbitrary non-empty set. A function K : X x X —
R is said to be a real-valued positive definite kernel if it is symmetric, that is K(x,y) = K(y, x)
Vx,y € X, and satisfies

N
Z aiajK(x,-,xj) >0 (31)

i,j=1

for any set of points X = {x;}/., in X and any set of real numbers {a; }\_,. In other words, the
N x N matrix K[X] defined by (K[X]);; = K(x;,x;) is symmetric, positive semi-definite. The
matrix K[X] is called the Gram matrix induced by the kernel K on the set of points X.

'The following are examples of some commonly used positive definite kernels in machine
learning.
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1. Gaussian kernel K(x, y) = exp (—G%Hx — y||2), o #0,forx,y eR" neN.

2. Generalized Gaussian kernels K(x,y) = exp (—ﬁ“x - y||1’>, c#0,0<p=<2, for
x,y e R", neN.

3. Polynomial kernels K(x,y) = ({(x,y) + ¢)?,¢ > 0,d € N, for x,y € R".

Reproducing kernel Hilbert spaces (RKHS). Each positive definite kernel K : X' x
X — R corresponds to a unique Hilbert space of real-valued functions on X" as follows. For
each x € X, there corresponds a function Ky : X — R defined by K, (y) = K(x,y) Vy € X.
Consider the set H of all finite linear combinations of functions of the form Ky, x € X, thatis

N
HOZ{Zaijj Loaj GR,XI'EX,NEN}. (32)
j=1

On Hg, we define the following inner product

N M N M
<Zaini,ijKyj> = ZZaiij(xi,yj). (33)
i=1 j=1

e | i=li=1

From the assumption that K is a positive definite kernel, it can be verified that (, )4, is well-
defined as an inner product, that is it satisfies all the axioms of inner product, namely symmetry,
positivity, and linearity. Thus, (Ho, (. )2,) is an inner product space, with the corresponding
norm || ||, . Let Hx be the Hilbert completion of Hg, obtained by adding the limits of all the
Cauchy sequences in H under the norm || ||3;, , then Hg is a Hilbert space of functions on X,
called the reproducing kernel Hilbert space (RKHS) induced by the kernel K.

The reproducing property, which gives rise to the name RKHS, states that for all f € Hg
and all x € X,

J(x) = (/. Kx)ng- 3.4)

The correspondence between the kernel K and the Hilbert space H is one-to-one.

3.2 POSITIVE DEFINITE KERNELS ON SPD MATRICES

In the following, we present positive definite kernels defined using the Euclidean metric, Log-
Euclidean metric, and symmetric Stein divergence on Sym™*™(n). A summary of the kernels

commonly employed in practice is given in Table 3.1.
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Table 3.1: Common positive definite kernels defined using different distances, inner products,

and divergences on Sym™ * ()

Kernels by Euclidean inner product and distance

K(A,B) = (A, B)F +¢)%,¢>0,d €N
K(A?B) = eXp(_#HA_BH?)’U 750’0 <p =< 2

Kernels by Log-Euclidean inner product and distance

K(A, B) = ({log(4),log(B))F +¢)4,c >0,d €N
K(A, B) = exp(— 2 || log(4) — log(B)||%), 0 # 0,0 < p <2

Kernels by Symmetric Stein divergence

K(A, B) = exp[—od?

stein(A’ B)]’
where
,...,"Z;I}U{GER,0> %},

1
_ A+B 1
, B) = logdet(~5~) — 5 logdet(A4B)

3.2.1 POSITIVE DEFINITE KERNELS WITH THE EUCLIDEAN METRIC

Since the set Sym™ ¥ (n) of n x n SPD matrices is an open subset of the Euclidean space
R™*" it automatically inherits the Euclidean metric on R”*" as discussed in Section 2.1. Thus,
Sym™ ¥ (n) also inherits all positive definite kernels that can be defined on Euclidean space, using
the Euclidean distance ||4 — B||r and Euclidean inner product (4, B) r, where A, B € R"*".

Some common positive definite kernels (or kernels for short) K : R x R"*" — R are

the following.

1. Polynomial kernels

K(A,B) = (4, B)p + )¢ = [tr(ATB) +¢]¢, d eN,c > 0. (3.5)

2. Gaussian and Gaussian-like kernels

1
K(A,B)=exp(—;||A—B||1}), 0c#0,0<p<2. (3.6)
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'These kernels are straightforward to implement and efficient to compute. However, as discussed
in Chapter 2, they do not reflect the inzrinsic geometry of the set Sym™ ™ (n) and therefore tend
to be sup-optimal in practical applications.

3.2.2 POSITIVE DEFINITE KERNELS WITH THE LOG-EUCLIDEAN
METRIC

As we discussed in Section 2.5 in Chapter 2,

(Sym™ (1), 0, ®, (, ogr)

is an inner product space, with the Log-Euclidean inner product (4, B)ier =
(log(A),log(B))r and the corresponding Log-Euclidean norm |[|A]|ioge = /(4. 4)10gE-
The Log-Euclidean distance is then diogr(A4, B) = ||4 © B! ||ioge = ||log(4) — log(B)||F,
where A, B € Sym™ T (n).

Consequently, we can define positive definite kernels on Sym™ ¥ () using the inner prod-
uct (, )ioge and the norm || ||ioge. The following are the Log-Euclidean counterparts of the
Euclidean kernels in Section 3.2.1.

Theorem 3.1 The following kernels K Sym™ T (n) x Sym™* T (n) — R are positive definite
K(A.B) = ({4, B)ioge + ¢)* = ({log(4).log(B))F +¢)?, ¢=0.d eN.  (3.7)
1 _
K(A, B) = exp (—0—2||A ©B 1IIfZ,gE))

1
= exp (_0_2|| log(A) — 10g(B)||I}) , 0#0,0<p<2. (3.8)

Remark 3.2 A proof of Theorem 3.1 can be found in [81]. The generalized Gaussian kernel
K in Eq. (3.8) in particular generalizes the results in [55, 56, 72], which show that K is positive
definite for p = 2.

The key difference between kernels defined using the Log-Euclidean inner product
(. hoge and Log-Euclidean norm || ||iogE, in contrast to the kernels defined using the Eu-
clidean inner product (, )r and Euclidean norm || || in Section 3.2.1, is that they are in-
trinsic to Sym™ T (n). With these kernels, we can apply kernel methods, such as SVM, directly
on Sym™ " (n). For a binary classification problem with input in Sym™* (n), for example, this
means that the decision boundary is a curve lying on Sym™* ™ (n), instead of a surface in the much

larger ambient space R™*".
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3.2.3 POSITIVE DEFINITE KERNELS WITH THE SYMMETRIC STEIN
DIVERGENCE

Among all the Alpha Log-Det divergences d{ ., on Sym™ ¥ (n), as defined in Section 2.6.1,
only d adet 1S Symmetric and furthermore, , /a’l?)gdet is a metric on Sym™ T (n), that is it also
satisfies the triangle inequality, as shown in [110, 111]. It is then natural to ask whether one can

construct the Gaussian kernel using dl((’)gdet. Following [110, 111], we define

1 A
dsztein(A? B) = nggdet(z‘l, B) = IOg det ( *

5 B) - %logdet(AB). (3.9)

Since this divergence does not arise from an inner product, it is far from trivial to deter-
mine whether the Gaussian kernel exp[—0dZ; (A4, B)] is positive definite. It turns out that
exp[—od2 (A, B)] is positive definite for specific choices of o, as shown in the following re-

sult by Sra [110, 111].

Theorem 3.3 [110, 111].  7he kernel K : Sym™ ™ (n) x Sym™ ¥ (n) — R, defined by
K(A, B) = exp[—od2_. (A, B)], (3.10)

stein

is positive definite if and only if o satisfies

1 -1 —1
o€ —,1,...,n U oe]R,o>n— . (3.11)
2 2 2

Thus, general kernel methods are applicable on Sym™* (1) using the kernel K(4, B) =
exp[—od2 ., (A, B)], with o in the range specified in Theorem 3.3. However, when performing
parameter tuning on o, care needs to be taken to ensure that o remains in the specified range to

guarantee the positive definiteness of the kernel.

3.2.4 POSITIVE DEFINITE KERNELS WITH THE AFFINE-INVARIANT
RIEMANNIAN METRIC

It is natural to ask whether one can construct a Gaussian kernel on Sym™* (1) using the affine-
invariant Riemannian distance daig(A, B) = ||log(A~Y2BA™Y?)||F, A, B € Sym™* ™ (n), that
is a kernel of the form

K(A, B) = exp[—0d2(A, B)], o > 0. (3.12)

It turns out that K is positive definite for every value of o > 0 if and only if the Riemannian
manifold is flat, i.e., has zero sectional curvature, as shown in [38]. This is not the case with the
affine-invariant Riemannian metric, under which Sym™ ¥ (n) is a Riemannian manifold with
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nonpositive sectional curvature. Thus, K (A, B) = exp[—od 2y (A, B)] cannot be positive definite
for every o > 0.

It would be of interest, both theoretically and practically, to determine whether the kernel
K(A, B) = exp[—0d2y (A, B)] is positive definite for some value of o > 0, as is the case with the
symmetric Stein divergence (Theorem 3.3). However, at the time of writing, we are not aware
of any theoretical result of this kind.

3.3 KERNEL METHODS ON COVARIANCE MATRICES

Having constructed positive definite kernels on Sym™ ¥ (n), we can now apply directly on
Sym** (n) any known kernel method, such as classification, regression, and kernel K-means.
'The schematic diagram for SVM classification with kernels defined using the Log-Euclidean
distance is illustrated graphically in Figure 3.1 and procedurally in Algorithm 3.1. The Log-
Euclidean distance (Log-E stage) in Figure 3.1 can be replaced by the Euclidean distance and
inner product, the Log-Euclidean inner product, and the symmetric Stein divergence, with ap-
propriate values of the parameter 0. Likewise, the final stage in Figure 3.1, namely SVM classi-
fication, can be replaced by any other kernel method. In the Log-Euclidean case, this approach
was proposed in [55, 56, 72, 120], with the linear kernel already being employed in [127].

We demonstrate the empirical performance of this framework on the task of image clas-
sification in the next section.

Feature Covariance Log-E Distance Kernel SVM
Extraction Matrix Matrix Classification

Material

. e.g.,
Fish Gaussian

Figure 3.1: Kernel methods for image classification with the Log-Euclidean metric.
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Algorithm 3.1 Kernel machine on covariance matrices with the Log-Euclidean distance/Log-
Euclidean inner product, as depicted in Figure 3.1. Other alternative machines can be obtained
by using the Euclidean distance/Euclidean inner product/symmetric Stein divergence instead.

Input: Set of N data matrices X;, 1 <i < N, each of size n x m

(For image classification, each image gives rise to one such data matrix X;, with each column
being a feature vector extracted from the image. For simplicity, all regularization parameters y;’s
can be set to be the same.)

Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:

Positive definite kernel K

Regularization parameters y; > 0,1 <i < N

Procedure:

1. For data matrix X;, 1 <i < N, compute the corresponding covariance matrix Cx; accord-
ing to Eq. (1.3).

2. For each pair of regularized covariance matrices (Cx; + y;i 1) and (Cx; + y;I), compute
the corresponding Log-Euclidean distance, according to Eq. (2.113), or the corresponding
Log-Euclidean inner product, according to Eq. (2.114), using regularization parameters
Vi, Yj, respectively.

3. Using kernel K, compute an N x N kernel matrix using the above Log-Euclidean dis-
tances, e.g., according to Eq. (3.8), or above Log-Euclidean inner products, e.g., according

to Eq. (3.7).

3.4 EXPERIMENTS ON IMAGE CLASSIFICATION

In this section, we present a set of empirical results obtained on the task of image classification
using the kernel framework with the Log-Euclidean metric, as depicted in Figure 3.1. These
experiments were carried out and reported in [76, 83, 84]. They will be compared with results
obtained later on using SVM classification with infinite-dimensional covariance operators in
Section 6.4.

3.4.1 DATASETS

'The following are the two image classification tasks performed in the experiments, along with
the corresponding datasets.
Material classification. For this task, the KTH-TIPS2b dataset [14] was employed. This

dataset contains images of 11 materials captured under 4 different illuminations, in 3 poses, and

at 9 scales. The total number of images for each sample in a category is 108, with 4 samples
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Cork Wool Lettuce Aluminium Corduroy  Linen Cotton ~ Brown White Wood  Cracker
Leaf Foil Bread Bread

Figure 3.2: Samples from the four splits of the KTH-TIPS2b dataset [14].

Figure 3.3: Samples from the ETH-80 dataset [69].

per material. Figure 3.2 shows some sample images from this dataset. The same experimental
protocol as in [44] was employed. At the pixel at location (x, y), the following 23-dimensional
low-level feature vector was extracted,

f(x,y) = [R(x,9),G(x,y), B(x, ). |G*°(x,y)|....|G>*(x, )], (3.13)

where R(x,y),G(x,y), B(x,y) are the three color channels red, green, and blue, respectively,
and |G?*(x, y)| are the 20 Gabor filters at 4 orientations and 5 scales. For each sample, 3 images
were used for training, with the rest used for testing. The mean and the standard deviation values
for all the 4 splits of the dataset are reported.

Object recognition. For this task, the ETH80 dataset [69] was employed. This dataset
contains images of eight object categories: apples, cows, cups, dogs, horses, pears, tomatoes,
and cars. Each category includes ten object subcategories (e.g., various dogs) in 41 orientations,
resulting in 410 images per category. Figure 3.3 shows some sample images from this dataset.
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For the classification task 21 images were randomly chosen for training, with the rest used for
testing. This process was repeated 10 times. For this dataset, following [55], at each pixel the
tollowing 5-dimensional feature vector was extracted

f(xvy):[xvyvl(x’y)7|IX|’|Iy|]7 (314)

where I denotes the intensity function and I, and 7, denote the partial derivative of / along
the x and y directions, respectively.

3.4.2 RESULTS

In Table 3.2, we report results obtained on the material classification task, using the KTH-
TIPS2b dataset, and the object recognition task, using the ETH-80 dataset. Here the classifi-
cation was carried out using LIBSVM [17] with the Gaussian kernels, using the Euclidean and
Log-Euclidean distances (Figure 3.1). All parameters were chosen by cross-validation. For com-
parison, we also list results obtained using the symmetric Stein divergence, under the Nearest
Neighbor approach. As can be seen from Table 3.2, on these two datasets, the Log-Euclidean
distance and symmetric Stein divergence, which are intrinsic to Sym ™ (n), both considerably
outperform the extrinsic Euclidean distance.

Table 3.2: Experimental results obtained by SVM classification with the Gaussian kernels, de-
fined using the Euclidean (E) and Log-Euclidean (Log-E) distances, on the KTH-TIPS2b and
ETH-80 datasets. By comparison, the experiments Stein, using the symmetric Stein divergence,
were carried out using the Nearest Neighbor approach. The results in this table should be com-
pared with those in Table 6.3.

Method | KTH-TIPS2b | ETH-80

E 55.3% 64.4%
(£7.6%) (x0.9%)

Stein [21] 73.1% 67.5%
(£8.0%) (x0.4%)

Log-E 74.1% 71.1%
(£7.4%) (1.0%)

3.5 RELATED APPROACHES

In this chapter, we focused on positive definite kernels and in particular the SVM on covariance
matrices. In [55, 56], the authors also studied other commonly used kernel methods, including
kernel K-means, multiple kernel learning (MKL), and kernel PCA on Sym™* (n). We remark

that there is also a line of ongoing research that seeks to generalize other machine learning
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methods from the Euclidean setting to the manifold setting of SPD matrices, such as boosting
[123], sparse coding and dictionary learning [19, 20, 46, 72, 108, 129], metric learning [52, 74],

and dimensionality reduction [45].




PART I1

Covariance Operators and

Applications
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CHAPTER 4

Data Representation by
Covariance Operators

In Chapter 1, we reviewed the data representation framework using finite-dimensional covari-
ance matrices, which encode /inear correlations between input features. In this chapter, by em-
ploying the feature map viewpoint of kernel methods in machine learning, we generalize co-
variance matrices to infinite-dimensional covariance operators in RKHS. Since they encode
nonlinear correlations between input features, they can be employed as a powerful form of data
representation, which we explore in subsequent chapters.

From a geometrical viewpoint, kernel feature maps transform covariance matrices, which
lie on a finite-dimensional Riemannian manifold, into covariance operators, whose regularized
versions lie on an infinite-dimensional Riemannian manifold; see Figure 4.1. We study this
infinite-dimensional manifold structure in detail in Chapter 5.

FINITE-DIMENSIONAL INFINITE-DIMENSIONAL
RIEMANNIAN MANIFOLD RIEMANNIAN MANIFOLD

. J

Figure 4.1: Feature maps, which are induced by positive definite kernels, transform covariance
matrices, which lie on the finite-dimensional Riemannian manifold Sym™ ™ (), into covariance
operators, whose regularized versions lie on an infinite-dimensional Riemannian manifold.
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'The material presented in this chapter follows that from [75, 76, 81], see also [16, 44, 135].

4.1 POSITIVE DEFINITE KERNELS AND FEATURE MAPS

A geometrically appealing view of positive definite kernels that is widely exploited in machine
learning and pattern recognition is that of feature spaces and feature maps. Specifically, if K :
X x X — R is a positive definite kernel, then there exists a Hilbert space H, called a fearure
space, and a map ® : X — H, called a feature map, such that

K(x,y) = (®(x), ®(y))n Vx.y € H. (4.1)

'The following is a well-known example of feature maps. Consider the quadratic polynomial ker-
nel K : R? x R? — R defined by K(x,y) = (x,y)? = (x1y1 + x22)?. It can be readily veri-
fied, via a simple algebraic calculation, that the following is a 3-dimensional feature map for K,
with the feature space being R?,

®:R* - R d(x) = (x, ﬁxlxz,xg) e R3.

We see that ®(x) is a quadratic, i.e., non/inear function of the coordinates (x1, x2) of x.

If K is a nonlinear kernel on R” x R”, then ®(x) is necessarily a nonlinear function of
x and gives rise to the kernel trick, or kernelization in general, in machine learning. Any /inear
algorithm, which is expressed in terms of the inner product (x, y) of input examples in Eu-
clidean space, can be transformed into a nonlinear algorithm, simply by replacing (x, y) with
(®(x), ®(¥))» = K(x, y) for some nonlinear kernel K.

In general, for any positive definite kernel K, from the definition of the RKHS Hg and
the reproducing property, we have

K(x,y) = Kx(y) = (Kx, Ky)nux V(x,y) € X xX. (4.2)

It follows that the RKHS Hg induced by K is a feature space associated with K, with corre-
sponding feature map ® : X — Hg, defined by

d(x) =K, VxeX. (4.3)

'This is called the canonical feature map associated with K, see e.g., [82]. The paper [82] con-
tains many examples of feature maps, including analytical expressions in many cases, along with
further detailed discussion. In general, feature maps are 7ot unigue, but they are all essentially
equivalent to the canonical feature map.

For the Gaussian kernel on X x X, if X C R” is a set with non-empty interior, then
dim(Hg) = oo (see [77]), so that the feature map @ is infinite-dimensional. Hence ®(x) is a
highly nonlinear function of x.

In general, whenever dim(#Hg) = oo, so that the feature map & is infinite-dimensional
(or high-dimensional, as in the case of polynomial kernels of high degrees), then ®(x) is a highly
nonlinear function of x. We can then apply this property to define to covariance operators in
RKHS, which encode nonlinear correlations between input features.
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4.2 COVARIANCE OPERATORS IN RKHS

Let us now generalize the mean and covariance matrix in Section 1.2 via the infinite-dimensional
teature map ®.

Let X be an arbitrary non-empty set. Let (Hk., (, )7 ) be the RKHS of functions on X
induced by K and ® : X — Hg be the corresponding canonical feature map given by

O(x) = Ky,
D) = K(x.y). V(x.y) € X x X, (44

'The reproducing property states that

J) = (/. @(X))ug, VfeHk xed, (4.5)
(B(x), PN = K(x,y), V(x,y) € X' xX. (4.6)

RKHS mean and covariance operator. Assume that p is a Borel probability distribution
on X, with

J 100 B o) = [ Kexx)dpee) < x. (4.7)
Under this assumption, the feature map ® : X — Hg induces the mean vector
ho = /X B(x)dp(x) € Hr, (48)
which satisfies
o P = [ 10N = [ F1dp) =E,lf] VF e (49)
Similarly, ® induces the covariance operator Co : Hx —> Hx, defined by
Co = /X(@(X) — o) ® (P(x) — ne)dp(x) = /X D(x) ® D(x)dp(x) — o ® no. (4.10)

Here for two vectors u,v € Hg, the notation u ® v denotes the rank-one operator u ® v :
Hx — Hg defined by (u @ v)w = (v, W), u Yw € Hg. It is the generalization of the rank-

one matrix uv” in the case u, v € R". For any pair of functions f, g € Hg, we then have
(fiCog)nx = Ep[fg]l —Ep(fIE,(g), (4.11)
(f.Co flux =Ep(f?) = [Ep()I. (4.12)

When K is the linear kernel on R”, that is K(x, y) = {x, y), then ®(x) = x, Hxg = R”, and
we readily recover the mean and covariance matrix in Section 1.2.
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'The following is a key property of covariance operators, which, in the RKHS setting,
follows from Mercer’s Theorem for continuous positive definite kernel [25].

Theorem 4.1 Let X be a complete, separable metric space and K : X x X — R be a continuous,
positive definite kernel. Let p be a Borel probability measure on X . Assume that Eq. (4.7) is satis-
Jred. Then the covariance operator Co : Hg — Hr, as defined in Eq. (4.10), is a positive trace class
operator. In other words, Ce possesses a countable set of eigenvalues { Ay },‘c"’:l, Ak > 0Vk € N, and

> Ak < o0 (4.13)
k=1

Proof. See Appendix A.5. O

Separable RKHS. The hypotheses of Theorem 4.1 that X is a complete separable metric
space and K is continuous also imply that the RKHS Hg is separable, that is it possesses a
countable orthonormal basis (see [113], Lemma 4.33). We take this as an underlying assumption
throughout the rest of the book.

Empirical mean and covariance operator. Let X = [x, ..., xp,] be a data matrix ran-
domly sampled from & according to the probability distribution p, where m € N is the num-
ber of observations. The feature map @ gives rise to the following bounded linear operator
®(X) : R™ — Hg, defined by

OX)w =Y w;®(x;) = Y w;iK(x;.). w= W)L, €R"™. (4.14)
i=1 i=1

Its adjoint operator ®(X)* : Hx — R™ is given by
PX)"f = (L 2(x))iz = (f(x))iLy. [ € Hk. (4.15)

Given the data matrix X, the empirical mean vector corresponding to s is given by

1 — 1
Hom) = — Zcb(xi) = E@(X)lm, where 1,, = (1,...,1)T e R™. (4.16)

i=1

Similarly, the empirical covariance operator corresponding to Cg is given by

1 m
Corx) = D O(x) ® Pxi) — Ha) ® Hax)- (4.17)

i=1

In terms of ®(X), the empirical covariance operator is given by

1
Ca = —@X)InP®(X)" : Hix — Hr. (4.18)
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'This can be readily seen as the generalization of the empirical covariance matrix Cx in Section 1.1
via the feature map ®. In particular, if X = R” and K(x, y) = (x, y)r~, then Cox) = Cx.

Finite-rank operator. While Cgx) is an infinite-dimensional operator, it has finite rank,
which is at most m — 1, since rank(Jy,,) = m — 1.

Infinite matrix viewpoint. Informally, both ®(X) and Ce(x) can be viewed as a (poten-
tially infinite) matrices as follows.

Given the data matrix X = [x1,..., X»], one can view ®(X) as the feature matrix

O(X) = [®(x1).. ... P(xm)] (4.19)

of size dim(H ) x m in the space H g, with each column being a vector in Hg. With this view,
the operation ®(X)w in Eq. (4.14) can be viewed simply as a (matrix x vector) operation.

With the matrix viewpoint, the covariance operator Ce(x) can then be viewed as the (po-
tentially infinite) covariance matrix associated with the feature matrix ®(X) in the feature space
Hk.

Connection between feature maps and Gram matrices. Consider the m x m Gram ma-
trix K[X] defined by (K[X]);; = K(x;,x;),1 <i,j < m,and the operator ®(X)*®(X) : R" —
R™. We have

[@(X)* (X)]w = (i w; (P(x;), q)(xj))HK)
J=1 i=1
= iK(x,-,xj)wj = K[X]Jw, YweR™ (4.20)
J=1 i=1
Thus, it follows that
O(X)*d(X) = K[X]. (4.21)
Similarly, if Y = [y1, ..., ym] is another data matrix, then
O(X)*d(Y) = K[X, Y], (4.22)

where (K[X. Y])i; = K(xi. yj), 1 <i.j <m.
These relations are employed in the subsequent computations of all distances and inner
products between RKHS covariance operators in Chapter 5.

4.3 DATA REPRESENTATION BY RKHS COVARIANCE
OPERATORS

Having defined RKHS covariance operators, let us describe how they can be used as a framework
for data representation. This framework is a generalization of the covariance matrix representa-
tion described in Section 1.1.
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For concreteness, let us focus on image representation. As in Section 1.1, for each image,
let X = [x1,...,Xx,] be the data matrix of size n x m, with each column being the vector of
teatures x; € R” sampled at pixel i, 1 <i <m. Now let K : R” x R” — R be a continuous
positive definite kernel, such as the Gaussian kernel. Then K induces a feature map @ : R” —
Hk, where Hg is the RKHS induced by K, which is a separable Hilbert space. As discussed in

the previous section, the map @ induces feature matrix in Hg
O(X) = [®(x1), ... P(xm)], (4.23)

which can be viewed informally as a (potentially infinite) matrix of size dim(Hg) x m, along
with the RKHS covariance operator

1
Cox) = EqD(X)JmCI)(X)* : Hg — Hk, (4.24)

which can be viewed informally as a (potentially infinite) matrix of size dim(Hg) x dim(Hk).

'The original image is now represented by the covariance operator Ce(x). If K is non-
linear, then ®(x) is a nonlinear function of x € R” and thus Cex) encodes nonlinear correla-
tions between all the different extracted features. This representation is particularly rich when
dim(Hg) = oo, when the corresponding feature ®(x) is a highly nonlinear function of the orig-
inal input x.

Covariance matrix representation as a special case. For the linear kernel K(x,y) =
(x,y) onR" x R", we have ®(x) = x and Ce(x) = Cx, so that we recover the covariance matrix
representation in Chapter 1.

Implicit and explicit representations. While the covariance matrix representation Cx is
explicit, in general the exact RKHS covariance operator representation is implicit, that is neither
the infinite-dimensional feature matrix ®(X) nor the infinite-dimensional covariance operator
Co(x) is explicitly computed. Instead, all the necessary computations involving ®(X) and Cex)
are performed via the corresponding Gram matrices. This is the case for the all distances and
inner products between RKHS covariance operators in Chapter 5. However, to reduce compu-
tational complexity of the exact methods, we also carry out explicit finite-dimensional approxima-
tions of the feature matrix ®(X) and covariance operator Cg(x). This is the case of the approxi-
mate kernel methods on covariance operators in Chapter 6.

We next turn to the question of computing distances/similarity measures between covari-
ance operators in Chapter 5.
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CHAPTER 5

Geometry of Covariance
Operators

Having described the image representation framework by RKHS covariance operators, we now
describe the distances and divergences between covariance operators. These distances and di-
vergences can then be directly employed in a practical application, e.g., image classification.
We emphasize, however, that the concepts we present below are general and applicable in any
application involving the comparison of covariance operators.

Generalizing the finite-dimensional geometrical structures along with the correspond-
ing distances and inner products between covariance matrices in Chapter 2, in this chapter we
consider the following geometrical structures and the corresponding distances/divergences and
inner products between infinite-dimensional covariance operators.

1. 'The Hilbert-Schmidt distance and Hilbert-Schmidt inner product, which are the infinite-
dimensional generalizations, respectively, of the Euclidean distance and Euclidean inner
product. In particular, for RKHS covariance operators Cex), which are Hilbert-Schmidt
operators, both the Hilbert-Schmidt distance and Hilbert-Schmidt inner product admit
closed form expressions via the corresponding Gram matrices.

2. 'The infinite-dimensional Hilbert manifold of positive definite Hilbert-Schmidt operators,
which is the infinite-dimensional generalization of the finite-dimensional smooth mani-
fold Sym™*™* (1) of SPD matrices. Each point on this manifold has the form 4 + yI > 0,
y > 0, where A4 is a Hilbert-Schmidt operator. In particular, regularized RKHS covariance
operators (Co(x) + ¥I), y > 0, are positive definite Hilbert-Schmidt operators.

3. 'The affine-invariant Riemannian distance between positive definite Hilbert-Schmidt op-
erators, which is the infinite-dimensional generalization of the affine-invariant Rieman-
nian distance between SPD matrices. In particular, for regu/arized RKHS covariance oper-
ators (Co(x) + y1), ¥ > 0, the affine-invariant Riemannian distance admits a closed form
expressions via the corresponding Gram matrices.

4. The Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt inner product between
positive definite Hilbert-Schmidt operators, which are the infinite-dimensional gener-
alizations, respectively, of the Log-Euclidean distance and Log-Euclidean inner prod-
uct between SPD matrices. In particular, for regularized RKHS covariance operators
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(Cox) + ¥1), ¥y > 0, both the Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt

inner product admit closed form expressions via the corresponding Gram matrices.

5. 'The infinite-dimensional convex cone of positive definite trace class operators, which also gen-
eralizes the finite-dimensional convex cone Sym™ ¥ (1) of SPD matrices. However, in con-
trast to the finite-dimensional case, in the infinite-dimensional case, this convex cone is a
strict subset of the manifold of positive definite Hibert-Schmidt operators. Each point in
this cone has the form A + yI > 0, y > 0, where A is a trace class operator. In particular,
regularized RKHS covariance operators (Cox) + yI), y > 0, are positive definite trace
class operators.

6. The Alpha Log-Determinant divergences between positive definite trace class operators,
which are the infinite-dimensional generalizations of the Alpha Log-Determinant diver-
gences between SPD matrices. In particular, for regularized RKHS covariance operators
(Cox) + yI), y > 0, which are positive definite trace class operators, the Alpha Log-
Determinant divergences admit closed form expressions via the corresponding Gram ma-
trices.

Among the three distances treated in this chapter, the Hilbert-Schmidt distance is ob-
tained by treating covariance operators as Hilbert-Schmidt operators, without taking into ac-
count their positivity. The other two distances, namely affine-invariant Riemannian and Log-
Hilbert-Schmidt distances, arise by viewing the set of positive definite Hilbert-Schmidt oper-
ators as an infinite-dimensional Riemannian manifold. They were developed in [64, 76, 78], see
also [81], and are the generalizations of, respectively, the affine-invariant Riemannian distance
and Log-Euclidean distance between SPD matrices to the infinite-dimensional setting. On the
other hand, the Alpha Log-Determinant divergences arise by viewing the set of positive defi-
nite trace class operators, a strict subset of the above manifold, as an infinite-dimensional convex
cone. They were formulated in [75] and are the generalizations of the Alpha Log-Determinant
divergences between SPD matrices in Section 2.6.1.

An important point that we wish to point out is that, in general, with the exception of the
Euclidean and Hilbert-Schmidt distances and inner products between RKHS covariance op-
erators, the distance/divergence/inner product formulas for the finite and infinite-dimensional
cases are different and the infinite-dimensional formulas are generally 707 the limits of the finite-
dimensional ones as the dimension approaches infinity. For RKHS covariance operators, all the
distances/divergences/inner products presented here admit closed forms in terms of Gram ma-
trices. Thus they are straightforward to implement and apply in practice. Summaries of the
concepts discussed in this chapter are presented in Tables 5.1 and 5.2.

Remark 5.1 Bregman divergences. In [44, 135], the authors considered several Bregman
divergences between infinite-dimensional RKHS covariance matrices and their applications



Table 5.1: Several distances and inner products on the Hilbert manifold X () of positive definite
Hilbert-Schmidt operators on an infinite-dimensional separable Hilbert space H

Hilbert-Schmidt operators
HS(H) = {4 : [l = X5, llAexl? < o0}
for any orthonormal basis {ex }3> , in H
Hilbert-Schmidt distance and inner product
dus(A. B) = ||A — Bl|us
(A, B)us = tr(A*B) = Y 7., (Aek, Beg)
A, B € HS(H)

Affine-invariant Riemannian distance
dais[(A + yI). (B + pD)] = ||log[(A + yI)"V2(B + pI) (A + yI)"V?)||ens
(A+yI),(B+ul) € Z(H)

Log-Hilbert-Schmidt distance and inner product
diogns (A4, B) = [[log(4 + yI) —log(B + pl)||ens
(A + p1), (B + D)) iogs = (log(A + y1),log(B + ] e
(A+yI), (B + pul) € S(H)

Hilbert manifold X () of positive definite Hilbert-Schmidt operators
SH)={A+yl >0 : A= A* Ac HS(H),y € R}
Tangent space at any point P € X(H)

Tp(2(H) =Hr ={A+yl : A=A AcHS(H),y € R}
Extended Hilbert-Schmidt inner product
((A+yI). (B + pul))ens = (A. B)us + yu

(A+yI),(B+ ul) € Hr

in computer vision. These divergences were obtained by essentially kernelizing the finite-
dimensional versions, without considering the geometry of infinite-dimensional covariance op-
erators, and are, strictly speaking, valid for finite-dimensional RKHS.

In Section 5.3 below, we presents results developed in [75], which contains a rigorous
mathematical formulation for the infinite-dimensional Alpha Log-Determinant divergences be-
tween positive definite trace class operators, with closed form expressions in terms of Gram matrices
for the case of RKHS covariance operators. This formulation generalizes the finite-dimensional
Alpha Log-Determinant divergences between SPD matrices in Section 2.6.1 and includes in
particular the infinite-dimensional Stein divergence as a special case. We have recently general-

75
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Table 5.2: Alpha Log-Determinant divergences on the cone of positive definite trace class op-
erators on an infinite-dimensional separable Hilbert space H. Note that for simplicity, we have
only listed the formulas for the special case y = . For the general case, see Section 5.3.

Trace class operators
Tr(H) = {A : ||A]lw = Y22, (ex, (A*A)2e;) < 00}
for any orthonormal basis {ex }¢> , in H
tr(A) = Y poq Ak {Ak}52, = eigenvalues of 4

Extended trace class operators
Trx(H) ={A+yl : A€ Tr(H),y € R}
Extended trace
trx(A+yD) =y +tr(A) =y + 332 Ak

Fredholm determinant
det(A+ 1) =[lre;(Ae + 1), AeTr(H)
Extended Fredholm determinant
detx(A + yI) = ydet[(A/y)+ 1], (A+yIl)eTrx(H),y #0

Convex cone of positive definite trace class operators
PTr(H) ={A+yl >0 : A* = A, A € Tr(H),y € R}

Alpha Log-Determinant divergences
between (A + yI), (B + ul) € PTr(H) wheny =

11— 14+o
logdet[(A +yD),(B+yD)] = 2 log |: detx(z(A:/ll)+z(B+1;IJr)(z:|
detx(A+yI) 2 detx(B+yIl) 2
—l<a<l1
diogaet (A +yD), (B +yD)] = trx[(B +yI)™" (A +yI) — 1]
—logdetx[(B + yI) YA+ yD)]
diopaet[(A+yD), (B +yD)] = trx(A +y)™ (B + yI) — I
—logdetx[(A + yI)"Y(B + yI)]
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ized the formulation in [75] further to the infinite-dimensional Alpha-Beta Log-Determinant
divergences [79, 80] between positive definite Hilbert-Schmidt operators. These divergences gen-
eralize the finite-dimensional Alpha-Beta divergences in Section 2.7 and include the infinite-
dimensional affine-invariant Riemannian distance in Section 5.2 below as a special case. The
interested reader is referred to [75], [79], and [80] for the full mathematical detail.

5.1 HILBERT-SCHMIDT DISTANCE

Since covariance operators are trace class operators and hence Hilbert-Schmidt operators, a nat-
ural distance between them is the Hilbert-Schmidt distance, which is the infinite-dimensional
generalization of the Euclidean distance given by the Frobenius norm || || 7. We first consider the
generalization of the Frobenius norm in Eq. (1.22) to the infinite-dimensional setting. Through-
out the following, let H denote a separable Hilbert space, that is it possesses a countable or-
thonormal basis, with dim(?) = oo, unless explicitly stated otherwise.

Let us first recall the two closely related concepts of trace class and Hilbert-Schmidt
operators on H (see e.g., [98] for a comprehensive treatment). A bounded linear operator A4 :
H — H is said to be trace class if for any orthonormal basis {ex }$> | in H,

o0 o0
Al = > (ex.|Alex) = ) (ex. (A*4)!/?¢;) < oo, (5.1)
k=1 k=1

where |A| = (A*4)'/? denotes the unique square root of the positive operator A* A. The quantity
||A]|¢r is called the #race norm of A and is independent of the choice of the orthonormal basis
el .

Let Tr(?) denote the set of all trace class operators on H. For A € Tr(H), its trace is
defined to be

oo

tr(d) = ) (ex. Aex). (5.2)

k=1

which can be shown to be independent of the choice of the orthonormal basis {ex}32 ,. A trace
class operator A is in particular a compact operator, so that it possesses a countable set of eigen-
values {Az}?2 ;. A fundamental result linking the trace and eigenvalues of A is Lidskii’s Trace
Theorem (see e.g., [107]), which states that

tr(d) = ) M. (5.3)
k=1

which is a natural generalization of the corresponding finite-dimensional result on traces of

square matrices. One important point to note here is that if dim(?) = oo, then the identity
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operator / is not trace class, since obviously
1 {lee = tr(1) = oo.

This fact plays a crucial role in the formulations of infinite-dimensional generalization of the
Alpha Log-Determinant divergences below.
A bounded linear operator A : H — H is said to be a Hilbert-Schmidt operator if

(e, 0)
|Al[5g = tr(A4*4) = Y || dex|” < oo, (5.4)
k=1

for any countable orthonormal basis {eg }xen in H. The quantity ||A4||us is called the Hilbert-
Schmidt norm of A, which is the infinite-dimensional version of the Frobenius norm in
Eq. (1.22). Another important point to note here is that if dim(#) = oo, then the identity
operator / is not Hilbert-Schmidet, since

11 ]lns = oo.

This fact plays a crucial role in the formulations of infinite-dimensional generalization of the
affine-invariant and Log-Euclidean distances below.

Let HS(H) denote the set of all Hilbert-Schmidt operators on ‘H. The Hilbert-Schmidt
norm is the Hilbert space norm corresponding to the Hilbert-Schmidt inner product on HS(H),
which is defined by

(A, B)us = tr(A*B) = Y (Aex. Bex). A.B € HS(H). (5.5)
k=1

Under this inner product and norm structure, HS(#) itself forms a Hilbert space. For a self-
adjoint operator A € HS(#), A is compact and hence possesses a countable spectrum {A}¢2 |,
with limg o Ay = 0, and

o0
|Alls = Y Af < oo (5.6)
k=1

Furthermore, assuming also that A is self-adjoint, then

2
o0 o0
IAl[3s = D) A% < (Z |Ak|) = [|Al[Z..
k=1 k=1

Thus, if A € Tr(H), so that [|A||t, < 0o, then also ||A||us < oo, so that A € HS(H). The con-
verse is not true, however, as can be seen by taking the sequence {A; = %}i‘;l, which sat-

. 2 . .
isfies Y 72, 75 = % < oo but Y 32, ¢ = co. Hence, the corresponding operator A satisfies

A € HS(H), but A ¢ Tr(H).
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In general, when dim(H) = oo, it can be shown that we have the s¢rict inclusion
Tr(H) € HS(H). (5.7)

RKHS covariance operators as positive Hilbert-Schmidt operators. In particular, for
the RKHS covariance operator Ce in Eq. (4.10), which is a positive trace class operator by
Theorem 4.1, its eigenvalues satisfy

[e°] [e] 2
Zﬁg(ZM)<m, (5.8)
k=1 k=1

thus Co is automatically a positive Hilbert-Schmidt operator. The corresponding empirical
RKHS covariance operator Cg(x), being finite-rank, is also automatically a positive Hilbert-
Schmidt operator.

For two RKHS covariance operators Co(x) and Co(y), their Hilbert-Schmidt distance and
inner product are expressed explicitly in terms of the corresponding Gram matrices, as follows.
Let X be an arbitrary non-empty input space and K : X x X — R be a positive definite kernel,
along with a corresponding feature map ® : X — H. Let X = [x1,...,xn], Y =[V1, ..., Y]
be two data matrices sampled from X, with x;, y; € X, 1 <i <m.

Let K[X], K[Y], K[X,Y] denote the m x m Gram matrices defined by

(K[X]ij = K(xi,x;), (K[YDij = K(yi,yj)s (5.9)
(KIX,Y])ij = K(x;,yj), 1<i,j<m. (5.10)

By definition of feature maps, we have K(x, y) = (®(x), P(y))n Y(x,y) € X x X, so that the
Gram matrices and the feature maps are closely related as follows. Let

O(X) = [P(x1),.... Pxm)]. P(Y) = [®(y1)..... P(Ym)]. (5.11)

which, as discussed in Chapter 4, can be viewed alternately as bounded linear operators
O(X), ®(Y) : R™ — H, or as feature matrices of size dim(#) x m. Then

K[X] = ®X)*®(X), K[Y]= ®(Y)*®(Y), K[X,Y]= ®X)*d(Y). (5.12)

Lemma 5.2 The Hilbert-Schmidt distance between two RKHS covariance operators Cox) and
Co(y) is given by

e UnKIX], KX} ) — 2 (U KX, Y], KX, Y}

m?
+ LK), K Y] ) (5.13)
m

ICox) — Comn)llfis =
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The Hilbert-Schmidt inner product between Coxy and Ca(y) is given by

1
(Cox), Cay))us = o (JmK[X, Y], K[X,Y]Jm)F. (5.14)

Remark 5.3 We note that Eqs. (5.13) and (5.14) have the same form, regardless of whether
dim(Hg) = oo (e.g., in the case of the Gaussian kernel) or dim(Hg) < oo (e.g., in the case of
the polynomial kernels). This does 7oz hold true for the affine-invariant Riemannian distance
and the Log-Hilbert-Schmidt distance and Log-Hilbert-Schmidt inner product, which we con-
sider next. For the linear kernel K(x, y) = {x, y)rn, we have ®(X) = X, ®(Y) = Y and thus
Eq. (5.13) gives us the Euclidean distance ||Cx — Cy||r and Eq. (5.14) gives us the Euclidean
inner product (Cx, Cy)F.

Computational complexity. The computation of Eqs. (5.13) and (5.14) requires the cal-
culation of m x m Gram matrices and the pointwise multiplication of these matrices. Thus, the
computational complexity required for computing the Hilbert-Schmidt distance/inner product
between a pair of covariance operators Co(x) and Coy) is O(m?). If we have a set of N data ma-

trices {X; }JN=1’ then for computing all the pairwise Hilbert-Schmidt distances/inner products

N

between the corresponding covariance operators {Co(x;)}=1»

quired is O(N?m?).
The Hilbert-Schmidt distance (and Hilbert-Schmidt inner product) is the most computa-
tionally efficient distance considered in this chapter. However, just like the Euclidean distance,

the computational complexity re-

the Hilbert-Schmidt distance does no# reflect the positivity of covariance operators. In order to
do so, as with Sym™ ¥ (), we need to consider the intrinsic geometrical structures of positive
definite operators. This is the content of the remaining part of this chapter.

5.2 RIEMANNIAN DISTANCES BETWEEN COVARIANCE
OPERATORS

We now present the generalizations of the affine-invariant Riemannian metric and the Log-
Euclidean metric in Sections 2.4 and 2.5.2, respectively, to the infinite-dimensional settings,
specifically to self-adjoint, positive definite Hilbert-Schmidt operators on a separable Hilbert
space H. These generalizations were carried out recently in [63, 64, 78], for the affine-invariant
Riemannian metric, and in [76] for the Log-Euclidean metric, see also [81] for further detail.

We first present two key concepts that are required for a proper generalization of the
affine-invariant Riemannian and Log-Euclidean metrics (in [76, 81] we presented different,
but equivalent, motivations of these concepts, see further below).

1. Positive definite operators and regularization. In the finite-dimensional case, the regulariza-
tion (Cx + y[) is often necessary empirically since in general Cx is not guaranteed to be
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positive definite. In contrast, when dim(#) = oo, for a covariance operator A4, the regu-
larization form (A + yI) is necessary both theoretically and empirically, even if A is strictly
positive. This is because in this case, 4 possesses infinitely many positive eigenvalues, with
accumulation point 0. Thus A™! is a/ways unbounded and one must always consider the
regularized form (A4 + yI), for some regularization parameter y > 0, so that (4 + yI)™!
is bounded.

2. Extended Hilbert-Schmidt inner product and extended Hilbert-Schmidt norm. While the natu-
ral generalization of the Frobenius inner product ( , )  is the Hilbert-Schmidt inner prod-
uct in Section 5.1, it is nof sufficient for the purpose of generalizing the affine-invariant
Riemannian and Log-Euclidean metrics. This is because when dim(?{) = oo, the identity
operator / is not Hilbert-Schmidt, so that when using the regularization (4 + yI') above,
neither (A + yI) nor its inverse (4 + yI)~! is Hilbert-Schmidt, with infinite Hilbert-
Schmidt norm. The same is true for the operator log(A4 + y[I). This issue is resolved by the
introduction of the extended Hilbert-Schmidt inner product and corresponding extended
Hilbert-Schmidt norm.

Positive definite operators and regularization. Let us first motivate the concept of posi-
tive definite operators in the infinite-dimensional setting. We recall the definition of the affine-
invariant Riemannian metric on the manifold Sym™ ™ (n) in Section 2.4. The inner product on
the tangent space Tp(Sym™ ¥ (1)) = Sym(n) that defines the Riemannian metric is given by

(A,B)p =tr(P~'AP™'B) = (AP™', P7'B)r, A, B € Sym(n). (5.15)

Let us consider the generalization of this inner product to the infinite-dimensional setting.

First consider the inverse operation P~!. Let P € Sym™ ™ (n). Let {Ak}}—, be the eigen-
values of P, arranged in decreasing order, Ay > 0, 1 < k < n, with corresponding orthonormal
eigenvectors {u}7_,. Then P admits the following spectral decomposition

n
P =" hawuf, (5.16)
k=1

and the inverse of P is well-defined and is given by
Ny

-1 _ T

pl = k§=1 P upuy, .

Consider now an infinite-dimensional separable Hilbert space H. Let £(#) denote the set of
all bounded linear operators on #H. Let Sym(?#) C £(H) denote the set of all bounded, self-
adjoint operators on H. Let Sym™ ™ (#) C L(H) denote the set of all bounded, self-adjoint,
strictly positive operators on H, so that

AeSymtt(H) = 4= A4* (x,Ax) >0Vx e H,x #0.
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Let P be a strictly positive Hilbert-Schmidt operator on H, that is P € Sym ™t (#) N HS(H).
Then P possesses a countable set of eigenvalues {Az}72 |, arranged in decreasing order, where
Ak >0 Vk € N and limg o Ax = 0, with corresponding orthonormal eigenvectors {uy 2 ;.
Thus P admits the following spectral decomposition, which generalizes Eq. (5.16),

0
P = Z )tkllk ® ug.
k=1

Here the operator ux ® uy : H — H generalizes the matrix wu] and is given by (ux ® w)x =
u, x)ux Vx € H. However, since limg o Ax = 0, the inverse of P, namel
k k ’ k—o0 Mk ’ ’ y

P 1= Z %uk R ug (5.17)

k=1"k

is unbounded, since limy_, o ﬁ = 0.

Remark5.4  Here we note that since the vectors {uy }2> | form an orthonormal basis in #, each
operator u; ® uy corresponds to the orthogonal projection onto the direction ug. Let {az}32>,
be a sequence of real numbers, then for the operator 4 : H — H defined by

oo
A=) a(y @w),
k=1

the eigenvalues of A are precisely {ax}z2,, with corresponding orthonormal eigenvectors
{ur )72 . Thus, by definition, the operator norm of 4 is

|| Ax]|

[[All = sup ——— = sup|ak/.
XEH,xF#0 |X|| keN
Therefore, A is abounded operator if and only if supy e |ak| < 00.In Eq. (5.17), supgen (ﬁ) =
oo and hence P~! is unbounded.

Thus, a direct generalization of the inner product in Eq. (2.30) is noz possible. The issue
arising from the unboundedness of P~! can be resolved via regularization as follows. Instead
of P € HS(H), we consider operators of the form P + yI, where y € R, y > 0. Then from
Remark 5.4, the inverse of the regularized operator P + yI, namely

u; ® ug, (5.18)

Prynt=3
= Aty

is a bounded operator, with operator norm |[(P + yI)7!|| = supkeN(m) = % < oo.
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'The operator P + yI is a member of the set of self-adjoint positive definite operator on H,
see, e.g., [93], which is defined by

P(H) = {B € L(#) : B = B*, AMp > 0 such that (x, Bx) > Mz||x||> Vx € H}. (5.19)

If B € P(H), which we denote by the notation B > 0, then the eigenvalues of B, if they exist,
are all bounded below by the constant Mp > 0. It can be shown that

B positive definite <= B strictly positive and invertible. (5.20)

While in the finite-dimensional case, i.e., B € Sym ™ (n), positive definiteness and strict pos-
itivity are the same, since strict positivity also implies invertibility, in the infinite-dimensional
setting, invertibility is separate from strict positivity and thus positive definiteness is a stronger
requirement than strict positivity.

Operators of the form A + yI > 0, where A € HS(H), are called positive definite unitized
(or extended) Hilbert-Schmidt operators, or positive definite Hilbert-Schmidt operators for short.

Remark 5.5 In [76, 78, 81], the positive definite operators A + yI > 0, were A is Hilbert-
Schmidt, is motivated by a different, but equivalent viewpoint, as follows. Recall the finite-

dimensional affine-invariant Riemannian distance in Eq. (2.41) and the Log-Euclidean distance
in Eq. (2.55),

doin(A, B) = ||1og(A™V2BA™?)||p,  diogu(A, B) = ||log(4) —log(B)||r.  (5.21)

For A € Sym™*™* (n), its principal logarithm function, which appears in the formulas for both
distances above, is always well-defined by

log(A) = Z log(kk)uku,{. (5.22)
k=1

However, in the infinite-dimensional setting, for A € Sym™ ™ (H) N HS(H), its principal loga-
rithm

o0
log(4) = > log(Ax)u ® ug (5.23)
k=1
is unbounded, since limy _, o, log(Ar) = —oo. The resolution of this issue also leads to the con-

sideration of the positive definite Hilbert-Schmidt operators A + yI > 0, so that

[e.e]
log(A + yI) = Z log(Ax + y)ux ® ug (5.24)
k=1
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is a bounded operator on H. In fact, by Remark 5.4, the operator norm of log(A4 + yI) is

|[log(A + yD)|| = :ug |log(Ax + y)| = max{|log(A1 + )|, [log(y)|} < oo.
€

Extended Hilbert-Schmidt inner product and norm. From the previous discussion, we
see that for the infinite-dimensional generalization of Sym™ ¥ (1), instead of the set Sym™* ™ (%),
we need to consider the set

SH)={A+yl >0 : A= A*, Ac HS(H),y € R}. (5.25)

We recall that in the finite-dimensional case, ¥P € Sym™ ¥ (n), the tangent space at P is
Tp(Sym™ T (n)) = Sym(n) and 4 € Sym™ T (n) < log(4) € Sym(n). In the Hilbert space
setting, we have the following result.

Proposition 5.6  Assume that A + ylI > 0 wherey > 0 and A is a self-adjoint, compact operator.
Then

A+ yl € Z(H) < log(A + yI) € Hr, (5.26)
where

Hr = {A+yl : A*=A, AcHS(H), y € R} (5.27)
CHSy(H)={A+yl : AcHS(H), y € R}

Proposition 5.6 suggests that, for the generalization of Sym(n) to the Hilbert space setting,
instead of the space Sym(7{), we need to consider the set Hg as defined in Eq. (5.27). Let us
now attempt to generalize the inner product in Eq. (5.15), with the Frobenius inner product
replaced by its natural generalization, namely the Hilbert-Schmidt inner product,

(A4 D), (B4 pD))pirny = (A+yD(P + 217 (P + M) (B + pl)us,  (5.28)

where (A+ yI),(B + pul) € Hr and (P + Al) € X(H). However, the right-hand side of
Eq. (5.28) is generally infinite. To see this, note that

(A+yD(P + M)~ = AP + 21 = ZP(P+ A1) + 21 = Ci + 711 € HSx (H).

(B+ul)(P + A1) = B(P + A" — %P(P +ADT 4 %1 = Cy + 121 € HSx (M),

where  Cp = AP +AI)"' —LP(P +Al)"' €eHS(H), Co=B(P+Al)"'—5P(P+
AI1)~! € HS(H). Thus, the right-hand side of Eq. (5.28) has the form

((C1 + )/1]), (C2 -+ )/21))1-15, where (Cl -+ )/1]), (C2 + )/2]) S HSX(H)
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'This inner product is infinite for y; # 0, y» # 0, since as noted above, ||I||ns = o0, that is the
identity operator is not Hilbert-Schmidt.
'Thus, the appropriate infinite-dimensional generalization of the Frobenius inner product
in Eq. (5.15) is not the Hilbert-Schmidt inner product. The resolution of this issue is the extended
Hilbert-Schmidt inner product, as considered in [63, 64], which is defined by

((Cr +y11),(Ca + y2I))ens = (C1, Co)us + v1y2. (5.29)

The extended Hilbert-Schmidt inner product is clearly finite for all pairs (Cy + y11), (C2 +
y2I) € HSx (H).
'The corresponding extended Hilbert-Schmidt norm is then given by

1A + ¥I12us = llAllfs + v*. (5.30)

We see that under the extended Hilbert-Schmidt inner product, the scalar operators yI are
orthogonal to the Hilbert-Schmidt operators and the identity operator has norm 1, that is
[l ||leas = 1, in contrast to the infinite Hilbert-Schmidt norm ||7||gs = co.

Remark5.7 In[76, 78, 81], we motivate the extended Hilbert-Schmidt inner product and the
corresponding extended Hilbert-Schmidt norm from a different viewpoint. Let us attempt to
generalize the Frobenius norm in the finite-dimensional affine-invariant Riemannian distance
and Log-Euclidean distance in Eq. (5.21), with the matrices 4, B € Sym™ " (1) now replaced
by positive definite Hilbert-Schmidt operators A + yI > 0, B + ul > 0. We first have the fol-
lowing result.

Proposition 5.8 [81] Assumethat A+ 1 >0,y > 0, where A is a self-adjoint, compact operator
on H. Thenlog(A + 1) € HS(H) if and only if A € HS(H).

For y > 0,y # 1, we have the decomposition
A
log(A + yI) = log (; + 1) + (logy) 1, (5.31)

where on the right-hand side, log(é + 1) € HS(H) by Proposition 5.8 and log(y)! ¢ HS(H).
'Thus it follows that for y # 1, log(4 + yI) ¢ HS(H), i.e.,

|[log(A + yI)|lus =00, y # 1.

'Thus, the appropriate infinite-dimensional generalization of the Frobenius norm in Eq. (5.21) is
not the Hilbert-Schmidt norm. The resolution of this issue is also the extended Hilbert-Schmidt
inner product and corresponding extended Hilbert-Schmidt norm, which gives
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A
log (— + I)
v
forall A + yI € X(H).

'Thus the proper generalization of either the finite-dimensional Riemannian metric in
Eq. (5.15) or the corresponding finite-dimensional Riemannian distances in Eq. (5.21) both
lead to the positive definite unitized Hilbert-Schmidt operators A + yI > 0 and the extended
Hilbert-Schmidt inner product and norm.

2

+ (logy)* < o0, (5.32)
HS

[log(A + yI)||2s =

The Hilbert manifold of positive definite unitized Hilbert-Schmidt operators. In the
finite-dimensional setting, a smooth n-dimensional manifold is locally homeomorphic to the
Euclidean space R”. A natural generalization of this concept to the infinite-dimensional setting
is a Hilbert manifold (see, e.g., [62]), which is locally homeomorphic to an infinite-dimensional
Hilbert space H.

Under the extended Hilbert-Schmidt inner product and corresponding extended Hilbert-
Schmidt norm, the vector space

Hr ={A+yl : A* = A, A€ HS(H), y € R}
becomes a Hilbert space. The set
SH)=PH)NHr ={A+y] >0 : A* =A, AcHS(H), y € R},

which is an open subset in the Hilbert space HR, is then an infinite-dimensional Hilbert manifold,
first introduced by [63, 64]. For each point P € X (), the tangent space at P is

Tp(2(H)) = Hr.

We next describe the generalization of the affine-invariant Riemannian metric in Section 2.4
on this Hilbert manifold.

5.2.1 THEAFFINE-INVARIANT RIEMANNIAN METRIC

The finite-dimensional affine-invariant Riemannian metric on Sym™ ™ (1) was generalized to
the Hilbert manifold X(#) by [63, 64]. The Riemannian metric is defined by the following
inner product on the tangent space T(p425)(Z(H)) = Hg,

((A+yD), (B + puD))pran = ((A+yD)(P + 2D (P + A7 (B + pl))ens, (5.33)

forany (P + Al) € X(H), and (A + yI), (B + ul) € Hg.
Under the Riemannian metric defined in Eq. (5.33), X(H) becomes an infinite-

dimensional Riemannian manifold (see Figure 5.1). Specifically, we have the following key result
from [64].
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~

INFINITE-DIMENSIONAL

RIEMANNIAN MANIFOLD /

.

Figure 5.1: The set of positive definite Hilbert-Schmidt operators viewed as an infinite-
dimensional Riemannian manifold.

Theorem 5.9 [64]. Under the Riemannian metric define in Eq. (5.33), £ (M) becomes an infinite-
dimensional Cartan-Hadamard manifold, that is it is simply connected, geodesically complete, and has
nonpositive sectional curvature. For any (P + Al') € X(H), the exponential map at (P + AI') is
given by

Exppyany(V +ul) = (P + AN exp[(P + A TV2(V + pI)(P + AD)TV2(P + ALY/,
(5.34)

foranyV + pul € Hr = T(pyan)(Z(H)).
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The Riemannian distance between any two positive definite operators (A + yI), (B + ul) €
X(H) is given by

duinis[(A + yD). (B + uD)] = ||log[(4 + yD)™2(B + u)(A +yD)lens. (5.35)
Furthermore, the metric space (X(H), dains) is complete.

'The following result shows that the distance dains[(4 + yI), (B + pul)] is always finite
for any pair of operators (A + yI), (B + pl) € Z(H).

Proposition 5.10 [81] Assume that dim(H) = oco. For any two operators (A + yI), (B +
wl) € S(H), write (A + yI)"Y2(B + pI)(A+yI)" 2 = Z +vI > 0, wherev = LandZ =
(A+yD)TV2BA+yD)™V? = BA(A + yD)™, with Z € Sym(H) NHS(H). Then the affine-
invariant Riemannian distance dqius[(A + y1), (B + wl)] admits the following decomposition

Z
log (——l—l)
v

In Proposition 5.10, if A = B = 0, then Z = 0 and Eq. (5.36) gives

2

+ (logv)?.  (5.36)
HS

d2us[(A+ yI). (B + pI)] = ||10g(Z + vI)||ens =

damslyl, pl] = |logv| = [log(y/u)|. (5.37)

Thus, the second term on the right-hand side of Eq. (5.36) is precisely the squared affine-
invariant Riemannian distance between the scalar operators yI and w/ (this distance would
be infinite if measured in the Hilbert-Schmidt norm).

The RKHS setting. Consider now two RKHS covariance operators Ca(x), Co(y), which
are positive Hilbert-Schmidt operators on the RKHS #H. Their regularized versions, namely
(Coxy + vI) and (Co(y) + pl), are positive definite Hilbert-Schmidt operators on Hg. We
can thus compute the affine-invariant Riemannian distance between them, that is

dains[(Coxy + Vg ), (Cocy) + izl (5.38)

This distance admits a closed form in terms of the corresponding Gram matrices, which was
given by [78], as follows.

Theorem 5.11 [78]. Assume that dim(Hg) = oo. Lety > 0, > 0. Then

Cii Ci2 Cis3
d2usl(Coxy + YIug), (Cocyy + tlug) = trilog | [ Car Caz Coz | + Inm

Cii Ciz Cis3
2
+(10g1) , (5.39)
m

2
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where the m X m matrices Cij, 1 = 1,2, j = 1,2, 3, are given by

1
Cii = —InK[Y]Jm,
wm

1 1 -1
Cip = — J.. K[Y, X]J, 1 —J,, K[X]J,
s Wmm[,]m(mymm[]m)l,
1 1 -
Cra = s I KX XU (I =D KX ) I KT YL
yum ym
1
Cr = I KX, Y],
21 \/Wm m [ ] m

1 1 -
Coo = —— I K[X]Jp (]m + —JmK[X]Jm) g
ym ym

1 1 -1
Crz3 = —— JuK[X]Jm (Im + —JmK[X]Jm) JnK[X, Y]
ym ym

1
Jyam

'The previous theorem applies to, for example, the case of the Gaussian kernel on R”,
where dim(Hg) = oo. For comparison, the following is the finite-dimensional version for the
case dim(Hg) < oo, such as the case of the polynomial kernels on R”.

Theorem 5.12 [78]. Assume that dim(Hg) < co. Lety > 0, u > 0. Then

2
Cii Ci2 Ci3
d2usl(Cocxy + Vg ) (Cory + 1l )] = trilog | | Ca1 Can Coz | + Ism
Cii Ci2 Cis
y Cii Ci2 Ci3 2
-2 (log —) tr IOg C21 C22 C23 + I3m + (log —) dlm(HK), (540)
® C,, Cn C ®
11 Ciz Cis

where the m x m matrices Cij5, i = 1,2, j = 1,2,3, are as in Theorem 5.11.

Remark5.13 We see that the formula for the affine-invariant distance for the case dim(Hg) =
oo is generally different from that for the case dim(Hx) < oo, except when y = , in which case
they are identical. One can see that for m € N fixed, y # p, the right-hand side of Eq. (5.40)
approaches infinity as dim(Hg) — oo. Thus, for y # u, one cannot approximate the infinite-
dimensional distance in Eq. (5.39) by the finite-dimensional distance in Eq. (5.40).

Computational complexity. In both Theorems 5.11 and 5.12, for the computation of
the affine-invariant Riemannian distance between two regularized RKHS covariance operators
(Cox) + YIng) and (Cocy) + lny ), we need to carry out multiplications and inversions of
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m x m matrices, and the eigenvalue computation for a 3m x 3m matrix. Thus, the total compu-
tational complexity required is O (m?). If we have a set of N data matrices {X; }§V=1, in order to
compute all the pairwise distances between the corresponding regularized covariance operators,
the total computational complexity is O(N2m?).

5.2.2 LOG-HILBERT-SCHMIDT METRIC

We now describe the generalization of the Log-Euclidean distance [6] on Sym™*™ (n), as de-
scribed in Section 2.5.2, to the Log-Hilbert-Schmidt distance on X (#). This generalization
was first carried out in [76], see also [81].

'The operations (©, ®) on Sym™*™ (n) defined in [6], as described in Section 2.5.2, can be
readily generalized to X(#) as follows [76]. First, the commutative Lie group multiplication
operation @ on X (H) is defined by

O:ZH)xZ(H) - Z(H)
(A+yI)© (B + ul) =exp(og(A + yI) + log(B + ul)). (5.41)

'The Log-Hilbert-Schmidt distance between (A + yI), (B + nl) € £ (H) is then defined
to be [76]

dlogHS EH)xZ2(H) - R+,
diogus[(A + yI), (B + )] = ||1og[(4 + yI) © (B + uI) ™ |lens (5.42)
= ||log(A + yI) —log(B + ul)||ens.

The following result shows that diogus[(4 + y1I), (B + )] is always well-defined and
finite for any pair of operators (4 + yI), (B + ul) € Z(H).

Proposition 5.14 [76, 81]  For any pair of operators (A + yI), (B + ul) € (H), the distance
diogus[(A + yI), (B + pl)] = ||log(A + yI) —log(B + ul)||eus is always finite. Furthermore,

when dim(H) = oo,
A B 2 2
log(——l-l)—log(——i-l) —I-(logz) .
4 H HS M

(5.43)
In particular, for A = B = 0, Eq. (5.43) gives

dogus[yl, ul] = ||log(yl) —log(ul)|lens = [log(y/m)|. (5.44)

Thus, the second term on the right-hand side of Eq. (5.43) is precisely the squared Log-Hilbert-
Schmidt distance between the scalar operators yI and u/ (this distance would be infinite if mea-
sured in the Hilbert-Schmidt norm || ||us). We also note that dains[yl, ul] = diogusyl, n1],
since the operators yI and p/ trivially commute.

|[log(A + yI) —log(B + pul)||2s =
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Vector space structure of X (H). Together with the group operation ©, one also defines
the following scalar multiplication on X (H)

®:RxXZ(H) = XZ(H),
A® (A+yl) =exp(Alog(4 + yI)) = (A+yD)*, AeR. (5.45)

Endowed with the commutative group multiplication © and the scalar multiplication ®, the
axioms of vector space can be readily verified to show that (X (#), ©, ®) is a vector space (see [ 76]
for the detailed proofs).

Hilbert space structure on X (7). On top of the vector space structure (X (H), ©, ®), we
can define the following Log-Hilbert-Schmidt inner product on X (H) by

((A+yD), (B + pD))ogus = (log(A + yI),10g(B + pul))ens, (5.46)
along with the corresponding Log-Hilbert-Schmidt norm
14+ y1 ogns = (log(4 + y1).log(4 + y1))ens. (5.47)

The axioms of inner product, namely symmetry, positivity, and linearity with respect to the
operations (O, ®) can be verified (see [76]) to show that

(E(H)’ G’ @, ( 5 >logHS) (548)

is a complete inner product space, that is a Hilbert space. This Hilbert space structure was first
discussed in [76] and generalizes the finite-dimensional inner product space

Sym™ (1), 0, ®, (, )ogr)

in Section 2.5.2.
As a generalization from Section 2.5.2, it can be shown that the map

log : (2(H). O, ®,(, )iogus) = (Hr.,+.-, (, )ens) (5.49)

is an isometrical isomorphism of Hilbert spaces, where the operations (+, ) are the standard
addition and scalar multiplication operations, respectively.

In terms of the Log-Hilbert-Schmidt inner product and Log-Hilbert-Schmidt norm, the
Log-Hilbert-Schmidt distance diogns in Eq. (5.42) is expressed as

drogus(A + yI), (B + pl)] = |[log(A + yI) —log(B + pl)||cns
= (A +yI) © (B + puI) ™ |iogus (5.50)

= (A + YD) © (B + D)™ (A+y) © (B + uI) iogus.

The RKHS setting. As in the case of the affine-invariant Riemannian distance, in the
case of regularized RKHS covariance operators, both the Log-Hilbert-Schmidt distance

diogus[Cax) + V1, Coryy + pl] = || log(Cax) + 1) —log(Cacyy + d)||ens (5.51)
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and the Log-Hilbert-Schmidt inner product

((Cox) +vI). (Coryy + 1)) 10gus (5.52)

admit closed forms, expressed explicitly via the Gram matrices corresponding to X and Y [76].
To state this explicit form, we first define the following operators

1 1
A= —0X)Jy : R™ , B=——0X)Jy,:R" , .
N X)J — Hk NG Y)J — Hk (5.53)

so that

1 1
A*A = — JyK[X)Jm, B*B = —JuK[Y]Jm, A*B = InK[X,Y]J. (5.54)
ym um

Jyam

Let N4 and Np be the numbers of nonzero eigenvalues of A* A and B* B, respectively. Let X4
and X p be the diagonal matrices of size N4 x N4 and Np x Np, and Uy and Up be the matrices
of size m x N4 and m x Np, respectively, which are obtained from the spectral decompositions

1 1
A*A = —JuK[X]Jy = UsSaUF, B*B = —JuK[Y]J = UpZpUJ. (5.55)
ym nm

Let o denote the Hadamard (element-wise) matrix product and define
Cap =13, log(Un, + Z4)Z; (U{ A*BUg o U{ A*BUB)X5" log(Iny + Zp)1ny. (5.56)

In terms of the quantities just defined, the Log-Hilbert-Schmidt distance and Log-Hilbert-
Schmidt inner product between (Co(x) + yI) and (Co(y) + ul) are expressed as follows.

Theorem 5.15 [76]. Assume that dim(Hk) = oo. Let y > 0, > 0. Then the Log-Hilbert-
Schmidt distance between (Coxy + vIny ) and (Cocyy + Wl ) is given by

dipais[(Cox) + vIrg). (Cocyy + ity )] = trflog(In, + Ta)? + trflog(Iny, + Zp))°
—2Cyp + (logy —log p)?. (5.57)

The Log-Hilbert-Schmidt inner product between the two operators (Coxy + VIny ) and (Cocy) +
wlyy ) is given by

(Cox) + V1ng): (Cory) + mlrg)iogs = Cap + (logy)(log p). (5.58)
The Log-Hilbert-Schmidt norm of the operator (Co(x) + Vg ) is given by
1(Cox) + ¥Ir)|liogus = trllog(In, + Ta))* + (logy)*. (5.59)

The two expressions (5.58) and (5.59) are identical if X =Y andy = .
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Remark 5.16  In Theorem 5.15, the first two expressions are from [76], whereas the last ex-
pression is a straightforward corollary of the second expression and Eq. (5.55).

We now present the formulas corresponding to those in Theorem 5.15 in the case
dim(Hg) < o0, e.g., in the case of the polynomial kernels. As in the case of the affine-
invariant Riemannian distance, the formulas for the Log-Hilbert-Schmidt distance, Log-
Hilbert-Schmidt inner product, and Log-Hilbert-Schmidt norm are different in the case
dim(Hg) < co compared to the case dim(Hg) < oo, with the finite-dimensional quantities
generally approaching infinity as dim(Hg) — oo.

Theorem 5.17 [76]. Assume that dim(Hg) < oo. Let y > 0, u > 0. Then the Log-Hilbert-
Schmidt distance between (Coxy + YIng ) and (Cocy) + plyy ) is given by

dit usl(Cox) + 1), (Coy) + ilng)] = trllog(Un, + )] + trllog(In,; + £8)]1* —2Cap

2 (1og %) (rflog(Tn, + S)] — trllog(Tay + Sp)]
+ (logy —log ) dim(Hg). (5.60)

The Log-Hilbert-Schmidt inner product between (Coxy + Y1) and (Cocyy + iy ) is given by

(Cox) + V1rg): (Coryy + g ))iogis = Cap + (log wtr[log(In, + Xa)] (5.61)
+ (log y)trllog(Ing + Xp)] + (logy log p) dim(Hg).

The Log-Hilbert-Schmidt norm of (Coxy + Y1y ) is given by

1(Cox) + 1) iogns = trllog(In, + Za)]* + 2(log y)trllog(In, + Za)]
+(ogy)? dim(Hg). (5.62)

The two expressions (5.61) and (5.62) are identical if X =Y andy = .

Remark 5.18 In Theorem 5.17, the first two expressions are from [76], whereas the
last expression is a straightforward corollary of the second expression and Eq. (5.55). In
the case of the linear kernel K(x,y) = (x,y), x,y € R", Theorem 5.17 gives the Log-
Euclidean distance || log(Cx + yI) —log(Cy + uI)||, Log-Euclidean inner product (log(Cx +
yI),log(Cy + ul))F, and Log-Euclidean norm || log(Cx + yI)||F.

Computational complexity. Let n be the number of features and m be the number of ob-
servations for each input sample. For computing the Log-Euclidean distance or Log-Euclidean
inner product between two n x n covariance matrices, the computational complexity required is
O(n*m + n?), since the computational complexity required for computing the covariance matri-
ces themselves is O(n?m) and the computational complexity for computing the SVD of ann x n
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matrix is O(n?). On the other hand, for computing the Log-Hilbert-Schmidt distance or Log-
Hilbert-Schmidt inner product between two covariance operators in an infinite-dimensional
RKHS, where we need to carry out SVD and multiplications with Gram matrices of size m x m,
the computational complexity required is O(m?). This is of the same order as the computational
complexity for computing the Stein and Jeffreys divergences in RKHS in [44]. If we have a
set of N data matrices {X; };\;1, then the computational complexity required for computing all
pairwise distances between the corresponding regularized covariance operators is O(N?m?).

5.3 INFINITE-DIMENSIONAL ALPHA
LOG-DETERMINANT DIVERGENCES

In this section, we generalize the Alpha Log-Determinant divergences dy . on Sym™ ¥ (n), as
described in Section 2.6.1, to the infinite-dimensional setting. The formulation presented here
was developed in [75].

From Egq. (2.84), which defines di%,;. (4, B) for 4, B € Sym™ T (n), we see that the
infinite-dimensional generalization of d}}_,,, involves the generalizations of the determinant
det and log-determinant log det functions. Let A € Sym™ ™ (n) and let {Ak}i_, beits eigenval-

ues, then

det(4) = [ [ Ak = exp (Z log Ak) = exp[tr(log(A4))]. (5.63)
k=1 k=1
log det(4) = tr(log(A)). (5.64)

Consider the generalization of these functions to a positive compact operator A on a separa-
ble, infinite-dimensional Hilbert space #. This setting includes in particular RKHS covariance
operators. From Eqgs. (5.63) and (5.64), we see that the following two conditions are necessary:

1. log(A) is well-defined and is a bounded operator on H.
2. 'The trace tr(log(A)) is finite.

For the first condition, as in the case of the affine-invariant Riemannian and Log-Hilbert-
Schmidt distances, instead of simply considering a positive operator A, we need to consider
regularized operators of the form (4 + yI) > 0,y € R,y > 0, so that log(A4 + y[I) is bounded.

Let {Ax}32, be the eigenvalues of A, with Ax > 0, limg_, o, Ax = 0. The second condition
then becomes

o0
trllog(A + yI)] = Y log(Ax + y) is finite. (5.65)
k=1
Since Ax > 0, limg_, 00 Ax = 0, for y = 1, we have by the limit lim,_, og+%) — 1 that the se-

ries tr{log(A + I)] = Yy, log(Ax + 1) converges if and only if the series Y o, Ax converges,
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that is if and only if 4 € Tr(#H). However, for y # 1, we have

lim log(Ax + y) = log(y) # 0
k—o0

and thus the series in Eq. (5.65) always diverges. This can also be seen from the following
decomposition:

trlog(A4 + yI)] = tr |:log (g + 1) + (log y)l:| = tr [log (g + I):| + (log y)tr(I). (5.66)

On the right-hand side of Eq. (5.66), the first term tr[log(% + I)] is finite for A € Tr(H),
but the second term is always infinite when dim(#) = oo, because the identity operator is not
trace class, with tr(/) = oo. Thus, we have an issue similar to that caused by the fact that the
identity operator is not Hilbert-Schmidt, with ||7||us = oo, when we attempted to generalize
the affine-invariant Riemannian and Log-Euclidean metrics to the infinite-dimensional settings
in Section 5.2.

Fredholm determinant. The case y = 1 above is closely connected to the definition of the
infinite-dimensional Fredholm determinant (see e.g., [106]). Specifically, if A € Tr(H), then the
Fredholm determinant of the operator (A + I) is defined by

det(A+ 1) =[]« + 1. (5.67)
k=1

This allows us to define the Alpha Log-Determinant divergences of the form d}? ;.. [(4 +
I),(B+1)], where A+1>0,B+1 >0, A, B e Tr(H). However, a similar argument as
above shows that the Fredholm determinant is not defined for operators of the form (A4 + yI)
where y # 1.

Extended trace class operators. To resolve the issue with the case y # 1, similar to the ex-
tended Hilbert-Schmidt operators and extended Hilbert-Schmidt inner product in Section 5.2,
we introduce the extended trace class operators and extended trace, as follows. Given the set of trace

class operators Tr(H), the set of extended (or unitized) trace class operators is defined to be
Trx(H) ={A+yl : A€ Tr(H),y € R}. (5.68)
This set becomes a Banach space under the following extended trace norm
1A+ Y1y = [l Alle + |71
For (A + yI) € Trx(H), its extended trace is defined to be

trx(A + yI) = tr(A) + y. (5.69)
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In particular, by this definition

trx(I) =1, incontrastto tr(/) = oo.

Positive definite trace class operators. Similar to the positive definite Hilbert-Schmidt
operators in Section 5.2, we define the set of positive definite unitized (or extended) trace class
operators, or positive definite trace class operators for short, to be

PTr(H) ={A+yI >0 : A*=A,AeTr(H).y € R}. (5.70)

'This is an open convex cone in the infinite-dimensional Banach space Try (#). There is a one-to-
one correspondence between the set PTr(#) of positive definite trace class operators and the
set Sym(H) N Trx (H) of self-adjoint extended trace class operators. Specifically, we have the
following result, which is analogous to Proposition 5.6 in the Hilbert-Schmidt case.

Proposition 5.19 [75]
(A + yI) € PTr(H) < log(A + yI) € Sym(H) N Trx(H). (5.71)

In particular, fory = 1,
(A+1)>0 <= log(A + I) € Sym(H) N Tr(H). (5.72)

Extended Fredholm determinant for positive definite trace class operators. By Propo-
sition 5.19, if (A + yI) € PTr(H), then log(A4 + yI) € Trx(H) and hence trx (A + y[) is fi-
nite. This enables us to define the following extended Fredholm determinant of (A + yI), which
generalizes the corresponding finite-dimensional formula in Eq. (5.63), namely

detx (A4 + yI) = exp(trx[log(4 + yI)]). (5.73)

The extended Fredholm determinant detx is related to the Fredholm determinant det via the
following factorization formula

detx(A + yI) = y det[(4/y) + I]. (5.74)

Extended Fredholm determinant for extended trace class operators. The expression of
detx as given in Eq. (5.73) requires explicitly that (A + yI) € PTr(H). By using the factor-
ization property in Eq. (5.74), we can define detx for all operators (4 + yI) € Trx(H) with
y # 0, as follows.

Definition5.20 (Extended Fredholm determinant). LetH be a separable Hilbert space with
dim(H) = oo. For an operator (4 + yI) € Trx(H), y # 0, its extended Fredholm determinant
is defined to be.

detx (A + yI) = y det[(A/y) + I]. (5.75)
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where det on the right-hand side denotes the Fredholm determinant.

If dim(H) < oo, then we define detx (A + yI) = det(A4 + yI), the standard matrix de-
terminant.

Remark 5.21  We emphasize that for y # 1, the definition of detx as given in Eq. (5.75) is
strictly for the case dim(H) = oo. When dim(H) < oo, we have

detx (A + yI) = det(4 + yI) = y3™OD det[(A/y) + I].
'This expression coincides with that in Eq. (5.75) if and only if y = 1.

Generalization of the Log-determinant Concavity. We recall in the finite-dimensional
setting in Section 2.6.1 that the Alpha Log-Determinant divergence dj7 ., is based on Ky Fan’s
inequality on the log-concavity of the determinant function on the set Sym™* ™ (n). The following
is the generalization of of Ky Fan’s inequality to the extended Fredholm determinant detx on

PTr(H).

Theorem 5.22 [75]. For (A+ yI), (B + ul) € PTr(H), for0 <o < 1,
detx[a(A + yI) + (1 —a)(B + ul)] = (y/m)* P detx (4 + yI)’detx (B + nI)'=*  (5.76)
where§ = m For0 < a < 1, equality occurs ifand only if A = B andy = . Fory = p,

detx[a(A + yI) + (1 —a)(B + yI)] = detx (A + yI)*detx (B + yI)' ™. (5.77)

In particular, in Eq. (5.77), if we set A, B € Sym™ ¥ (n) and y = 0, then we recover Ky
Fan’s inequality, as stated in Eq. (2.83).

Infinite-dimensional Alpha Log-determinant divergences. Motivated by Theorem 5.22
and the finite-dimensional setting in Section 2.6.1, the following is our definition of the Alpha
Log-determinant divergences in the infinite-dimensional setting.

Definition 5.23 (Alpha Log-Determinant divergences between positive definite trace class
operators [75]). Assume that dim(H) = co. For —1 < & < 1, the Alpha Log-Determinant

divergence dipgaes (A + vI). (B + pl)] between (A + yI), (B + ul) € PTr(H) is defined to
be

ditgaes[(A + yI), (B + pl)]

4 detx (152(A + yI) + 2B + ul)) (y\P~2"
C1—a2 detx (A 4 yI)Bdetx (B + ul)!=F  \ u

} , (5.78)
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- U-a)y S ¢ )/
where B = T—oy+(ton and 1 — B = (I-a)y+(+a)p”

For o = +1, we define d!, based on limits of d*

logdet Jogdet a8 0 = 1, respectively.

Definition 5.24 (Limiting cases).

dihgaee (A +y1). (B + pD)] = i it [(4+ D). (B + )]

(K _ 1) log L+ trx[(B + 1) (A + yI) — I]
m I

~ 1 logdetx[(B + pD)™ (A + yD)]. (5.79)
digga[(A+yD). (B +uh)] = lim dffo[(A+yD). (B + ul)]

o

(% _ 1) log% +trx [(A + ) "NB + ul) — 1]

- %logdetx[(/l +yD)Y(B + ). (5.80)

'The following key result confirms that d}¥ ;.. [(4 + yI), (B + p1)] is indeed a divergence
function on PTr(H).

Theorem 5.25 (Positivity [75]). Ler —1 < a <1 be fixed. For any pair (A + yI),(B + ul) €
PTr(H),

diogaetl(A + 1), (B + pD)] = 0, (5.81)
dipgaci[(A+yD),(B+pl)]=0<<= A= B,y = p. (5.82)
Special cases. For y = p, the formulas for dipgqet[(A + 1), (B + pl)] are much simpler
than in the general case and are direct generalizations of the finite-dimensional formulas in

Section 2.6.1. With y = p, we have f = 5%, 1 — g = 1%, and Eq. (5.78) becomes

diveact[(A +yI), (B + yI)]
_ 4 detx (5%(4 + yI) + 22(B + yI))
l—o? detx (A + yI)'3* detx (B + yI) 2"

:| , —l<a<l, (5.83)

which is the direct generalization of Eq. (2.84). In particular, for 4, B € Sym™*(n), by setting
y = 0in Eq. (5.83), we recover Eq. (2.84).
Similarly, with y = u, Egs. (5.79) and (5.80) become, respectively

dhgaec (A + yI). (B + y1)]
= trx[(B + yI) Y (A + yI) — I] —log detx[(B + yI)~'(4 + yI)], (5.84)
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dioaei (A + D), (B + y1)]
= trx(A + yI)"Y(B + yI) — I] —logdetx[(A + yI) " (B + yI)], (5.85)

which directly generalize Eqs. (2.85) and (2.86), respectively. For 4, B € Sym™ " (n), by setting
y = 0, we recover Egs. (2.85) and (2.86), respectively.

The RKHS setting. As in the case of the affine-invariant Riemannian and Log-Hilbert-
Schmidt distances in Section 5.2, in the case of RKHS covariance operators, the Alpha Log-Det
divergences

diogdet (Cox) + V1) (Cocyy + wlry )] (5.86)

admit closed forms, expressed via the Gram matrices corresponding to X and Y, as follows.

Theorem 5.26 [75]. Assume that dim(Hg) = o0o. Lety > 0, u > 0. For—1 < «a < 1, the diver-
gence diy o [(Coxy + ¥1), (Cocy) + pl)] is given by

diogaet[(Co) +v1). (Co) + 1) (5.87)
— — o2
C et (1 - ) JmKXlJm V1—a JmK[X,Y]Jm) N Izm}

1 —a? ms(y, i, o) \V1—a?2J, K[Y.X]Jp, (14 0a)JnK[Y]Im

4 I K[X]J, 4(1 — I K[Y]J,
— P logdet M + 1) — ( )logdet M + I | +ca,y, 1).
1 —a? my 1 —a? mu

Here the quantities s(y, i, o) and c(o, y, |u) are given by

s(op,a) = (1 —a)y + (1 +a)u, (5.88)
4log(s(y, w,a)/2 21lo 21o
ey, 1) = g(l(zgz )/2) 1+g07; B 1_%;{ (5.89)

'The corresponding formula when dim(Hx) < oo is given by the following result.

Theorem 5.27 [75]. Assume that dim(Hg) < oo. Lety > 0, > 0. Then for —1 < a < 1,

diogdet[(Cox) + V1), (Cary) + pl)]

4 (1 =) K[X]Jp V1 =02, K[X, Y]]
= ——logdet + Iy
1 —a2 ms(y, o) \V1 =21, K[Y.X|Jw (1 +)JnK[Y]In

1 2 1
logdet | — Jn K[X] T + I | — logdet | — Jn K[Y]Jm + Im
1+a my l -« mu

+ c(a, y, w) dim(Hg). (5.90)
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Remark5.28 Itcanbe shown thatc(a, y, ) > 0, with equality ifand only if y = p. The kernel
matrices K[X], K[Y], K[X, Y], K[Y, X] have finite sizes m x m. Thus, for m € N fixed and y #
i, so that c(a, y, ) > 0, the right-hand side of Eq. (5.90) approaches infinity as dim(Hg) —
oo. Thus, except in the case y = p, the infinite-dimensional case cannot be obtained from the
finite-dimensional case as the dimension approaches infinity.

Consider now the limiting cases o = £1. The following gives the formula for
dlggldet[(an(x) + vIyg). (Coryy + lny )] when dim(Hg) = oo. For a = 1, we use the dual
symmetry formula (see [75])

dogact(Com) + YIng): (Co) + ilry)] = d 7 [(Coryy + ilrg ). (Cox) + Vg ).

Theorem 5.29  [75]. Assume that dim(Hg) = co. The divergence diq.[(Cocx) +
vD), (Cocyy + nl)] is given by

_ Jn K[Y]J,
digaactl(Cox) + ). (Coqyy + l)] = (% —1—log %) + tr [%]

41
_E“KhKMM%PMMX“Mwamq(Wm+Mﬁgmq }

Y m m2pu
InK[X]J, JnK[Y]J
+EbyM(JLLLﬂ+hJ—ﬁbyM(lLLLﬂ+&0. (5.91)
Y ym Y pm

'The corresponding finite-dimensional result is given by the following.

Theorem 5.30 [75]. Assume that dim(Hg) < oo. Then dlggldct[((kp(x) + Y1), (Coy) +
wlyyg )] is given by

diogact(Coxy + YIng) (Coqyy + 1lry )]
I K[Y]Jm
= (E —1—log E) dim(Hg) + tr |:¢i|
4 14 ym 1
P (J X1, I KX, Y] KLy, %1 )(mﬂ ,L]J) }

Y m m2p
I K[X]J, Jn K[Y]J,
+ log det (M + Im) — log det (M + Im) . (5.92)
ym uwm

Computational complexity. In both Theorems 5.26 and 5.27, the computation of the
dit gaer divergences, for —1 < & < 1, requires the Cholesky decompositions of a 2m x 2m ma-
trix and two m x m matrices. Thus the computational complexity required is O(m?). The com-

putational complexity of d;!, . (and hence d}_,..), as given in Theorems 5.29 and 5.30, is

logdet logdet
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similarly O(m?). If we have a set of N data matrices {X; }JN=1 , then the computational complex-
ity required for computing all the pairwise divergences between the corresponding regularized
covariance operators in O(N2m?).

Alpha-Beta Log-Determinant divergences between positive definite Hilbert-Schmidt
operators. The Alpha Log-Determinant divergences on the cone of positive definite trace
class operators presented in this section can be substantially generalized to the Alpha-Beta
Log-Determinant divergences on the entire Hilbert manifold of positive definite Hilbert-
Schmidt operators. These divergences generalize the Alpha-Beta Log-Determinant divergences
on Sym™ ¥ (n), as presented in Section 2.7, and include the affine-invariant Riemannian distance
in Section 5.2 as a special case. The generalization requires the concept of the extended Hilbert-
Carleman determinant for extended Hilbert-Schmidt operators, in addition to the extended
Fredholm determinant we presented here. The interested reader is referred to [79] and [80]
for detail of the mathematical formulation.

5.4 SUMMARY

In this chapter, we presented several geometrical structures of positive trace class operators and
positive Hilbert-Schmidt operators, along with the corresponding divergences, distances and in-
ner products. We show in particular how they can be evaluated, via closed form expressions, in
the case of RKHS covariance operators and/or their corresponding regularized versions. Specif-
ically, the following were presented:

1. Hilbert-Schmidt distance and inner product;

2. affine-invariant Riemannian distance;

3. Log-Hilbert-Schmidt distance and inner product;
4. Alpha Log-Determinant divergences.

For the affine-invariant Riemannian distance, Log-Hilbert-Schmidt distance and inner prod-
uct, and Alpha Log-Determinant divergences, the formulas in the infinite-dimensional case are
generally different from the corresponding finite-dimensional versions, which generally diverge
to infinity when the dimension goes to infinity. This can be seen by directly comparing Theo-
rem 5.11 with Theorem 5.12, Theorem 5.15 with Theorem 5.17, and Theorem 5.26 with Theo-
rem 5.27. These differences play a key role in the theoretical analysis of the finite-dimensional
approximations of kernel methods on covariance operators, which we present next in Chapter 6.
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CHAPTER 6

Kernel Methods on Covariance
Operators

In Chapter 5, we presented explicit formulas, in terms of Gram matrices, for the Hilbert-
Schmidt distance and inner product, affine-invariant Riemannian distance, and Log-Hilbert-
Schmidt distance and inner product between RKHS covariance operators. In this chapter, we
show how the Hilbert-Schmidt and Log-Hilbert-Schmidt distances and inner products can be
used to define positive definite kernels, allowing us to apply kernel methods on top of covariance
operators. This effectively creates a two-layer kernel machine, with the kernel in the first layer
giving rise to covariance operators and the kernel in the second layer having those covariance
operators as input for subsequent tasks such as regression and classification. We put empha-
sis in particular on the Log-Hilbert-Schmidt distance and inner product, which are intrinsic
to the set of positive definite Hilbert-Schmidt operators. The kernel machine with the Log-
Euclidean distance and inner product presented in Chapter 3 can be viewed as a special case
of this framework, with the kernel in the first layer being the linear kernel. Along with kernels
defined using the exact Log-Hilbert-Schmidt distance, we present kernels defined using finite-
dimensional approximations of the infinite-dimensional Log-Hilbert-Schmidt distance, which
incur considerably lower computational costs while largely preserving the capability of the exact
formulation. The general theoretical framework is accompanied by a concrete numerical imple-
mentation along with experiments in image classification. Overall, the methods in this chapter
can be viewed as the generalizations of the kernel methods on covariance matrices in Chapter 3
to the infinite-dimensional setting.

6.1 POSITIVE DEFINITE KERNELS ON COVARIANCE
OPERATORS

In the following, we present positive definite kernels defined using the Hilbert-Schmidt metric
and Log-Hilbert-Schmidt metric, which generalize the positive definite kernels defined using
the Euclidean metric and Log-Euclidean metric in Section 3.2. A summary of the kernels de-
fined via these metrics are given in Table 6.1. As of the time of writing, we are not aware of
theoretical results on positive definite kernels defined using the infinite-dimensional symmetric
Stein divergence in [75] (or the versions employed in [44, 135]) that are comparable to those in
the finite-dimensional case, as proven in [110, 111] and described in Section 3.2.3.
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Table 6.1: Common positive definite kernels on infinite-dimensional covariance operators. The
explicit expressions of the Log-Hilbert-Schmidt inner product and Log-Hilbert-Schmidt dis-

tance in terms of Gram matrices are given in Section 5.2.2.

Kernels by Hilbert-Schmidt inner product and distance

K(Cax), Cav)) = ({(Cax), Caony)us + )%, ¢ >0,d eN
K(Cox), Cay)) = exp(—2|Cox) — Co)llfis), 0 # 0,0 < p <2

Kernels by Log-Hilbert-Schmidt inner product and distance

K[(Cox) + vI). (Cocy) + 1)) = ({log(Cox) + ¥1).108(Cory) + i1))ens + €)%,
y>0,u>0,c>0,d e N
K[(Cox) + v1). (Cary) + )] = exp(—=5 || log(Cox) + v1) —log(Cacy) + nI)|Zs)s
y>0,u>00#0,0<p=<2

6.1.1 KERNELS DEFINED USING THE HILBERT-SCHMIDT METRIC

Since covariance operators are Hilbert-Schmidt operators, we can automatically apply to them
any positive definite kernels that can be defined on Hilbert-Schmidt operators. Following the
notation in Chapter 5, let  be a separable Hilbert space and HS(#) the Hilbert space of all
Hilbert-Schmidt operators on H. The following are some examples of positive definite ker-
nels K : HS(H) x HS(H) — R that are defined either via the Hilbert-Schmidt inner product
(A, B)us or the Hilbert-Schmidt distance ||4 — B ||us.

1. Polynomial kernels
K(A, B) = [{A, B)us + ¢]? = [tr(A*B) +¢]4, ¢>0,d eN. (6.1)
2. Generalized Gaussian kernels

1
K(A, B) = exp (—;||A—B||ﬁs), oc#0,0<p<2. (6.2)

For two RKHS covariance operators Ce(x) and Ca(y), as we show in Section 5.1, both the
Hilbert-Schmidt inner product (Ce(x). Co(y))us and the Hilbert-Schmidt distance ||Caox) —
Ca(v)|lus admit closed form expressions via the corresponding Gram matrices. Thus, the cor-
responding kernel K(Cq(x), Co(y)) also admits a closed form expression in terms of Gram ma-
trices.
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However, as in the finite-dimensional case, the Hilbert-Schmidt metric does not reflect
the intrinsic geometry of the set of positive Hilbert-Schmidt operators. Thus, kernels defined
in this metric are generally not optimal in practical applications.

6.1.2 KERNELS DEFINED USING THE LOG-HILBERT-SCHMIDT
METRIC

We recall the Hilbert manifold X(H) ={4A+yl >0 : A€ HS(H),A* = A,y € R} of posi-
tive definite operators on H which are Hilbert-Schmidt operators plus a multiple of the identity
operator. As we discussed in Section 5.2.2,

(Z(H), O, ®,(, )ogns)
is a Hilbert space with the Log-Hilbert-Schmidt inner product
((A+yI), (B + pl)hogus = (log(A + yI),log(B + ul))ens.,

where (A + yI), (B + pl) € X(H), along with the corresponding Log-Hilbert-Schmidt norm
[|A + yIliogis = /((A + yI), (A + yI))iogus. The Log-Hilbert-Schmidt distance between
(A + yI), (B + ul) is then the Hilbert distance

diogs[(A+ yI). (B + nI)] = [[(A+ yI) © (B + nI) ™" |liogns
= ||log(A + yI) —log(B + ul)||ens-

Consequently, we can define positive definite kernels on X () using the inner product ( , )iogns
and the norm || [|10gns. The following are the Log-Hilbert-Schmidt counterparts of the Hilbert-
Schmidt kernels defined in Section 6.1.1 and the infinite-dimensional generalizations of the

Log-Euclidean kernels defined in Section 3.2.2.

Theorem 6.1 [76].  The following kernels K : (M) x X(H) — R are positive definite

K[(A+ D), (B+pD] = ({(A+yI),(B+ pl))ogns + )%, ¢>0,deN
= (¢ + (log(A + yI),1og(B + nI))ens)”. (6.3)

K[(A+yI),(B+ ul)] =exp (—

log(A + yI) —log(B + pI)||%
=eXp(_II og(A + yI) —log( +/L)||eHs)’ (6.4)

(4 +yI)© (B + ul)—lllf;gﬂs)
02

o2

foro #0,0<p <2
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‘Theorem 6.1 thus generalizes Theorem 3.1 to the infinite-dimensional setting. In partic-
ular, for H = R*, (H) = Sym*t(n), y = n =0, and 4, B € Sym™ " (n), we recover Theo-
rem 3.1.

For two RKHS covariance operators Cex) and Co(y), as we show in Section 5.2.2,
for any y > 0, u > 0, both the Log-Hilbert-Schmidt inner product ((Cox) + ¥1). (Cory) +
w1 ))iogrs, and the Log-Hilbert-Schmidt distance diogus[(Coxy + v1), (Cacy) + 11)] admit
closed form expressions in terms of the corresponding Gram matrices. Thus, it follows that the
corresponding kernel K[(Coxy + v1), (Cacy) + 1)] also admits a closed form expression in
terms of Gram matrices.

6.2 TWO-LAYER KERNEL MACHINES

We now combine the geometric framework of RKHS covariance operators in Chapter 5 with
the analytic construction of positive definite kernels just described in Section 6.1. This gives us
a two-layer kernel machine architecture, as presented in [76, 81, 83, 84], as follows.

1. In the first layer, let the input space X be any non-empty set. Let K be a positive definite
kernel defined on X' x X, such as the Gaussian kernel. Then K defines, implicitly, a set of
RKHS covariance operators, each of the form Cg(x), where X is a data matrix randomly
sampled from X according to a probability distribution p. The corresponding set of reg-
ularized RKHS covariance operators (Co(x) + ¥I), ¥ > 0, forms a subset of the Hilbert
manifold of positive definite Hilbert-Schmidt operators.

In the context of image representation, X = R”, for some n € N, and for each image
one extracts a data matrix X = [x1,...,x,,] at m pixels, with each x; € R” being the n-
dimensional feature vector extracted at the i th pixel, I <i < m. A positive definite kernel,
such as the Gaussian kernel, defined on these feature vectors, then induces an implicit
covariance operator representing the image.

'The Hilbert-Schmidt and Log-Hilbert-Schmidt distances (or inner products) between
two covariance operators then represent the distances (or inner products) between the
corresponding images.

2. In the second layer, using the pairwise Hilbert-Schmidt/Log-Hilbert-Schmidt distances
(or inner products) obtained in the first layer, we define a new positive definite kernel,
e.g., by Theorem 6.1. With this kernel, we can then apply any kernel method on top of
the covariance operators defined in the first layer, such as least square regression or SVIM
classification.

This two-layer kernel machine is depicted graphically in Figure 6.1 and algorithmically in
Algorithm 6.2. Numerical results on the task of image classification using this framework are
presented in Section 6.4.
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Figure 6.1: Two-layer kernel machine with the exact Log-Hilbert-Schmidt distance. Other al-
ternative machines can be obtained by replacing the Log-Hilbert-Schmidt distance by the Log-
Hilbert-Schmidt inner product, Hilbert-Schmidt distance, or Hilbert-Schmidt inner product.

Remark 6.2  The approach in [55, 72, 120], as presented in Section 3.3, which apply kernel
methods on top of the Log-Euclidean distance and inner product, is a special case our framework
with the Log-Hilbert-Schmidt distance and inner product, where the kernel in the first layer is
linear (which is equivalent to 7oz having the first layer).

6.3 APPROXIMATE METHODS

A key feature of kernel methods is their ability to capture nonlinear structures in data, which
is achieved by implicitly mapping, via the corresponding feature maps, the original input data
into a high-dimensional (and often infinite-dimensional) feature space and carrying out linear
learning algorithms in the feature space. This is widely known as the kerne/ trick and has been
employed extensively [102, 104]. However, this power to learn nonlinear structures in data also
comes with a price in computational complexity. In exact kernel methods, the feature map & is
often infinite-dimensional and, even if it is known explicitly (see [82] for explicit expressions of
many feature maps), tends to be analytically complicated. Thus, ® is only used imp/icitly and all
computations are carried out using the corresponding Gram matrices. Therefore, on very large




108 6. KERNEL METHODS ON COVARIANCE OPERATORS

Algorithm 6.2 Two-layer kernel machine with the Log-Hilbert-Schmidt distance/Log-
Hilbert-Schmidt inner product, as depicted in Figure 6.1. Other alternative machines can be
obtained by using the Hilbert-Schmidt distance or Hilbert-Schmidt inner product instead.

Input: Set of N data matrices X;, 1 <i < N, each of size n x m

(For image classification, each image gives rise to one such data matrix X;, with each column
being a feature vector extracted from the image.)

Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:

Positive definite kernels K, K>

Regularization parameters y; > 0,1 <i < N

Procedure:

1. For each pair of data matrices X;, X;, 1 <i,j < N, compute the Gram matrices corre-
sponding to kernel Ky, namely K;[X;], K1[X;], and K;[X;, X;], according to Eq. (5.9).

2. For each pair of implicitly defined covariance operators Ce(x;) and Co(x;), compute the cor-
responding Log-Hilbert-Schmidt distance, according to Eq. (5.57), or the corresponding
Log-Hilbert-Schmidt inner product, according to Eq. (5.58), using regularization param-
eters y;, yj, respectively.

3. Using kernel K, compute an N x N kernel matrix using the above Log-Hilbert-Schmidt
distances, e.g., according to Eq. (6.4), or the above Log-Hilbert-Schmidt inner products,
e.g., according to Eq. (6.3).

datasets, which result in very large Gram matrices, the required computational cost can be very
high.

Motivated by the need to reduce the computational cost of exact kernel methods, a line
of work has emerged recently, see e.g., [96, 124, 130], which proposes to work with explicit
approximations of the high-dimensional feature map ®. Specifically, given a kernel K : X' x
X — R and a corresponding feature map ® : X — H, one computes an explicit, low dimensional,
approximate feature map

®p : X > RP, where D is finite and D << dim(H), (6.5)
so that the corresponding kernel is approximately equal to the original kernel K, that is

(®p(x), Pp(y))rp = Kp(x,y) ~ K(x,y) V(x,y) € X x X, (6.6)

and so that as the feature dimension D — oo, the approximate kernel Kp approaches the true
kernel K, that is

Jim Kp(x,y) = K(x,y) VY(x,y) € X x X. 6.7)
—>00
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Having explicitly computed the approximate feature map ®p, we then use it directly as input
in the learning algorithms, which no longer involve the computation and processing of large
Gram matrices. We remark that the convergence stated in Eq. (6.7) can be either probabilistic,
as in the case of the random Fourier feature map approach in [96], or deterministic, as in the
case of the quasi-random Fourier feature map approach in [130]. It has been demonstrated, see
e.g., [96, 124, 130], that this approximation approach can substantially reduce the computational
cost of kernel methods, with relatively small loss in empirical performance.

We next show how to utilize the feature map approximation approach for reducing the
computational complexity of the affine-invariant Riemannian and Log-Hilbert-Schmidt dis-
tances. In particular, the approximate Log-Hilbert-Schmidt distance gives rise to an approx-
imate version of the two-layer kernel machine in Figure 6.1, which incurs considerably lower
computational costs while largely preserving the capability of the exact formulation. On the
other hand, we also show that the same approximation approach is generally zoz applicable to

the Log-Hilbert-Schmidt inner product.

6.3.1 APPROXIMATE LOG-HILBERT-SCHMIDT DISTANCE AND
APPROXIMATE AFFINE-INVARIANT RIEMANNIAN DISTANCE

In our current setting, we wish to reduce the computational cost of the exact infinite-dimensional
affine-invariant Riemannian distance and the exact infinite-dimensional Log-Hilbert-Schmidt
distance. As we saw in Section 5.2.2, to compute the exact Log-Hilbert-Schmidt distance be-
tween two infinite-dimensional covariance operators Co(x) and Ce(y), we need to compute the
three corresponding m x m Gram matrices, namely K [X], K[Y], and K[X, Y], and carry out the
SVD of the first two matrices, with computational complexity O(m?). To reduce this compu-
tational cost, we employ finite, low-dimensional covariance operators to approximate the infinite-
dimensional covariance operators Ce(x) and Cecy). The exact Log-Hilbert-Schmidt distance
between Cox) and Co(y) is then approximated by the Log-Euclidean distance between the
corresponding approximate covariance operators. This approach was first presented in [84] and
is further extended upon in [83]. Similarly, the exact infinite-dimensional affine-invariant Rie-
mannian distance between Co(x) and Ce(y) is approximated by the finite-dimensional affine-
invariant Riemannian distance between the corresponding approximate covariance operators.

Approximate covariance operator. The low-dimensional, approximate covariance opera-
tor of Ce(x) can be computed via the approximate feature map ®p in Eq. (6.5) as follows. Note
that at the moment we are referring to an abstract, general feature map ®p. A concrete example
of ®p, namely the Fourier feature map, along with its implementation, will be presented in de-
tail later in Section 6.3.5. Applying the map ®p to the original data matrix X = [x1, ..., Xm],
we obtain the corresponding feature matrix

dp(X) = [Dp(x1),. .., Pp(xm)] (6.8)
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of size D x m, and the corresponding approximate covariance operator is given by

] A A

Copx) = E<1>D(X)J,,,<1>D(X)T :R? - RP. (6.9)
This is a symmetric positive semi-definite matrix of size D x D. By the assumption that
D << H, this matrix is much smaller than the potentially infinite matrix Ce(x) of size dim(#) x
dim(H).

Approximate Log-Hilbert-Schmidt distance. Given two covariance operators Ce(x) and
C oY) and t}.IG.II' corresponding approxirrllate covariance operators Cg, _ and_ Cs,, (v)> the Log-
Euclidean distance between the approximate operators C bp (%) and C by (v) 18 then used as the
approximate version of the Log-Hilbert-Schmidt distance between the infinite-dimensional co-
variance operators Co(x) and Ce(y). Specifically, the following is taken as an approximate version

of the Log-Hilbert-Schmidt distance given in Eq. (5.51)
legE[(C&;D (X) +yIp), (C&;D (Y) + wuip)]
= |108(Ca, ) + 710) ~108(Co, ) + 11n) - (6.10)
Approximate affine-invariant Riemannian distance. Similarly, the finite-dimensional
affine-invariant Riemannian distance between Cg ) and Cy () is used as the approximate
version of the infinite-dimensional affine-invariant Riemannian distance between Cg(x) and
Co(y)- Specifically, the following is taken as an approximate version of the affine-invariant Rie-
mannian distance in Eq. (5.38)
daiE[(C&D(X) + vIp), (C&D(Y) + uip)]
= [[1og[(Cs, x) + VID)_I/Z(C@D(Y) + ulp)(Cy, x) + vIp) V| F. (6.11)
Convergence of the approximations. We need to determine whether the Log-Euclidean

distance in Eq. (6.10) is a consistent finite-dimensional approximation of the Log-Hilbert-
Schmidt distance in Eq. (5.51), in the sense that

Jim [108(Cy, ) + 710) ~108(Co, vy + 1ID)]|
= [[10g(Cox) + v1n) —10g(Cocy) + (13| |ens. (6.12)
Likewise, we need to determine whether the following convergence holds
Dlgnoo I log[(C&D(X) + VID)_I/Z(C&;.D(Y) + /LID)(C&D(X) + )’ID)_I/Z]HF
= ll0gl(Caro + v1)™"2(Cany + 110)(Capo + vH) ™ Pllens. (6.13)

It turns out that, in general, both of these convergences are nor valid. This fact stands in
sharp contrast to the assumption stated in Eq. (6.7) on the approximability of the exact ker-
nel value K(x, y) by the approximate kernel Kp(x,y), which is satisfied by many approxima-
tion schemes in practice, including the random Fourier feature approximation [96] and the
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quasi-random Fourier feature approximation [130]. This is because, as pointed out by [76], the
infinite-dimensional Log-Hilbert-Schmidt distance is generally zof obtainable as a limit of the
finite-dimensional Log-Euclidean distance as the dimension approaches infinity, and the same
is true regarding the infinite-dimensional and finite-dimensional affine-invariant Riemannian
distances, as pointed out in [78].

Specifically, we have the following divergence result, first proved in [84].

Theorem 6.3 [84]. Assume thaty # p, y > 0, u > 0. Then, for the approximate Log-Hilbert-
Schmidt distance,

Jim. ”log (C&,D 0+ )/ID) —log (C&,D o+ ,uID) HF = oo (6.14)

'The following is the corresponding divergence result for the approximate affine-invariant
Riemannian distance.

Theorem 6.4  Assume thaty # u, y > 0, u > 0. Then, for the approximate affine-invariant Rie-
mannian distance,

: R —-1/2 . R —-1/2 _
Dh—r>noo I IOg[(ngD(x) + yIp) (Cch(Y) + MID)(Cch(X) + vIp) IllF = oo. (6.15)

Proof. See Appendix A.5. ]

'The infinite limits in Theorems 6.3 and 6.4 show that in general, Eq. (6.7), which states
the convergence of the approximate kernel value Kp(x,y) to the exact kernel value K(x, y) as
D — o0, is not sufficient to guarantee the convergence of the approximate Log-Hilbert-Schmidt
distance to the exact Log-Hilbert-Schmidt distance, or the convergence of the approximate
affine-invariant Riemannian distance to the exact infinite-dimensional version.

Both of these convergences are in fact non-trivial and are only valid in the following sce-
nario. In the regularized covariance operators (C é,x) T VD) and (C &, (y) T 1ID), we assume
that the regularization parameters are the same, that is y = w. This is a mild assumption that is
also practically reasonable and realizable. In this setting, we obtain the desired convergence for
the approximate Log-Hilbert-Schmidt distance, as stated in the following result.

Theorem 6.5 [84]. Assume thaty = ju > 0. Then, for the approximate Log-Hilbert-Schmidt dis-

tance,

Jim [108(Cy, ) + 710) = 108(C, vy + ¥1p) |,
= |[1og(Cox) + v13) —10g(Cary) + v13)lens. (6.16)
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The following is the corresponding convergence result for the approximate affine-invariant
Riemannian distance.

Theorem 6.6  Assume that y = ju > 0. Then, for the approximate affine-invariant Riemannian
distance,

Dh—r>noo || IOg[(CéD(X) + VID)_I/z(C&;.D(Y) + VID)(C&;D(X) + VID)_l/Z]HF
= [[log[(Cox) + ¥I%) " *(Caryy + Y1) (Cox) + vIn)?]l|ens- (6.17)

Proof. See Appendix A.5. O

Mode of convergence. We remark that the mode of convergence in Theorems 6.3, 6.4,
6.5, and 6.6 is the same as that in Eq. (6.7) on the convergence of the approximate kernel
Kp(x, y) to the exact kernel K(x, y) as D — 0o, which is either probabilistic, e.g., if the random
Fourier feature map [96] is used in Eq. (6.7), or deterministic, e.g., if the quasi-random Fourier
feature map [130] is used in Eq. (6.7).

Practical implication. With Theorems 6.3, 6.4, 6.5, and 6.6 as theoretical guidance, for
consistent finite-dimensional approximations of the affine-invariant Riemannian distance and
Log-Hilbert-Schmidt distance in practice, we need to use the same regularization parameter
y > 0 to compute the approximate affine-invariant Riemannian distances and approximate Log-
Hilbert-Schmidt distances between all regularized approximate covariance operators (Cg, () +

vIp).

Remark6.7 In[33], the authors proposed two methods: (i) Nearest Neighbor using effectively
the approximate affine-invariant Riemannian distance given in Eq. (6.19) with y = 4 = 0 and
(ii) the CDL algorithm in [127] using the representation log(C &)D(X))' Both of these methods
require the assumption that Cy,  +, is positive definite. However, since Cy, |« has rank at most
m — 1 (see Section 1.1), when D > m, C&,D x) 18 always rank-deficient and neither its inverse
nor log can be computed. Thus, neither the CDL algorithm nor the approximate affine-invariant
Riemannian distance without regularization can be used when D > m. In other words, these

methods are nof consistent.
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6.3.2 COMPUTATIONAL COMPLEXITY

We now present the computational complexity analysis of the approximations of both the Log-
Hilbert-Schmidt distance, as given in Eq. (6.10), and the affine-invariant Riemannian distance,
as given in Eq. (6.11), along with the comparison on the scalability between the two approaches
to large datasets.

Computational complexity of the approximation of the Log-Hilbert-Schmidt dis-
tance. Consider first the approximate Log-Hilbert-Schmidt distance, as given in Eq. (6.10),
according to which we compute the following quantity

Hlog(C&)D o+ 7Ip) —108(Cy, ) + MID)”F . (6.18)

'The main computational cost in Eq. (6.18) is the SVD for (€4, x) +7Ip) and (Cs, vy T 1ID),
which takes time O(D?3). Since the matrices (Cs,x) t7Ip) and (C4, vy T #Ip)in Eq. (6.18)
are uncoupled, if we have N data matrices {X;,..., Xy}, in order to compute their pairwise
approximate Log-Hilbert-Schmidt distances using Eq. (6.18), we need to compute an SVD
for each (Cs,, xy TV p), which enables us to compute log(Cy xy TV p), then compute all
the pairwise distances in the corresponding set of matrices {log(Cy x, TV p)}, with total
computational complexity O(ND?).

We recall that for N pairs of data matrices, the computational complexity of the exact
Log-Hilbert-Schmidt formulation [76] and the RKHS Bregman divergences [44] is of order
O(N?m?3). Thus, for D < m and N large, the approximate Log-Hilbert-Schmidt formulation
will be much more efficient to compute than both the exact Log-Hilbert-Schmidt and the
RKHS Bregman divergences (see [84] for the actual running time comparison between the
approximate and exact Log-Hilbert-Schmidt formulations)

Computational complexity of the approximation of the affine-invariant Riemannian
distance. Consider now the approximate affine-invariant Riemannian distance, as given in
Eq. (6.11), according to which we compute the following quantity:

Hlog [(Capx) + 71D) ™ (Cap vy + 11D)(Chp 0 + ¥I0) 2] (6.19)

HF )
'The main computational cost in Eq. (6.19), which consists of a matrix square root and inver-
sion, two matrix multiplications and an SVD, is also O(D?). However, computationally, the
key difference between Eq. (6.18) and Eq. (6.19) is that in Eq. (6.18), (C&)D(X) + yIp) and
(Cs, vy + 1lp) are uncoupled, whereas in Eq. (6.19), they are coupled. Thus, if we have N data
matrices {Xi,..., Xy}, in order to compute all the pairwise approximate affine-invariant Rie-
mannian distances using Eq. (6.19), we need to compute an SVD for each pair (Cg , x.y + ¥ID),
(c bpx) T yIp), with computational complexity O(N2D?). Thus, on a set of N data matrices
{Xi,...,Xp}, the approximation of all the pairwise Log-Hilbert-Schmidt distances is O(N)
times faster than the approximation of all the pairwise affine-invariance Riemannian distances.
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Comparison of scalability. The above analysis shows that for a large set of matrices, it
is much faster to compute all the pairwise approximate Log-Hilbert-Schmidt distances than to
compute all the pairwise affine-invariant Riemannian distances. Moreover, since the two terms
log(C&,D x T yIp) and log(CéD(Y) + wlp) in Eq. (6.18) are uncoupled, they can be computed
in parallel, further speeding up the computation of the Log-Hilbert-Schmidt distances. Thus,
overall, in terms of computational complexity, the approximate Log-Hilbert-Schmidt distance
is much more efficient than the approximate afline-invariant Riemannian distance, especially on
large-scale datasets.

6.3.3 APPROXIMATE LOG-HILBERT-SCHMIDT INNER PRODUCT

We consider next the finite-dimensional approximation of the infinite-dimensional Log-
Hilbert-Schmidt inner product between the covariance operators Ce(x) and Co(y), as defined
by Eq. (5.58), namely

((Cox) + vIn), (Cocyy + 1130))10ghs = (10g(Cox) + vIn), 10g(Cacy) + i113))ens. (6.20)

As in the case of the approximate Log-Hilbert-Schmidt distance and approximate affine-
invariant Riemannian distance in Section 6.3.1, we consider approximating the Log-Hilbert-
Schmidt inner product ( )iogus in Eq. (6.20) by the finite-dimensional Log-Euclidean inner
product ( )1ogE, as defined by Eq. (2.70), between the approximate covariance operators Cg,
and C bp(Y) namely

(Cs,x) T VID) (Cg vy + 1ID))1oge = (108(C4  x) + ¥ID).10g(Cy vy + 1iD)) F-
(6.21)

Convergence of approximation. Assuming the approximation of the kernel K as given in
Eq. (6.6) and Eq. (6.7), we need to determine whether the approximation of the Log-Hilbert-
Schmidt inner product in Eq. (6.20) by the Log-Euclidean inner product in Eq. (6.21) is con-

sistent, in the sense that

Jim {108(Ca, ) + 10).108(Ca ) + 11D))
= (log(Cox) + v1n).10g(Cacy) + 1t13)), j1s - (6.22)

It turns out that this is only true in the special case y = u = 1. For all other values of
y > 0, u > 0, the left-hand side of Eq. (6.22) either approaches infinity or a finite limit that is
not equal to the right-hand side.

Specifically, we have the following result, first presented in [83].

Theorem 6.8 [83]. Assume that dim(H) = oo. Let y > 0, i > 0. There are four possible cases, as
Sfollows.
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)Ify = u =1, then

Jim (108(Cg, ) + 10):108(Ca v, + 1)),
= (log(Cox) + I1).108(Cay) + 1)),y - (6.23)

2)Ify =1, uw # 1, then

Jim {108(Ca, x) + 1) 108(Ca ) + #1D)) |

= (log(Cox) + 12).108(Coy) + i13)) g
1

+ (log p)tr [log (—JmK[X]Jm + Im)] . (6.24)
m

3)Ify #1, u =1, then

Jim (108(Cy, ) + ¥10). 108(Ca ) + 1))

= (log(Cox) + v1n).10g(Cary) + 1)) y1g
1

+ (log y)tr [log (—JmK[Y]Jm + Im)i| . (6.25)
m

4 Ify #1, uw # 1, then

Jim <log(C&>D 00+ 7Ip)108(Cy, 1y, + ,uD)>F = +00. (6.26)
The limiting value on the right-hand side of Eq. (6.26) depends on the sign of (logy)(log p). If
(logy)(log ) > 0, then this limit is +-00. If (log y)(log ) < 0, then this limit is —oo.

Implications of Theorem 6.8 for the approximation of positive definite kernels de-
fined using the Log-Hilbert-Schmidt inner product. The results stated in Theorem 6.8
mean that except in the special case y =pu =1, it is mof possible to approximate
positive definite kernels which are functions of the infinite-dimensional Log-Hilbert-
Schmidt inner product (log(Cex) + ¥1#).108(Cacy) + 113)) g by their natural correspond-
ing finite-dimensional versions, which are functions of the Log-Euclidean inner product

<log(C&)D(X) + yIp), log(C&)D(Y) + ;LID)>F. This is true in particular for the linear kernel, that

is the Log-Hilbert-Schmidt inner product itself, and polynomial kernels, namely kernels of the
form

d
((log(Caxy + ¥In).log(Cocy) + ln))ens +¢)° ., ¢ >0, d € N.
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In fact, for these kernels, in the case y # 1, # 1, y > 0, > 0, the corresponding finite-
dimensional versions, namely kernels of the form

d
(<10g(C<i>D(X) + )’ID)’IOg(C&;D(Y) + plp))F + C) , ¢>20,deN,

will approach +o00 as D — oo.

6.3.4 TWO-LAYER KERNEL MACHINE WITH THE APPROXIMATE
LOG-HILBERT-SCHMIDT DISTANCE

Having theoretically analyzed the finite-dimensional approximations of the Log-Hilbert-
Schmidt distance, Log-Hilbert-Schmidt inner product, and affine-invariant Riemannian dis-
tance, along with their computational complexity, we now use this analysis as a guidance to
construct a new two-layer kernel machine, depicted in Figure 6.2. This machine is built so that
it mathematically approximates the exact two-layer kernel machine depicted in Figure 6.1, with
considerably lower computational cost, while at the same time largely preserves the capability
of the exact machine. It is based on the following steps.

Images Kernel  Infinite-Dimensional ~Log-E Distance Kernel SVM
Ky Covariance Operator Matrix K» Classification

Approximate
Finite-Dimensional
Material Covariance Operator

Inducing

Mapping
D
X e.g., €.8
Fish Gaussian Gaussian

Figure 6.2: Two-layer kernel machine with the approximate Log-Hilbert-Schmidt distance.

1. The first step is defining a positive definite kernel Ky in Figure 6.2, which induces an
implicit feature map ® from the original input space into an (infinite-dimensional) feature
space. For each input data matrix X, the map ® gives rise to the feature matrix ®(X) and
the corresponding covariance operator Co(x).
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For each input instance x, we compute the approximate feature map ®p (x) (we describe
two methods for computing the approximate feature map in Section 6.3.5). For each data
matrix X, we then obtain the approximate feature matrix ®p(X), defined by Eq. (6.8) and
the corresponding approximate covariance operator C bpX) of Ce(x), defined by Eq. (6.9).

2. Next, for two data matrices X and Y, we compute the finite-dimensional Log-Euclidean
distance

I log(C&D(X) +ylp) — log(C&D(Y) + ulp)l|F.

By Theorems 6.3 and 6.5 in Section 6.3.1, this distance consistently approximates the
infinite-dimensional Log-Hilbert-Schmidt distance ||log(Ceox) + vI#) — log(Cacy) +
wly)|lens if and only if y = p > 0.

3. 'The previous step in turns implies that, for y = p > 0, the generalized Gaussian kernel
exp(—||log(Cox) + yIn) —1log(Cocy) + vI30)||P4s/0?), 0 < p < 2, which is defined on
the infinite-dimensional manifold X (H), is consistently approximated by the correspond-
ing kernel exp(—|| log(C , x) + ¥ID) —108(Cg () + yIp)||%/0?), which is defined on
the finite-dimensional manifold Sym™* (D).

Thus, as an example, we can choose as K in Figure 6.2 the following positive definite
kernel:

exp(—||10g(C, ) + ¥ID) =108(Cs ) + ¥ID)I[5/0D). 0<p<2.  (627)

with p = 2 giving the Gaussian kernel and p = 1 giving the Laplacian kernel.

'The same line of reasoning is valid if the generalized Gaussian kernel is replaced by any
continuous positive definite shif-invariant kernels defined on X (), under the assumption
that all covariance operators share the same regularization parameter y > 0.

4. Based on the results of Theorem 6.8 and its implications discussed in Section 6.3.3, when
defining the kernel K> in Figure 6.2, we exclude kernels defined using the Log-Euclidean
inner product of approximate covariance operators, since they generally do not converge
to the corresponding kernels defined using the Log-Hilbert-Schmidt inner product of
covariance operators and in fact often diverge to infinity.

5. Having defined the positive definite kernel K,, we can then apply any kernel methods
from machine learning using this kernel, such as SVM classification.

'The approximate Log-Hilbert-Schmidt distance is chosen over the approximate affine-
invariant Riemannian distance for the following reasons.

1. It is much more straightforward to define positive definite kernels using the approximate

Log-Hilbert-Schmidt distance, by the discussion in Chapter 3.
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2. For large-scale datasets, the approximate Log-Hilbert-Schmidt distance can be computed
much more efficiently than the approximate affine-invariant Riemannian distance, by the
complexity analysis in Section 6.3.2.

A concrete realization the two-layer kernel machine depicted in Figure 6.2 is presented in
the next section.

6.3.5 CASE STUDY: APPROXIMATION BY FOURIER FEATURE MAPS

In the following, we assume that we have as input data matrices of the form X = [x1,..., Xp]
of size n x m, with each matrix representing one input instance. A concrete implementation of
the kernel machine in Figure 6.2 involves a choice of the kernel K, along with an approximate
teature map <i>D, and a choice of the kernel K,.

For the kernel K>, as discussed in Section 6.3.4, we choose a shift-invariant kernel, e.g.,
the one defined in Eq. (6.27).

The choice of the kernel K; is more flexible. If we choose K to be shift-invariant, then
two general methods for computing the approximate feature map ®p are Random Fourier fea-
tures [96] and Quasi-random Fourier features [130], which we now describe (see the discussion
below for other choices of kernels and feature maps).

Random Fourier feature maps. This is the approach first proposed in [96] for comput-
ing approximate feature maps ®p of shift-invariant kernels. Let K : R” x R” — R be a con-
tinuous positive definite kernel of the form K(x,y) = k(x — y), for some continuous positive
definite function k : R” — R. A fundamental result for such a function is Bochner’s Theorem,
see e.g., [97], which states that k is positive definite if and only if it is the Fourier transform of
a finite positive measure p on R”, that is if and only if

k(x) = / e HOX) dp(w), (6.28)
R}’l
so that
Koy =k =) = [ e dp(w) (6.29)

— [ 200 (@). where go(x) = e,
R7
Without loss of generality, we can assume that p is a probability measure on R”, so that

K(x,y) = Eo~plpo(x)d(¥)]. (6.30)

By symmetry, K(x,y) = %[K(x, y) + K(y,x)], so that by the relation %[e‘i(“”)‘_y> +
e {@X=)] = cos({w, x — y)) we have

K(x,y) = /Rn cos((w, x — y)dp(®) = Ep~plcos((w, x — y))]. (6.31)



6.3. APPROXIMATE METHODS 119

Motivated by the expectation interpretation of K(x, y), in order to approximate K(x,y), we
can randomly sample D points {w; }]D:l independently from the distribution p and compute the
empirical version

D
Rp(x.3) = 5 3 cos(fwy, x ). (632)
j=1

By the law of large numbers, Eq. (6.7) is satisfied, namely
Dhm kD(X, y) = K(X, J’),

where the convergence is almost surely for each fixed pair (x, y) € R" x R” (see [96] for the
original convergence analysis, and [112, 114] for improved, optimal convergence rates).

Let W = (w1,...,wp) be a matrix of size n x D, with each column w; € R” ran-
domly sampled according to p. Motivated by the cosine addition formula, cos((w;,x — y)) =
cos(w;, x) cos(wj, y) + sin(wj, x) sin{w;, ), we define

cos(WTx) = (cos{wj, x) ]D:l eRP, (6.33)
sin(W7x) = (sin(w;, x))7; € RP. (6.34)

The desired approximate feature map is the concatenation of these two vectors, that is
- 1 [(cos(WTx) 2D
) = — R .

which obviously satisfies

(®p(x), Dp(»)) = Kp(x,),

which is the assumption stated in Eq. (6.6).

For computational purposes, we assume further that the probability distribution p has a
density, which we also denote by p. If the function k : R” — R is integrable, then the density p
is uniquely determined as the inverse Fourier transform of k, that is

1
(2m)"

p(w) = /R ) k(x)e' ¥ dx. (6.36)

— ||x—y||2 . . . . .
In the case of the Gaussian kernel K(x,y) =e o2 , which is used in the experiments in

Section 6.4 below, p is a multivariate Gaussian probability distribution with mean zero and
density function given by

() = (zgzne_w ~N (0, 032) (6.37)
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Quasi-random Fourier feature maps. The Random Fourier feature maps presented
above arise from the Monte-Carlo approximation of the kernel K expressed as the integral in
Eq. (6.29), using a random set of points w;’s sampled according to the distribution p. An alter-
native approach, first proposed in [130], employs the methodology of Quasi-Monte Carlo in-
tegration [26], in which the w;’s are deterministic points arising from a low-discrepancy sequence
in [0, 1]”. Having generated the w;’s, 1 < j < D, the approximate feature map ®p is then con-
structed in the same way as in the case of random Fourier features, namely by Eq. (6.35). We

describe this approach in detail in Appendix A.4.

Algorithm 6.3 Two-layer kernel machine with the approximate Log-Hilbert-Schmidt distance,
as depicted in Figure 6.2. In the algorithm, steps 2 and 3 are fixed, whereas step 1 depends on
the choice of kernel K; and feature map ®p, and step 4 depends on the choice of kernel K.

Input: Set of N data matrices X;, 1 <i < N, each of size n x m

(For image classification, each image gives rise to one such data matrix X;, with each column
being a feature vector extracted from the image.)

Output: Kernel matrix (used as input to a kernel method, e.g., SVM classification)
Parameters:

Positive definite kernels K1, K,, where K5 is shift-invariant

Regularization parameter y > 0

Approximate feature dimension D

Procedure:
1. For each data matrix X; = [xj1,...,Xim], compute the feature matrix o X;) =
[Pp(Xi1). ..., Pp(xim)] where ®p(x;;), 1 <i < m, is the approximate feature of x;; in-

duced by the kernel K, computed according to, e.g., Eq. (6.35).

2. With the feature matrix ®p (X;), compute the corresponding approximate covariance op-

erator Cg, X according to Eq. (6.9).

3. For each pair of approximate covariance operators Cépx) and C&D(X_,»)’ compute the

corresponding approximate Log-Hilbert-Schmidt distance, according to Eq. (6.10), using
the same regularization parameter y > 0.

4. Using kernel K, compute a kernel matrix using the

above approximate Log-Hilbert-Schmidt distances, e.g., according to Eq. (6.27).

Other choices of kernels and feature maps. The random Fourier and quasi-random
Fourier feature maps are two general methods for computing approximate feature maps of shift-
invariant kernels. In the literature on kernel approximation, other feature maps have been studied
and can be readily employed in the current framework. Examples include the feature maps for
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additive homogeneous kernels proposed in [124] and the random feature maps for inner product
kernels proposed in [59].

Complete implementation pipeline. Having defined the kernels K, K>, and computed
the approximate feature map ®p corresponding to kernel K, the two-layer kernel machine
in Figure 6.2 can be readily implemented and applied to a practical application. The complete
pipeline for this framework is summarized in Algorithm 6.3. Actual numerical results obtained
using this algorithm are presented in Section 6.4 below.

6.4 EXPERIMENTS IN IMAGE CLASSIFICATION

In this section, we present several numerical experiments to illustrate the two-layer kernel ma-
chines in Figures 6.1 and 6.2. These experiments were reported in [76, 83, 84].

Fish recognition. We apply the framework described here to the task of Fish recognition,
using the Fish Recognition dataset [12]. Samples from this dataset are displayed in Figure 6.3.
'The fish data are acquired from a live video dataset resulting in 27,370 verified fish images. The
whole dataset is divided into 23 classes. The number of images per class ranges from 21-12,112,
with a medium resolution of roughly 150 x 120 pixels. The challenges in the recognition task
are due to the significant variations in color, pose, and illumination inside each class.

Two experiments were carried out. In the first experiment, we resized each image to 128 x
128 and sampled from m = 1,024 pixels using a coarse 4 x 4 grid, that is every 4 pixels in
the horizontal and vertical directions. At the pixel location (x, y), the following 3-dimensional
feature vector of the color channels Red, Green, and Blue was extracted

f(x,y) = [R(x,y),G(x, ), B(x, y)]. (6.38)

We randomly selected 5 images from each class for training and 15 for testing, repeating the
entire procedure 10 times. The classification was carried using Gaussian SVM (except with
Stein), with the Euclidean distance, Log-Euclidean distance, Hilbert-Schmidt distance, ex-
act Log-Hilbert-Schmidt distance, and approximate Log-Hilbert-Schmidt distance. For the
last three distances, the kernel K in the first layer is the Gaussian kernel. The approximate
Log-Hilbert-Schmidt distance was implemented using both the random and quasi-random
Fourier feature approaches, with the feature dimension D = 200. All parameters were chosen by
cross-validation. For the experiments using the symmetric Stein divergence (Szein), the Nearest
Neighbor approach was used.

In the second experiment, the CNN features from [47] were used. We randomly selected
5 images from each class for training and used the rest of the images for testing. The two ap-
proximate Log-Hibert-Schmidt distance methods were tested using the same protocol as in the
previous experiment.

'The classification accuracies are reported in Table 6.2.

Further experiments with the KTH-TIPS2b and ETH-80 datasets. Table 6.3, on the

other hand, is an extension of Table 3.2 in Section 3.4. In this table, we report results on the task
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Figure 6.3: Samples from each of the 23 classes of the Fish Recognition dataset [12].

of image classification using the KTH-TIPS2b and ETH-80 datasets, obtained using Gaus-
sian SVM, with the Hilbert-Schmidt distance and approximate Log-Hilbert-Schmidt distance.
In both cases, the kernel K in the first layer is the Gaussian kernel. The approximate Log-
Hilbert-Schmidt distance was implemented using both the random and quasi-random Fourier
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Table 6.2: Experimental results obtained on the task of image classification on the Fish recogni-
tion dataset. The classification was carried out by SVM classification with the Gaussian kernels,
defined using the Euclidean distance (E), Log-Euclidean distance (Log-E), Hilbert-Schmidt
distance (HS), approximate Log-Hilbert-Schmidt distance with quasi-random Fourier features
(QApprox-LogHS), approximate Log-Hilbert-Schmidt distance with random Fourier features
(Approx-LogHS), and exact Log-Hilbert-Schmidt distance (Log-HS). By comparison, the ex-
periments Stein, using the symmetric Stein divergence, were carried out using the Nearest
Neighbor approach. The two entries Approx-LogHS (CNN) and QApprox-LogHS (CNN) were
experiments tested with CNN features.

Method Accuracy

E 26.9% (+3.5%)
Stein 43.9% (+3.5%)
Log-E 42.7% (+3.4%)
HS 50.2% (+2.2%)
Q Approx-LogHS 54.3% (+3.4%)
Approx-LogHS 53.9% (+4.3%)
Log-HS 56.7% (+2.9%)
O Approx-LogHS (CNN) | 74.6% (£3.6%)
Approx-LogHS (CNN) 75.3% (+3.5%)

teature approaches, with the feature dimension D = 200. All parameters were chosen by cross-
validation.

Running time in comparison with the exact Log-Hilbert-Schmidt distance. We carried
out a comparison of running time in the first experiment with the Fish data set. This shows that
both Approx LogHS and QApprox LogHS incur much smaller computation costs compared to the
exact Log-Hilbert-Schmidt distance. Using a MATLAB implementation on an Intel Xeon E5-
2650, 2.60 GHz PC, we obtained a speed up of 30 times with QApprox LogHS (Train: 6.7 sec.
Test: 18 sec.) and more than 50 times with Approx LogHS (Train: 3.6 sec. Test: 9.9 sec.) with
respect to the baseline Log-Hilbert-Schmidt (Train: 175.7 sec. Test: 565.1 sec.).

Results. As can be seen in both Tables 6.2 and 6.3, there are generally strong improve-
ments when one moves from the Euclidean to the Log-Euclidean and the Hilbert-Schmidt
to the Log-Hilbert-Schmidt framework. More importantly, there are generally substantial
improvements when one moves from the finite-dimensional setting (Euclidean and Log-
Euclidean) to the infinite-dimensional setting (Hilbert-Schmidt and Log-Hilbert-Schmidt).
'The improvement of the Log-Hilbert-Schmidt distance, both exact and approximate, frame-
work over the Euclidean distance framework is particularly remarkable, which clearly demon-
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Table 6.3: Experimental results obtained on the task of image classification on the KTH-
TIPS2b and ETH-80 datasets. The classification was carried out by SVM classification with
the Gaussian kernels, defined using the Euclidean distance (E), Log-Euclidean distance (Log-
E), Hilbert-Schmidt distance (#S), approximate Log-Hilbert-Schmidt distance with quasi-
random Fourier features (QApprox-LogHS), and approximate Log-Hilbert-Schmidt distance
with random Fourier features (Approx-LogHS). By comparison, the experiments Stein, using
the symmetric Stein divergence, were carried out using the Nearest Neighbor approach.

Method | KTH-TIPS2b| ETH-80
E 55.3% (+7.6%) | 64.4% (+0.9%)
Stein 73.1% (+8.0%) | 67.5% (+0.4%)
Log-E 74.1% (£7.4%) | 71.1% (1.0%)
HS 79.3% (+8.2%) | 93.1% (+0.4%)
Q Approx-LogHS 83.4% (£5.6%) | 94.9% (+0.6%)
Approx-LogHS 83.6% (+5.4%) | 95.0% (+0.5%)

strates the power of the infinite-dimensional covariance operator approach. We also observe
that the use of the approximate Log-Hilbert-Schmidt distance, which is much faster to com-
pute than the exact Log-Hilbert-Schmidt distance, results in relatively small loss in practical
performance. Lastly, the CNN features from [47] can be seen to be much more descriptive than
the three color features R, G, and B.

6.5 SUMMARY

In this chapter, we presented the following concepts.

1. A two-layer kernel machine using the Hilbert-Schmidt distance/inner product and the
Log-Hilbert-Schmidt distance/inner product, with particular attention paid to the Log-
Hilbert-Schmidt distance/inner product, which are intrinsic to positive definite operators.

2. A two-layer kernel machine with the finite-dimensional approximate Log-Hilbert-
Schmidt distance, which is more computationally efficient than the exact Log-Hilbert-
Schmidt distance while largely preserving its capability. We also show that this approxi-
mation approach is nof applicable to the exact Log-Hilbert-Schmidt inner product.

3. We also show that, on large datasets, it is much more efficient to compute the approx-
imate Log-Hilbert-Schmidt distance than the approximate affine-invariant Riemannian
distance. The mathematical analysis is accompanied by a concrete implementation using
the random and quasi-random Fourier feature maps.
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4. 'The theoretical framework is accompanied by numerical experiments in image classifica-
tion, which demonstrate substantial improvements of the infinite-dimensional covariance
operator setting over the finite-dimensional covariance matrix framework in Chapter 3.
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CHAPTER 7

Conclusion and Future

Outlook

We presented a methodical survey of the data representation framework using covariance ma-
trices and its generalization to infinite-dimensional covariance operators. Mathematically, we
focused in particular on the geometry of covariance matrices and covariance operators and dis-
cussed the distances and divergences that arise by viewing them as Riemannian manifolds and
convex cones. Computationally, we focused on kernel methods on covariance matrices and co-
variance operators and illustrated them with applications in computer vision. We showed that
infinite-dimensional covariance operators, which model non/inear correlations in the input data,
can substantially outperform finite-dimensional covariance matrices, which only model /inear
correlations in the input. This performance gain comes at higher computational costs and we
showed how to substantially decrease these costs via approximation methods.

We believe that the study of covariance matrices and covariance operators and their ap-
plications is a fruitful area of research. Some potential directions for future research include the
tollowing.

Applications of covariance operators. In this book, we focused on the applications of co-
variance operators in computer vision. However, given the numerous applications of covariance
matrices in various domains, including statistics, machine learning, image and signal processing,
to name just a few, we expect that the current mathematical framework for covariance operators
will find many more applications beyond those we have presented here.

Covariance matrices and covariance operators in deep learning. So far in the literature,
most authors have considered handcrafted features of images in building covariance descriptors.
Recently, covariance matrices of convolutional neural network (CNN) features have been em-
ployed as part of deep networks with end-to-end-learning [53, 131]. In our ongoing work [83],
we applied the covariance operator framework to CNN features, with significantly better re-
sults than the same framework applied on handcrafted features. In [126], which was carried out
concurrently with our work in [84], the authors also reported empirical results on covariance op-
erators of CNN features that are substantially better than methods using handcrafted features.
Given the success of deep learning methods, this direction is certainly worth exploring, both
theoretically and computationally.

Connection between the geometry of positive definite operators and the geometry of
infinite-dimensional Gaussian measures. As we have shown, in the finite-dimensional set-
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ting, there is a close connection between the affine-invariant Riemannian metric on the man-
ifold of n x n SPD matrices and the Fisher-Rao metric on the statistical manifold of Gaus-
sian measures with zero mean in R”. Similarly, there is a close connection between the Alpha
Log-Determinant divergences on the convex cone of SPD matrices and the Rényi divergences
between Gaussian measures with zero mean. Thus, it would be of interest to explore this con-
nection in the infinite-dimensional setting. We will present initial results in this direction in an
upcoming work.
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APPENDIX A

Supplementary Technical

Information

A.1 MEAN SQUARED ERRORS FOR EMPIRICAL
COVARIANCE MATRICES

We briefly review here the concepts of mean squared error (MSE), bias, variance, and bias-variance
tradeoff from the theory of statistical estimation (see, e.g., [15] for further detail). For an esti-
mator 6 of a real-valued parameter 6, its MSE with respect to 6 is defined to be

MSE(f) = Eg(6 — ). (A1)
'The MSE decomposes into two components

MSE(8) = [Eg(8) — 61> + Eg[6 — Eg(0)]? = [biasg(0)]? + varg(d). (A.2)

with the bias, defined by biasg| 0) = Eg(é) 6, measuring the accuracy of the estimation and
the variance, defined by varg 0) = Eg [9 Eg (9)]2 measuring the precision of the estimation.
In the more general case where 6, § are matrix-valued, with 6, § € R"*™ for some m.,n €

N, the MSE is defined in terms of the Frobenius norm by
MSE(9) = E||6 — 0|3 = Etr[(d — 0)T (6 — 0)]. (A.3)
which decomposes into
MSE(9) = |[Eq(6) — 0113 + Eoll6 —Eg (D)1 = [biasg(D)* + vare(d).  (A4)

with the bias ofAGA defined to be biasg () = ||E¢() — 0]| and the variance of § defined to be
varg(0) = Eg[|0 —Eg(0)]7-

An estimator with low MSE must have both small bias and small variance. It can happen
that a small increase in bias may lead to a larger decrease in variance, or vice versa, leading to an
improvement in the MSE. This phenomenon is called the bias-variance tradeoff. This happens
under the Gaussian distribution, where the biased MLE estimate Cx has smaller overall MSE
than the unbiased estimate Cx, since it has smaller variance.
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In the following, we assume that in the data matrix X = [x1,...,x,], the columns x;’s
are sampled IID from a Gaussian distribution N'(u, C) on R”, with u € R” and C being an
n x n SPD matrix.

Lemma A.1  Assume that m € N, m > 2. Then for Cx = % Z,m:l(xi — pux)(x; — MX)T and
Cx = ﬁ Yo (i = px)(xi — ux)T, the MSEs are given by
m—1 1 - 1
E[|Cx — Clf} = == [tr(O)F + —tr(C?) < El[Cx ~Cllf = —AIw(©)F +tr(CP)}
(A.5)

with the variances given by

(m—1)

m2

var(Cx) = {[tr(C)]* + tr(C?)} < var(Cx) = ﬁ {[tr(C)]* + tr(C?H}.  (A6)

More generally, for the empirical covariance matrix of the form éc,X =c Y (i — px)(xi — ux)T,
c € R, its MISE is given by
IE||CA‘C,X —Cl|% = c2(m — D[tr(C))* + [c*m(m — 1) — 2¢(m — 1) + 1]tr(C?)
= [bias(éc,x)]2 + var(éc,x), (A.7)
where the bias and variance of éc,X are given by
[bias(Cex)]? = [1 — c(m — D]*tr(C?), var(Cex) = ¢*(m — 1) {[tr(C)]* + tr(C?)} . (A.8)
The MISE ofCA'C,X has global minimum value at the point c* given by

1 tr(C? 1
—— <c*= i) < . (A.9)
m+n [tr(C)]? + mtr(C?)] — m + 1
with equality on the right-hand side if and only if [tr(C)|* = tr(C?) and equality on the lefi-hand
side if and only if C is a multiple of the identity matrix I.

For the degenerate case m = 1, Eq. (A.7) gives E||Cex — C||% = tr(C?) = ||C||% Vc €
R, which is obviously true, since CA'C,X = Onxn, the zero n x n matrix. Thus, Eq. (A.7) is also
valid for the case m = 1. We see immediately that C, x is unbiased if and only if ¢ = —L_ in
which case the bias term vanishes. In the univariate case, i.e., n = 1, we have [tr(C)]? = tr(C?),
so that the global minimum of the MSE is ¢* = . In general, since C is unknown, the exact

value of ¢* is also unknown, but the inequalities —— < ¢* < mirl are always valid and tight.

+n
Proofof Lemma A.1. Let W, (d, ¥) denote the Wishart probability distribution on the cone of
n x n SPD matrices, with d degrees of freedom and associated matrix X (see e.g., [30, 54]). As
shown in [54], the MLE estimates ux and Cx satisfy

1
/“LXNN('U“’n_,,C)’ mCx ~ Wy(m —1,C). (A.10)
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By Formula (3.130) in [54],

E(mCx) = (m — 1)C = E(Cx) = mT_lc.

From [71] (Theorem 4 and the subsequent discussion), we have for U ~ W, (m, %),
E(U?) = mZtr(Z) + m(m + 1) T2, (A.11)
Thus with mCx ~ Wy, (m — 1, C), we have

Em*Cg) = (m — 1)Ctr(C) + (m — h)mC?>

m —

1 -1
= E(C}) = Z——Cu(C) + Z—c2. (A.12)
m m
It thus follows by the linearity of the trace operation that

E[|Cx — C||3 = Etr(Cx — C)* = E[tr(Cg — 2CxC + C?)]
—1 1
= tr[E(C2 — 2CxC + C3)] = 2~ [tr(C)]? + —t2(C?),
m

2
giving us the first part of Eq. (A.5). The variance of Cx is

m—1 m—1
CllF =

var(Cx) = E||Cx — E(Cx)||% = E[|Cx — ——
m

(O + mm—_zltr(Cz).

Similarly,

~ m 2 m? 2m
E||Cx —C||> =E Cx—C| =E|tr| ——C2— —CxC+C?
1Ex Il Hm—l x HF |:r((m—l)2 X m—1 ¥ + )]

_ ! [tr(C))* + tr(C?) = var(Cx),

m—1 m—1

giving us the second part of Eq. (A.5).
In general, for éc,X =c Y3 (i — px)(x; — ux)T = emCx, with ¢ € R, we have
f(c) = [E||CA’C,X —C||3% = E|lemCx — C||3 = Etr[c?m?Cg — 2emCxC + C?]
= c2(m — D[tr(C)? + [c®m(m — 1) — 2c(m — 1) + 1]tr(C?)
= [bias(Ce.x))? + var(Cex).

where the bias and variance of C, x are given by

bias(Cex))” = [IC —E(Cex)ll = |IC = c(m = DC|F = [1 = c(n — DPPtx(C?),
var(Cex) = E[|Cex — E(Cex)lIF = EllemCx — c(m = )C|[%
= c2(m — D[tr(C)]* + c*(m — )tr(C?).
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For m > 2, by differentiating f(c), which is quadratic in ¢, we have

f'(c) = 2¢[(m — D) (tr(C))* + m(m — 1)tr(C?)] — 2(m — 1)tr(C?)

and it is straightforward to see that f is minimum at ¢* = m Let {Ax}7_, be the

eigenvalues of C, which are all non-negative, then we have

tr(Cz)—Z)Lz (Zxk) [tr(C)]2.

k=1

Thus, it follows that

B tr(C?) _ 1
T [ OPR Fmtr(C)] " m+ U

with equality if and only [tr(C)]? = tr(C?). Furthermore, by the Cauchy-Schwarz inequality,

we have

n
[tr(C)]? (Z /\k) <n (Z )L,zc) = ntr(C?),
k=1
with equality if and only if A; = --- = A,, which happens if and only if C is a multiple of the

identity matrix 7. It thus follows that

. tr(Cz) - 1
T (O +mtr(C2)] T mA4n’

This completes the proof. O

A.2 MATRIX EXPONENTIAL AND PRINCIPAL
LOGARITHM

In Egs. (2.36), (2.37), (2.38), and subsequently, exp(A) refers to the matrix exponential map,
which is well-defined for any matrix A € C"*" and is given by
exp : C" — C™", exp(A) = R
k=0

In Eq. (2.39) and subsequently in all the mathematical expressions in the rest of Chapter 2,
log(A) refers to the principal matrix logarithm of A, which is an inverse function of exp and is
defined as follows (see e.g., [49]). For any A € C™*", any matrix B € C™*" such that exp(B) =
A is called a logarithm of A. This matrix logarithm does not always exist, and when it does exist,



A.3. FRECHET DERIVATIVE 133

may not be unique. However, if A has no real negative eigenvalues, then there exists a unique
logarithm B of A with all eigenvalues of B lying in the horizontal strip {z : —7 < Im(z) < 7}
on the complex plane C. This is called the principal logarithm of A and we write B = log(A).
For A € Sym™*(n), its principal logarithm log(A4) has a particularly simple form. Let
{Ak}7 _, denote its eigenvalues, which are all positive, arranged in decreasing order, with corre-
sponding orthonormal eigenvectors {u }¥ _,. Then 4 admits the spectral decomposition

n
A=) hwuf =UAUT,
k=1

where A = diag(A1,...,4,) and U = [uy, ..., ug]. The principal logarithm of 4 is then given
by

log(4) = Y " log(A)weu] = Ulog(A)UT, (A.13)
k=1

where log(A) = diag(log(A1), ..., log(1,)).

A.3 FRECHET DERIVATIVE

For completeness, we present the definition of the Fréchet derivative here, with particular at-
tention on the derivatives D exp of the matrix exponential map exp and D log of the principal
matrix logarithm log. The derivative D log, in particular, is part of the definition of the Log-
Euclidean Riemannian metric, as given in Eq. (2.62).

Let X and Y be two finite-dimensional normed spaces, with norms || ||x and || ||y, re-
spectively (for the infinite-dimensional treatment, see e.g., [57]). Let 2 C X be an open subset
and xg € Q. Then f is said to be Fréchet differentiable at x if there is a continuous linear map
Df(xo) : X — Y such that
oy 1S (X0 +h) — f(x0) = Df(xo) (W)lly

li
h—0 ||A]lx

=0. (A.14)

Such a linear map Df (xo), if it exists, is unique and is called the Fréchet derivative of f at x¢. The
simplest scenario is when X = Y = R, in which case for a function f which is differentiable at
Xo, its derivative is given by f "(x0) = Df(x0)(1).

Let X = R™", the space of all real n x n matrices, under the Frobenius norm. Then for
the function f : R"*" — R™" defined by f(A4) = A, k € N, it can be verified that for any
fixed A9 € R™", the Fréchet derivative of f at Ay is given by

Df(Ao)(A) = AK71A + AK=24A0 + .- + A4~ 4 e R (A.15)
In particular, for f(A4) = A, we have
Df(Ag)(A) = A <= Df(Ap) =id VAg € R™*",
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where id on the right-hand side denotes the identity operator mapping R"*” to R™*".
For the exponential map exp(4) = Y o, ‘,4;—1;, the Fréchet derivative is given by

o]

D exp(Ao)(4) = ) |

k=1

AETVA + AE2AAg + - + AAGT!

A , AeR"™" (A.16)

Thus, D exp(Ap) has an analytical expression, which is generally complicated. In the special case
Ao = 0, the zero matrix, it simplifies to

D exp(0)(A) = A <= D exp(0) = id.

On the open set Sym™* ™ (1) of R, the principal matrix logarithm log : Sym™ ¥ (n) —
Sym(n) is well-defined as presented in Section A.2. Since exp(log(4)) = A YA € Sym™* T (n),
by the chain rule, we have V Ay € Sym ™t (n),

id = D(expolog)(Ao)) = D exp(log(Ap)) o D log(Ao).
Similarly from log(exp(B)) = B and the chain rule, we have VB € Sym(n),

id = D(logoexp)(By) = D log(exp(By)) o D exp(By).

Since each By € Sym(n) corresponds to a unique Ao € Sym™*t(n) by Bo = log(Ap), one has
VAo € Sym™ T (n),

id = D log(Ag) o D exp(log(Ayp)).
It thus follows that VAo € Sym™ T (n),

[D exp(log(Ao))][D log(Ao)] = [D log(Ao)][D exp(log(4o))] = id.

which is equivalent to
D log(Ao) = [D exp(log(4o))] ™", (A.17)

where the linear operator D exp(Ay) is defined by Eq. (A.16). Thus D log(Ao) also admits an
analytical expression, which is complicated in general. This is the expression that appears in the
definition of the Log-Euclidean Riemannian metric, as stated in Eq. (2.62). In the special case
Ao = I, it simplifies to

Dlog(I) = [D exp(0)]~! = id. (A.18)
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A.4 THE QUASI-RANDOM FOURIER FEATURES

In this section, we describe in more detail the Quasi-random Fourier feature approach for con-
structing approximate kernel feature maps, as discussed in Section 6.3.5. This approach was first
proposed in [130].

Let K : R” x R” — R be a continuous positive definite kernel of the form K(x,y) =
k(x —y), where k : R" — R is a positive definite function, that is K is shift-invariant. We recall
that by Bochner’s theorem, there is a unique finite, positive measure p, which we assume to be
a probability distribution, such that

K(x,y) =k(x—y) = / eH@X =) dp(w) (A.19)

R”

= /R i b (X)Po(¥)dp(w), where ¢o(x) = e7H@¥),

'The Random Fourier feature maps arise from the Monte-Carlo approximation of the integral
in Eq. (A.19), using a random set of points w;’s sampled according to the distribution p.

In the methodology of Quasi-Monte Carlo integration, see e.g., [26], the w;’s are deter-
ministic points arising from a Jow-discrepancy sequence in [0, 1]" (see below for further detail).
'This approach gives rise to a different method for constructing the Fourier features described in
Section 6.3.5, as follows.

We assume that the probability distribution p in Eq. (A.19) has a density function, which
we also denote by p. Assume that the density function p has the product form

p(@) = [ pj(@).
j=1

with each pj, 1 < j <n, being a one-dimensional density function. Assume further that each
component cumulative distribution function

Vi (x;) :/ ' pj(zj)dzj

—0o0
is strictly increasing, so that the inverse functions wj_l :[0,1] = R are all well-defined. Let

¥ : R" — [0, 1]" be defined by
Y(x) =Y (xr, ... x0) = (Y1 (x1), ..., ¥aloxn)).

Then its inverse function ¥ ~! : [0, 1]" — R” is well-defined and is given component-wise by

Y@ =YL z) = W), Y ), (A.20)
With the change of variable w = y~1(¢), the integral in Eq. (A.19) becomes

/R e—i(w,x—y>p(w)dw=/[ | eIV gy, (A.21)
n 0,1]7
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Instead of approximating the left-hand side of Eq. (A.21) using a random set of points {w; }]D=1
in R” sampled according to p, in the Quasi-Monte Carlo approach, one approximates the right-
hand side using a deterministic, low-discrepancy sequence of points {t; ]D=1 in [0, 1]". This se-
quence gives rise to a deterministic sequence w;’s, which are given by

wj =v"'), 1<j<D. (A.22)

Having generated the sequence {w; }]D=1 , we then construct the Fourier feature map as described

by Eqs. (A.23), (A.24), and (A.25),

cos (WTx) = (cos({w1., x)), . ...cos({wp, x)))T € RP, (A.23)
sin (WTx) = (sin({w1, x)), . ...sin({wp, x)))T € RP. (A.24)
A 1 cos(WTx) D
Pp(x) = 75 (sin (WTx)) e R??, (A.25)

just as in the case of random Fourier features.

A.4.1 LOW-DISCREPANCY SEQUENCES

In this section, we briefly review the concept of low-discrepancy sequences in Quasi-Monte Carlo
methods. For a comprehensive treatment, we refer to [88]. Let n € N be fixed. Let I = [0, 1)"
and denote its closure by 1" =1[0,1]". For an integrable function f in 1", we consider the
approximation

N
1
/1 , Jadu ~ > ) (A.26)
j=1
using a deterministic set of points P = (X1, ..., xyn), which are part of an infinite sequence

(xj)jen in T, such that the integration error satisfies

=0. (A.27)

lim
N—>o0

LS fp - |, e
N = / 7"

'This convergence can be measured via the concept of discrepancy as follows. Let N be fixed. For
an arbitrary set B C 1", define the counting function

N
A(B:P) =) x5(x)). (A.28)
ji=1

where xp denotes the characteristic function for B. Thus, A(B; P) denotes the number of points
in P that lie in the set B.
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Let B be a non-empty family of Lebesgue-measurable subsets of . The discrepancy of
the set P with respect to B is then defined by

A(B: P
Dy(B: P) = sup | 2B F)
BeB

—vol(B)|, (A.29)

with vol(B) denoting the volume of B with respect to the Lebesgue measure.
'The star discrepancy D3, (P) is defined by

Dy(P) = Dn(T*: P), (A.30)

where J* denotes the family of all subintervals of 1" of the form [];_,[0, x;). The star dis-
crepancy and the integration error are related via the Koksma- Hlawka inequality, as follows.

Define

du,-l ...du,-k, (A31)

V(f)ZZ//

k=11<ij<-<ix<n

aul |- 8u, "
which is called the variation of f on 1" in the sense of Hardy-Krause.

Theorem A.2 Koksma-Hlawkainequality. If f has bounded variation V(f) on 1" in the sense
of Hardy-Krause, then for any set (x1,...,xn) in 1",

1 N
w2 - |, o) < V(D e, (A32)

By Theorem A.2, to achieve a small integration error, we need a sequence (x;)jen with low
discrepancy D (x1,...,xN) — 0as N — oo. Some examples of low-discrepancy sequences are
Halton and Sobol sequences (we refer to [26, 88] for the detailed constructions of these and
other sequences). The Halton sequence in particular satisfies Dy (x1,...,xy) = C (”)W

for N > 2. We remark that the implementations for the Halton and Sobol sequences are readily
available in MATLAB.!

A.4.2 THE GAUSSIAN CASE

In this section, we give the explicit expression for the functions ¥ and ¥ ™!, as defined above,
in the case of the Gaussian kernel. It suffices for us to consider the one-dimensional set-
ting here, since the multivariate case is defined component wise using the one-dimensional

Ihttp://www.mathworks.com/help/stats/generating-quasi-random-numbers.html
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—)2

_ =y .
case. For the one-dimensional Gaussian kernel K(x,y) =e o> , the corresponding prob-
2,2

ability density function is p(z) = ﬁ;e 4. We recall the Gaussian error function erf de-
fined by erf(x) = \/iﬁ Iy ¢~7*dz and the complementary Gaussian error function erfc defined

by erfe(x) = \/LE f;o edz =1-— erf(x). By definition, the cumulative distribution function
¥ for p is given by

a2z2

x © o *° 1 * 2
(x):/ p(z)dz:l—/ (z)dz:l——/ €_4dZ=1——/ e " du
4 . L f 27 /s NCE:
1 xXo
=1—§erfc<7)

It follows that the inverse function ¥ ! is given by

x =yt = gerfc_l(z —2t) = éerf_l(% —1). (A.33)

This is the one-dimensional component of the expression that is used in Eq. (A.22) for gener-
ating the sequence w;’s in R”, given a sequence #;’s in [0, 1]".

A.5 PROOFS OF SEVERAL MATHEMATICAL RESULTS

In this section, we prove Theorems 4.1, 6.4, and 6.6. For clarity, we restate all the results that
we wish to prove here.
Assume that p is a Borel probability distribution on X, with

J 12 ot = [ K odpeo < . (A34)
X X

'The covariance operator Ce : Hx — Hg is defined to be

Co = f (P(x) = po) ® (P(x) — pna)dp(x) = / O(x) ® P(x)dp(x) — o ® po.  (A.35)
x x
The following is Theorem 4.1, restated as Theorem A.3.

Theorem A.3  Let X be a complete, separable metric space and K : X x X — R be a continuous,
positive definite kernel. Let p be a Borel probability measure on X . Assume that Eq. (4.34) is satis-
Jred. Then the covariance operator Co : Hx — Hk, as defined in Eq. (4.35), is a positive trace class
operator. In other words, Ce possesses a countable set of eigenvalues {lk}zozl, A = 0Vk € N, and

oo
3 i < oo (A.36)
k=1
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Proof. We make use of the following result from Chapter Il in [25], which defines the following
operator Lk : L3(X) — L2(X), given by

(Lx f)(x) =/XK(x,y)f(y)dp(y), f e LyX).

This is a self-adjoint, positive, trace class operator on L2 (X), with eigenvalues { }52 , satisfying

wr = | K(x,x)dp(x) < oo
o,

by the assumption stated in Eq. (A.34) (we note that by assuming that p is a probability measure,

the assumption that X" is compact in [25] can be relaxed to requiring that X’ be a complete,

separable metric space). Since L}(/z : L2(X) — Hk, when restricted to Hk, the operator Lk :

Hx — Hk is also self-adjoint, positive, trace class, with the same eigenvalues and eigenvectors.
Letnow f € Hx. We have from the reproducing property (®(y), f)ux = (Ky. flug =
f(y) that

([ [ome @(y)dp(y)} f) (x) = [ / <I>(y)f(y)dp(y)} ) = [ K3 f0Ido)
X X X
= (L f)(x) VxeX.
Thus, it follows that
Cop = Lx — 1o @ [o.

Since the operator j1e ® e is self-adjoint and of rank one, it follows that Ce is also a self-
adjoint, trace class operator. Cg is also positive, since V ' € Hg,

(f.Cof)nx =Ep(f*) = (Epf)? =Eolf —E,f]* 0.
'This completes the proof. O
'The following is Theorem 6.4, restated as Theorem A.4.

Theorem A4 Assume that y # |1, y > 0, u > 0. Then, for the approximate affine-invariant Rie-
mannian distance,

: . —-1/2 R R —-1/2 _
Dh—r>noo || IOg[(Cch(X) + )/ID) (Cch(Y) + ,Uv]D)(Cq>D(X) + V]D) ]HF = 0. (A37)

'The following is Theorem 6.6, restated as Theorem A.5.

Theorem A.5  Assume that y = > 0. Then, for the approximate affine-invariant Riemannian
distance,

].)h—r>noo I IOg[(C&)D(X) + VID)_1/2(C&>D(Y) + )/ID)(C&D(X) + VID)_1/2]||F
= [|log[(Cawx) + Y1) *(Coryy + Y13)(Coxy + Y1)~ ?]l|ens. (A.38)
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To prove Theorems A.4 and A.5, in the following, let Kp[X], Kp[Y], Kp[X. Y], Kp[Y.X]

be the m x m Gram matrices defined by

(Kp[X))ij = Kp(xi,x;) = (®p(x:), Dp(x))), 1 <i,j <m, (A.39)
(Kp[YD)ij = Kp(yi.y;) = (Pp(3i). @p(y))). 1<i,j <m, (A.40)
(Kp[X.Y])ij = Kp(xi.y;) = (Pp(x:). Dp(y))). 1 <i.j <m, (A.41)
(Kp[Y.X)ij = Kp(yi,x;) = (®p(yi), Pp(x))), 1 <i,j <m. (A.42)

Form € N fixed, since the Gram matrices are all finite m x m matrices, by assumption, as D —

00, we have

Jim [|Kp[X] — K[X]||r = 0. lim [|Kp[Y] - K[Y]||r =0.
lim ||[Kp[X,Y]— K[X,Y]||r =0, lim ||Kp[Y,X]— K[Y.X]||r = 0. (A.43)
D—o0 D—oo

Proof of Theorems A.4 and A.5. We recall that by Theorem 5.11, when dim(Hg) = oo, we have

Cii Ci2
d2us[(Cocxy + VIng): (Cory + 1l )] = trilog | | C21 Can
Cii Ci2

y 2
+ (log —) ,
n
where the m x m matrices C;j,i = 1,2, j = 1,2, 3, are given by

1
Ci1 = — JInK[Y]Jm,
nm

2
Cis
Cys | + Inm

Ci3

1 1 !
Cpp =— Jn K[Y, X]Jm | —Jn K[X]J, ,
12 \/Wmm[ ]m(m“‘ymm[]m)l
1 1 h
C13 = ——ZJmK[Y,X]Jm (Im + _JmK[X]Jm) JmK[X’Y]JWH
yum ym
1
Cy = IJn K[X, Y],
21 \/Wm m [ ] m

1 1 -
Cor = —— I K[X]Jp, (Im + —JmK[X]Jm) ’
ym ym

-1

1 1
Crz3 = ——JuK[X]Jn | 1 —Jm K[X]J,
s = o KX (I + I K T )

T K[X, Y] J .
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By Theorem 5.12, we have

. R . 2
Cpi1 Cp,iz Cp,s

da%iHS[(C&D(X) +vIp).(C4 (v, + 1ip)] = tr { log C?D,zl C:‘D,zz C:'D,23 + I3m
Cpui Cpiz Cpas

y C:'D,ll (?D,IZ C:'D,13 y 2
-2 (log —) tr log CD’21 CD,22 C]_)’23 + I3, + (log —) D,
# Cp11 Cp,z2 Cps #

where the m x m matrices CA'D,U, i =1,2,j =1,2,3, are given by

~ 1 ~
Cpi1 = —JInKp[Y]Jm,
wm

A 1 5 1 !

CD’12 = — JmKD[Y, X]Jm (lm + —JmKD[X]Jm) s
NS ym 1

A 1 g 1 A - A

CD,13 = - 2JmKD[Ys X]Jm Im + _JmKD[X]Jm JmKD[Xy Y]Jms
ypum ym

Cpo = I Kp[X, Y],

JYIm 1

A 1 o 1 A B

CD,22 = __JmKD[X]Jm (]m + _JmKD[X]Jm) >
ym ym

InKp[X, Y] .

. 1 N 1 . -1
Cons = ——— 1 R p[X] (lm + Lk [X]Jm)
ym ym N

Since the Gram matrices are all finite m x m matrices, for y # u, we clearly have
g d3asl(Co )+ 710)- (Co ) + 1ID)] = o0
For y = u, by the limits in Eq. (A.43), we have
dim dinsl(Co,, 0 + 7ID)- (Coyp vy + 71D)]
C:'D,u (::0,12 C:‘D,13
= Dlim trqlog| | Cp21 Cpa2 Cpas |+ Ism
—>00 A A A

Cpi1t Cp,i2 Cps
2

Cii Ci2 Cis
= tr log Cy1 Coy Coz | + I3y
Cii Ci2 Cis

= d2us[(Coy + Y1ag)s (Cacy) + Vgl

'This completes the proof. O
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